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PEEFiCE, 



TiiE preparation of the present treatise was undertaken un- 
der the impression that an elementary work on analytical Me- 
chanics, suited to the purposes and exigencies of the course of 
study in colleges, was needed. This impression is the result 
of long experience in teaching, and a fair trial of all known 
American works and reprints designed for such use. 

It can scarcely be necessary, at this period, to assign at 
length the reasons for adopting the analytical methods of in- 
vestigation. Whether the ohject be intellectual discipline, or 
a knowledge of facts and principles, or both, the preference 
must be given to the modern analysis. It affords a wider field 
for the exercise of judgment, calls more fully Into exercise the 
inventive powers, and taxes the memory less with unimportant 
particulars, thus developing and strengthening more of the 
mental faculties, and more equably by far than the geometric- 
al methods. It is more universal in its application, shorter in 
practice, and far more fruitful in results. It is, indeed, the only 
method by which the student can advance beyond tlie merest 
rudiments of the science, without an expense of time and en- 
ergy wholly d is pro portioned to the ends accomplished — the 
only method by which he can acquire a self-sustaining and a 
progressive power. 

As the hope of furnishing to the student some additional 
facilities for a pleasant and profitable prosecution of this 
branch of study was the motive for undertaking the prepara- 
tion of .■Jiis manual, it will he proper to refer to some of the 
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specific objects had in view. The most formidable obstacles 
to the acquisition of any branch of science are generally found 
at the very outset. It has therefore been a specific object to 
introduce the subject by giving distinctness to the elementary 
truths, dwelling upon them till they arc rendered familiar, 
adopting the simplest mode of investigation and proof consist- 
ent with rigor of demonstration, and avoiding all reference to 
the metaphysics of the science as out of place in a work de- 
signed for beginners. At every successive stage of advance- 
ment the student is required to review the ground passed over 
by the use of the principles learned, in the solution of exam- 
ples which will require their application, and test at once. his 
knowledge of them and his ability to apply them. Having 
examined in this way each division of forces as classified, 
more general methods are introduced, and their application 
illustrated by numerous problems. These methods are often 
employed in particular cases when others less general would 
be shorter ; for it is a readiness in their use and a familiarity 
with their application that gives to the student his power over 
more difiicult and complicated questions. 

To adapt the work to the exigencies of the rsci tat ion- room, 
the whole is divided, at the risk, perhaps, of too much apparent 
formality, into distinct portions or propositions, suitable for an 
individual exercise. In each case the object to be accomplish- 
ed is distinctly proposed, or the truth to be estaljlished is 
briefly and clearly enunciated. The student has thus a defin- 
ite object before him when called upon to recite, acquires a 
convenient formulary of words by which to quote and apply 
his arguments, and the more clearly conceives and marks hi^ 
own progress. 

In this institution the mathematical and experimental courses 
are assigned to different departments. It is not, however, for 
this reason alone that I have purposely abstained from swe!!- 
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tie I me wilh diffuse verbal explanations, and the intro- 
du ton of e perimentai illustrations. The experienced teach- 
11 1 3's have at command an abundance of matter of 
th s knd 1 meet every emergency, and can adapt the kind 
ad d of illustration to tbe specific difficulty that arises in 
t! m I f his pupil. There is an objection to the introduc 
t of 1 matter, growing out of a tendency, in some at 
least, to become the passive recipients of their mental aliment. 
These mental dyspeptics loathe that which costs ihem labor, 
and, satisfied with the stimulus of inflation, seize upon the 
lighter portions, and neglect that which alone can impart 
vigor to their mental constitution. Whoever caters for this 
class of students niust share in tho responsibility of raising up 
a race effeminate in mind, if not in body. 

The investigations are limited to forces in the same plane, 
except in the case of parallel forces. This limit, while it is 
sufficiently ample to include the most important topics' of ter- 
restrial mechanics, and to embrace an interesting field of celes- 
tial mechanics, is fully sufficient to occupy the time which the 
crowded course of study in our colleges will admit of being 
appropriated to it. It may, without marring the integrity of 
the work, be very much reduced by the omission of all those 
portions in which the integral caicuUis is employed; and still 
further, if desired, by omitting all that relates to the principle 
of virtual velocities, and its application to the mechanical 
powers. A copious analysis is given in the contents, conven- 
ient for frequent and rapid reviews, and suggestive of ques- 
tions for examination. 

In this work no claim is advanced to originality. The ma- 
terials have been sought and freely taken from all available 
sources. Nearly all the matter, in some form, is found in al- 
most every author consulted, and credit could not be given in 
every case, if, in an elementary work designed as a text-book,' 
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It were desbable to do six In the portion on Statics, I am 
most indebted to the excellent introductory work oi Profess- 
or Potter, of University College, London. The chapter on 
Couples is substantially taken from Poinsot's Elemens de Sla- 
tique. The questions, generally simplified in their character, 
are mostly taken from WaltorCs Mechanical and Hydrostaticul 
Problems, and Wrigley and Johnston's Examples. The works 
more especially consulted are those of Poisson, Francaur, 
Gregory, Whewell, Walker, Moseley, and Jamicson. Some- 
thing has been taken from each, but modified to suit the spe- 
cific object kept constantly in view — the preparation of a 
manual which should be simple in its character. Would most 
naturally, easily, and successfully induct the student into the 
elementary principles of the science, and prepare him, if so 
disposed, to prosecute the study further, without the necessity 
of begiiining again and studying entirely new methods. How 
far I have succeeded must be left to the decision of others, 
especially of my co-laborers in this deparlsient of instruction. 
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ELEMENTARY MECHANICS. 



INTRODUCTION. 

1. Mecf:anici3 is the Science which treats of the laws of 
Equilibriiim and Motion. It is subdivided into Statics, Dy- 
namics, Hydrostatics, and Hydrodynamics. 

Sialics treats of the necessary relations in the intensities and 
directions of forces, in order to produce equilibrium of solid 
bodies. 

Dynamics treats of tlie effects of forces on solid bodies when 
motion is produced. 

Hydrostatics investigates the conditions of equilibrium in 
iluid bodies. 

Hydrodynamics investigates the effects of forces on fluids 
when motion results.* 

2. Force is that which produces or tends to produce motion 
or change of motion. 

The consideration of the nature of force does not belong to 
Ibe present subject. Mechanics is concerned only with "the 
efFectsofibrce as exhibited in the production of OTodiojt or res;. 

3. The effect of a force depends on, 1st, its Intensity; 2d, its 
Direction; and, 3d, its Point of Application. 

The Intensity of a force may be measured, statically, by the 
pressure it will produce, or by the weight which will counter- 
poise it ; dynamically, by the quantity of motion it will produce. 
By assuming for a unit of force that force which is counter 
poised by a known weight, the intensity or magnitude of any 
other force will be expressed by the numerical ratio which its 
counterpoise will bear to the counterpoise of the unit of force. 

■ Theoretic Stntica Qua Djnamica aro those brcndiea of ttieoretic Mecliotiics whicb 
trflomfDliBeffocti of forces BppUed to materidpoints or partidoa regarded as without 
weigbt or mugnitnde. Static and Dynamic Somatology would then embraco tho appli- 
rstion of thaorelio StaCws and Dynamics to bodies of dofinire form aai masDitude, birtb 
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In the same manner, by fixing on any iiite to represent the unit 
of force, any other force will be represented bv the line whieh 
bears to the linear unit the same ratio which the force in 
question bears to the unit of force. 

The Direction of a force is the line which a material point, 
acted on by that force, would describe were it perfectly free. 

The point of application of a force is that point in its !ine ol 
direction on which the force acts. 

4, As the magnitudes, directions, and points of lines are all 
determinable by the principles of Analytical Geometry, so 
forces, of which lines are the appropriate representatives, 
come under the dominion of the same principles. The appli- 
cation of these principles to the determination of the laws of 
equilibrium and motion, considered as the effects of forces, 
constitutes analytical mechanics. 

5, Forces may act on a point either by pushing or pulling it. 
As these are readily convertible, the one into the other, with- 
out affecting the intensity, direction, or point of application of 
the forces themselves, all forces will be regarded as pulling 
unless otherwise expressly stated. 

For convenience, we shall call those forces which have a 
common point of application concurring forces, and those 
which act along the same line toward the same parts, con- 
spiring forces. 

6, A body is an assemblage of material points. The material 
points, or elementary particles, are connected together in vari- 
ous ways, according to the nature of the body. 

A body is said to be rigid when the relative position of its 
particles remains unchanged by the action of forces upon it. 

In flexible and elastic bodies the relative positions of the 
particles change by the action of forces. 
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STATICS. 



CHAPTER I. 



7. Prof. Tido equal forces applied to the same point in ex- 
actly opposite directions are in equilibrium. 

For no reason can be assigned why motion should take 
place in the direction of one force which will not equally ap 
ply to the other. 

8. Pitop. Two concujTing forces forming an angle with enc ■ 
uther can not be in equilibrium. 

If possible, let the two forces P and Q acting at A, ar d 
making, by their directions, the an- p'^\ 
gle PAQ, be in equilibrium. Apply ^\^^ 

to the point A the force Pj, equal and < — ^^^^ >. 

opposite to Q. Since, by hypothe- ^' ^ 

sis, the forces P and Q are in equilibrium, the point A will 
move in the direction of P,. But Pj and Q, being equal and 
opposite {Art. 7), will be in equilibrium, and hence the point 
A must move in the direction of P. Therefore the point A 
must move in two directions at once, which is absurd. 

9. Definition. The resultant of two or more forces is a 
force which singly wi!! produce the same mechanical eflect as 
the forces themselves jointly. 

The original forces are called components. 
CoR. In all statical investigations the components may be 
replaced by their resultant, and vice versa. 

10. Prop. The resultant of several conspiring forces is a 
single force equal to their sum, and acting in the same dii-ection. 
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This is obvious from the admitted mode of ineasunng forces, 

11, Prop. The resultant of two unequal forces acting in op' 
posile directions is a single force equal to their difference, and 
acting in the direction of the larger. 

For the smaller will obviously be expended in annulling in 
the larger a quantity equal to itself, and thus leave an effective 
balance equal to the excess of the larger over the smaller, and 
■loting in the direction of the larger. 

12. Prop, The resultant of any number of forces acting in 
the same right line is equal to their algebraic sum. 

By Art. 10, the resultant of each system of conspiring for 
ces is equal to their sum, and by Art. 11, the resultant of 
these two resultants is equal to their difference with the sign 
of the greater prefixed, 

13.. Prop. In a si/stem of points invariably connected, any 
point in the direction of a force may be taken as the point of 
application. 

Jf the force P bo applied at the point B, and lo any olhei 
J g p point A in its direction two 

- — — ~ j ^ ^ other forces be applied, 

each equal to it, but opposite to each other, since B, by hypoth- 
esis, is invariably connected with A, one of these forces {Art. 
7) will be in equilibrium with P. There will remain, there- 
fore, a single effective force equal to P and applied at A. In 
the same manner it may be transferred to any other point in 
its direction, 

^ 14. Phop, The resultant of szveral concurring forces in one 
plane lies in the same plane. 

For if we suppose the resultant to lie out of the plane of the 
forces on one side, we may always conceive a line symmet- 
rically situated on the other side of the plane : and since no 
reason can bo assigned why it should be in one of these lines 
rather than in the other, it can be in neither of them, unless we 
admit the absurd consequence, that it is in both ; in other 
words, that a system of forces has two resultants. 

15. Pkop. The resultant of tvo equal concurring forces is in 
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CONCUBKIXCFOECES. ft 

(he direction, of a line bisecting the angle formed hij the comp ->- 
nents. 

For no reason can be assigned why it should tend to one 
side rather than the other of this line. 

16. Cor. When the forces are unequal, it is ohvious that ihc 
direction of the resultant will make a less angle with the larger 
force than with the smaller, and the greater the disparity in 
ihe forces, the smaller will be this angle. 

17. Prop. If all the forces of a system, while their directions 
are preserved, are increased or diminished in any ratio, ilieir 
resultant, without changing its direction, will be varied in the 
same ratio ; and if the components were previously in equilib- 
rium, they will remain so in whatever ratio their intensities he 
varied. 

Let P,, Pj, P3 be any concurring forces whatever. 

Since (Cor., Art. fl) we can replace them by their resultant 
R, if we double or treble each of the components, this will only 
double or treble the resultant R, without changing its direction, 
because, in so doing, we only add to the system one or more 
systems precisely equal to the- first. 

In like manner, if we reduce the original components to one 
half or one third of their former intensities, the resultant will 
still preserve its direction, but will become one half or one 
third as large as before ; since to double or treble these is only 
to double or treble their resultant, and thus reproduce the 
original system. 

If the forces are in equilibrium, by varying the magnitudes 
of all in the same ratio, we only add to or suppress from the 
system other systems already in equilibrium. 

18. Prop. Three equal cojtcurring forces, inclined at angles 
of 120°, will be in equilibrium. 

Since each force is inclined in the same ^' w^= 

angle to the directions of the other two, "^^\ / 

any reason that can be assigned why ei- ^^x 

ther one will prevail, will apply with 
equal force to show that each of the oth- 
ers will preva'I. 
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19. Proi'. Two equal concurring forces, inclined at an angie 
of 120°, havp for tlieir resultant a force which will he repre- 
sented in magnitude and direction by the diagonal of a rhombus 
constructed on the ItTies representing the components. 

Let AD and AB represent the two forces Pj and P^, mak- 
^p^ ing, tlie angle BAD— 120°. To the 
point A apply a force P3 = Pi or P^. 
and making, with P, and P^, angles of 
120°. By Art. 18, these three forces 
■' will be in equilibrium. Now since P, 
and Pj equilibrate P^, their resultant 
must also. Therefore produce FA to 
C, making AC=AF; and since AC=R 
equilibrates P^, it will be the resultant of P, and P^. Join 
DC and BC, and ABCD will be a rhombus, of which AC is 
the diagonal. For since CAD=60°, and AC=AD, the triangle 
CAD is isosceles ; and since each angle is equal to 60°, it is 
equilateral. .-. DC=AD=:AB. In the same manner it may be 
shown that CB=AD, and hence the figure is a rhombus, 

Cqe. Denoting the angle BAC by n, we have AE=AB 
cos. u=P cos. a, and the resultant AC=Il=2P cos. a. 

20. Pkop. If three forces are in equilibrium, each will be equal 
and opposite in direction to the resultant of the other two. 

For, replacing either two by their resultant, we shall havp 
two forces in equilibrium. If they be not opposite in direc- 
tion, by Art. 8, they can not be in equilibrium ; and if they be 
not equal, by Art. II, motion will ensue. 

PARALLELOGUAM OP FORCEa. 

ai. Pkop. If two forces he represented in magnitude and di- 
rection by the two adjacent sides of a parallelogram, the diago 
;tal will represent their resultant in magnitude and direction. 

First. The direction of the diagonal is that of the resultant 

1°. When the forces are equal, this is obvious from Art. 15. 

2°. Let us assume, for the present, that it is also true for the 
lwo systems of unequal forces P and Q, and P and R ; then il 
will be true for the forces P and Q+R. Let P and Q act 
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COtfCURRING F0 11CE3. 

at A in the directions AD and AB respectively, 
sented in magnitude by these lines, j^ q ^-q 
Suppose the force R to act at B 
(Aft. 13), a point in its direciion, 
and to he represented in magnitude 
by BC, Complete the parallelo- 
gram ADFC, draw BE parallel to AD, and the diagonals AE. 
AF, and BF. Then P at A, in AD, and Q at A, in AB, have, 
by hypothesis, their resultant in the direction AE, and {ArL 
1 3) may be supposed to act at E. Replacing this resultant by 
its components acting in tlieir original directions, we have a 
force P acting at E in the direction BE, and a force Q acting 
at E in the direction EF. Transfer P to B and Q to F, 
without changing their directions. Then P at B, in BE, and 
R at B, in BC, will also, by hypothesis, have their resultant in 
the direction BF, which may be supposed to act at F. We 
now have all the forces acting at F, and this without disturb- 
ing their effect upon the point A, supposed to be invariably 
-jonnecfed with F. Hence, if the assumption be correct, F is 
I point in the direction of the resultant of the forces P and Q 
■\-R. But the assumption is correct when Q and R are each 
equal to P (Art, 15). Therefore, the proposition for the dh-ec- 
!imi of ihe resultant is true for P and 2P, Again, making Q 
-^2P and R=P, it is true for P and SP, and so for P and jiP. 
Also, putting wP for P, Q— P, and R=P, it will be true for nV 
and 2P, and so on for niP and mP {m and n being positive in- 
tegers), or for all commensurable forces. 

3°. When the forces are incommensurable. Let AB and 
AC represent the forces. Complete A 
the parallelogram, and draw the diag- 
onal AD. AD will represent the di- 
rection of the resultant If not, let 
some other line, as AE, be its direc- 
tion. Divide AB into a number of 
equal parts less than DE, and on AC 
lake as many of these pai-ts as possible. Since AC d 
are Incommensurable, there will be a remainder GC less ihan 
DE. Draw GF parallel to AB. and join AF. AB and AC. 




.nd AB 
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rcpresentiiij t«'0 commensurable forces, AF will represent tin 
ilirection of their resujt.nt. But (An. 10) the resultant of AB 
and AC will make a less angle with AC than the resultant of 
AB and AG does. .-. AE can not be the direction of the re- 
sultant of AB and AC ; and similarly, it can be shown that no 
other direction than AD can be that of the resultant. 

Second. The diagonal will represent the magnitude of the 
resultant. Let P, CJ, and R 
be three forces in equihhrium. 
.^^^:5s^ and AD, AB, AF represent 
F their magnilndes respective- 
ly. Complete the parallelo- 
grams BD and DP, and draw the diagonals AC and AE. AC 
being the direction of the resultant of P and Q, must, by Arl- 
20, be in the same straight line with AF, and is therefore par- 
allel to DE. In the same manner, AE being the direction of 
the resultant of P and R, will be in the direction of BA pro 
duced, and therefore parallel to CD. Hence CAED is a par- 
allelogram, and CA is eqnal to DE, which is equal to AP by 
conslructiom But, by Art. SO, AF represents the ma^itude 
of the resultant of P and Q. Hence CA, the diagonafof the 
parallelogram constructed on the lines AD and AB, represents 
the resultant of P and Q, in masnit,de as well as direction. 

TBIAKGLB OP FOECES. 

S2. PRor. If three coiieurring forces are in equilihritim. ana 
a triangle be firmed iij linet dram in tlieir directions, tlie liiet 
of the tnangk, taken in order, wilt represent the farces. Con- 
versely, if tite farces can be represented hy tlie sides of a tririgle. 
taken in order, they will be in egiiilibrium. 

Let the forces P, Q, and R be in equilibrium, and be rcpre 
^ sented by AB, AD, and AE respectively. 

Produce EA, draw BC parallel to AD, 
^(, and complete the parallelogram. AC 
will represent the resultant of P and Q 
(Art. 21); and since R equilibrates P 
-^ and Q, it must be equal and o])pos''e to 

their resu.tant. .-. EA=AC. And since BC is equal -aid 
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also parallel to AD, that is, has the same direction, tue three 
sidbs of the triangle ABC taken in order represent the three 
forces P, Q, and R. 

Conversely. If the three sides AB, BC, and CA of the tri- 
angle ABC, taken in order, represent the direction and magni- 
tude of the three forces P, Q, and R, they will be in equilibri- 
um. Draw from A a line parallel to BC, and from C a line 
parallel to AB, meeting the former in D. The resultant of 
the two forces P and Q, represented by AB and BC, or AB 
and AD, is equal to, and in the direction of the diagonal AC; 
that is, equal and opposite in direction to the force R. Hence 
P, Q, and R are in equilibrium. 

23. Con. Hence a given force may be resolved into two 
component forces, acting in given directions. Also into two 
others, one of which is given in magnitude and direction. 

1°. Let AB be the given force, and 
AC, AD the given directions ; that is, 
making known angles witli AB. ' From 
B draw BF, and BE parallel to AD and 
AC. Then AF and AE are the two ^< 
components {Art. SI) acting in the give 
directions AC and AD. 

3°. To resolve AB into two others, one of which shall be in 
tiie direction AC, and be equal to AF. Draw FB, and com- 
plete the parallelogram. AE will be the other component. 

When the directions of the components are arbitrary, their 
valuation will be most easily effected by assuming these di- 
rections at right angles. If the angle CAD be right, then AF. 
=AB COS. BAE, and AF=AB cos. BAF. 



24. Prop. If any number of concurring forces be represented 
m magnitude and direction by the sides of a polygon, taken in 
order, they will be in equilibrium. 

Let the sides of the polygon ABCDEA represent the mag- 
nitudes and have the directions respectively of the forces P 
Pj, Pj. P.. and Pj. These forces will be in equilibrium. 




./Google 




Draw Ihe diagonals AC and AD. By Art. 22, AC, iho third 
['^ side of the triangle ABC, repre- 

sents a force equivalent to the 
two forces AB and BC. AC is 
therefore the resultant ofP, and 
P3, and may be substituted for 
them. Id the same maciner, AD 
is equivalent to the forces AC 
^» and CD, or to P,, P,, and P, ; 
and AE to the forces AD and 
DE, or to the forces PuP^, P^. 
E and P,. That is, AE is the re- 

sultant of the four forces Pj, P^, P^, and P,, and acts in the 
direction AE. But Pj is represented in magnitude by EA, and 
acts in the direction EA. Hence Pj is equal and opposite to 
the resultant of the other four, or the forces are in equilibrium. 
Cui;. The proposition is true of forces which do not lie all ir. 
one plane. For the proof is independent of this supposition. 

25. ScuoLiuM. When three forces are in equilibrium, any 
three lines, taken parallel to their directions, will form a trian- 
gle, the sides of which respectively will represent the relalim 
magnitudes of the forces ; but when there are four or more 
forces this will not hold, since the relation which subsists be- 
tween the sides and angles of triangles does not obtain in poly 
gons of more than three sides. 

■ 26. Phop. To find, graphically, ihe resultant of any number 
"f forces, acting at different points in the same plane. 

Let the forces P,, P^iPj have their points of application at 
p A, B, and C. Producing the directions of 

'i:;;^^ the forces P, and P^ till they meet in D, 

■-<0~>-^j,j,3 construct the parallelogram AB on the 
\^ lines representing them, and the diagonaj 

T, \r2 will represent their resultant R,. Pro- 
ducing R, until it meets the direction of 
Pj in F, and constructing the parallelo- 
gram on the lines representing R^ and P,; 
the diagonal will represent their resultant 
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CONCUKEING FORCES. H 

Rj, or the resultant of Pj, P^, and P^, By the sarau process 
we may find the resultant of any number of forces. If any 
two are parallel, we must first compound one of these with a 
third, whose direction is inclined to it. If all arc parallel, tne 
case will belong Xo parallel forces. 

PAKALLELOPIFED OF FORCES. 

27. Prop. If three concurring forces lying in different planes 
be represented in magnitude and direction by tke three edges of 
a ■parallelopiped, then the diagonal will represent their resultant 
in magnitude and direction ; and conversely, if tke diagonal 
represents a force, it is equivalent to three forces represented by 
the edges of the parallelopiped. 

Let the three edges AB, AC, AD of the parallelopiped rep- 
resent the three forces.. Then AE, B 

the diagonal of the face AGED, 
represents the resultant of the 
forces AD and AC. .Compound- 
ing this with the third force, rop- ■■ 
resented by AB, we have AF, the 
diagonal of the parallelogram AEFB, for the rcsuhint of AE 
and AB, or of the forces AC, AD, AB. 

Reciprocally, the force AF is equivalent to the conjponGnts 
AB, AE, or to the components AB, AC, and AD. 
' 2S, Prop. If three forces are in equilibrium, they are prop jj-- 
tional each to the sine of the angle made by the directions of the 
other two. 

By Art. 22 and figure, 

P:Q:R=AB:BC : CA, 
and by trig., =sin. BCA : sin. CAB : sin. ABC ; 

= sin. CAD : sin. CAB : sin. ABC ; 
or because sin. A— sin. (180°— A), 

=^sin. DAE : sin. EAB : sin. B^D ; 
= sin. QR : sin. PR : sin. PQ. 

23. Prop. If P and Q, be two concurring forces, the angh 
made by their directions, and R their resultant, then R'— P'-f- 
Q'-I-SPQ cos. e. 
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By Irig. we have, from fig.. Art. 22, 

AC'=AB'+BC"-2AB.BC cos. ABC, 
and COS. ABC=-cos. BAD=-cos. 0. 

E.'^P'+QH2PQ COS. 0. 
30. Def. The moment of a force about any point is the prod- 
uct of (he force into the perpendicular let fall from that point 
on the direction of the force. The point is called the origin 
of moments. 

The moment of a force measures the tendency of the force 
to produce rotatory motion about a fixed point. 
■■' 31. Pkop. The moment of the resultant of two forces equals 
the algebraic sum of the moments of the components. 

r. When the origin of moments falls without the anglo 
made by the forces. 

A E T? n Let AB, AC represent the two 

forces P and Q, and AD the diago 
nal of the parallelogram constructed 
on AB and AC, their resultant R. 
H Take any point, 0, for the origin ol 
moments ; join OA and draw AG per 
pendicular to OA; draw 07, Cm, On . 
respectively perpendicular to AB, AC, 
" AD, and BE, CF, DG perpendicular 
to AG ; also CH parallel to AG. 

The triangles 0/A, 0mA, OnA are respecliveiy similar to 
the triangles AEB, AFC, AGD. 

AB.OZ 

OA ' 

AC.Om 




Whence AE:AB=07 : OA, or AE=- 
AF : AC =0m : OA, or AF^ 



AG: AD=0« ; OA, or AG: 



AJXOn 

OA 



FG. 



But tlie triangles ABE and CDH neing equal, AE=CH: 
.-. AE+AF=AG, 
or AE.O/+AC.Om=AD.Ow, or designating 0/, Om, and On by 
p, q, and r respectively, P.j^+Q.g^R.r. 

2°. When the origin of moments is taken within the angle 
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C0NCUERINGFO11CE3. 13 

In this case the moments of the forces tend to produce rola 
lion in opposite directions. As- ^i js^ G F 

suming one direction as positive, 
to distinguish them we must regard 
the other as negative. Let the 
positi;/e direction be that of the 
hands of a watch; then Q.Om will 
be positive, and P. 0? negative. 

The proof is the same in this ■" 

case, except that AG=AF— AE, 
and AC.Om-AB.O/=AD.07i, 

or q-.q-V.p=n.r. 

'•' 32, CoR. 1. The moment of ike resultant of any number of 
concurring forces in the sameplane, is equal to the algehraic sum 
of the moments of the components. 

By compounding tlie resultant R with a third force, we 
should obtain a like result. In the same manner, the proposi- 
tion may be extended to any number offerees. 
■ 33. CoH. 2. If the origin of moments be a fixed point, and 
taken in the direction of the resultant, On will become zero, 



l\0l=Q,.0m, or P.^=^Q.^ ; 
that is, while the fixed point O, by its resistance, counteracts 
the resultant force, the forces P and Q will be in equilibrium 
about that point, since their moments, tending to cause rota- 
tion in opposite directions, are equal. 

34. Cor. 3. If several forces are in equilibrium, the resultant 
force R is zero, and the moment of the resultant R.r=0. 
Hence the moments in one direction balance those in the op- 
posite dii-ection, and there is no tendency to motion either ol 
translation or rotation. 

35. EXAMPLES. 

1. When the component forces are P and Q, and the angle 
made by their directions d ; what is the magnitude of the re- 
sultant R when d^O and 6=^1 

Ans. (P+Q) and (P-Q). 
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: 2. Show that R is greatest when 6=0, least when O^-n, and 
intermediate for intermediate values of 0. 
v's. When P=Q and 0=00°, find R. 

Arts. R-^PVS. 
^4. When P=Q and ^-=135", find R. 

Ans. R^Vyj2-V2. 
I 5. When the three concurring forces 3m, 4m, and 5m are 
'u equilibrium, find the angle 3m,4m. 

Ans. 90°, 
G. If P=Q and 0^120°, find R, 

Ans. R=P. 
•' 7. If P=e, Q=1I, and 0=30°,find the magnitude of R,anj 
if the angles ^R and q7R. 

Ans. R^16.47, P7R=19''.30', q7R=j10°-30'. 
■/ 8, Apply the proof of the polygon of forces to the case ol 
five equal forces represented by the sides of a regular penta 
gon taken in order. 

-' 0. A cord is tied round a pin at the fixed point A, and its 
two ends are drawn in different directions by the forces P and 
Q. Find the angle P,Q=e, when the pressure on the pin is 

10. A cord, whose length is 2l, is tied at the po!nts A and B 
/Ti the same horizontal line, whose distance is 2fi ; a smooth 
ring upon the cord sustains a weight w: find the force T of 
tension in the cord. 

Ans. T= — — — 

11. Given the four concurring forces Pj = l, Pjj=2, P^^g? 
P,=4, and the angles pTTPj^OO', P7i'P4=90°, and pT^'b^ 
60°. Find the magnitude of the resultant R, and its direction 

p"r. 

Ans. R=^ti,889 and P'^R=i02M0' 
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CHAPTER II. 



Having considered the Bubject of forces which have a com- 
mon point of application, or which are reducible to this condi- 
tion, we next proceed to consider forces which act on differ- 
ent points, connected together in some invariable manner, as 
in rigid bodies, and whose directions are parallel, 

36. Prop. The resultant of two parallel forces, acting at the 
extremities of a rigid right line, is parallel to the components, 
equal to their algebraic sum, and divides the right line, or the right 
line produced, into parts reciprocally proportional to the forces. 

\°. When the forces act in the same direction. 

Let the parallel forces P and P, act at A and B. At these 
points apply the equal and 
opposite forces P' and P'j ; 
these wili not disturb the 
system. P and P' at A 
will have a resultant P", 
and P, and P', at B, a re- 
sultant P",. The direc- 
tions of P" and P", will 
meet in some point D, at 
which we may suppose 
them to act. Replacing P" by P and P', itnd P", by P, and 
P'l, we now have, acting at D, the four forces P, P', Pj, 
and P'l, of which P' and P', are equal and opposite, while P 
and Pj act in the direction DC, and have a resultant R=P-|- 
P, {Art. 10). To determine the point C in the line AB, where 
R acts, since the sides of the triangle ACDhave the directions 
respectively of the forces P, P', and their resultant P" {Art 
22\ we have, 
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Ifi 



P : P'=DC ; CA. 
id s,iiii:i:nly from triangle BCD, 

F, .-P.^-BCiDO. 
CompoLiiicIing tfiese ratios, we have, sicce P=P' , 

P : P,-BC : CA, or P.AC=P,.BC. 
2°. When the forces act in opposite directions. 
Let P and P, (Pi>P) be two parallel forces, acting at A 
and B in opposite directions, 
and apply to these points, aa 
before, the equal and opposite 
forces P' and P',. The re- 
sultant P" of P and P' will 
meet the resultant P"; of P, 
and P\ in some point D 
since {Art. 16) P", makes a 
less angle with P, than P" 
does with P. We shall then 
have, as before, the four forces 
P, P,,F, and P\, acting at 
D, of which P and P', are equal and opposite, while P and P, 
are opposite and unequal, and have a resultant R=^p, -p, act- 
ing at any point in its direction, as C in AB produced. 

To determine the point C, we have {Art 22), from the tri- 
angles ACD and BCD, as in Case 1°, 

P : P =DC : CA 
and P', :P,=BC ;CD; 

coinpoimding P : P,=BC : CA, or P.AC=r,.CB. 

37. Def. When AB is perpendicular to the direction of the 
forces, AC and BC are called the arms of the forces, and the 
products P.AC and P,.CB are the moments of the forces about 
Ihe point C. 

38. Con. If tO' the point C we apply a force R,, equal and 
opposite to R, the forces P, P^, and R, will be. in equilibrium 
about that point For the resultant R, passing through C, will 
be counteracted by R,, so there can he no motion of transla- 
tion. And if we draw through C a line perpendicular to the 




/ 
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direction of the forces, calling the parts intercepted by P and 
P, respectively p and ^, ; from the similar triangles, thus 
formed, we should have 

BC:CA=;>, -.p. 

.: V:V^=p^:p,ovV.p=V^p-,. 

Hence the moments of P and Pj, which measure the tendency 

(o rotation in opposite directions, being equal, there can be no 

motion of rotation. 

V 39. Prop. To determine the point of application of the re- 
sultant in terms of the components and distance between their 
points of application. 

1". When the forces act in the same direction. By Art. 30 
and figure, we have 

P.AC=P,.BC=P..{AB-AC), 
or AC=p|j;-.AB ; 

and P.AC-P,.BC=P{AB-BC), 

3°. When the forces act in opposite directions, we have 

P.AC-P,.BC-P..(AC-AB), 

or AC=p-;i-p.AB ; 

P 
!ind similarly, BC~p— — ^.AB. 

' 40. CoR. 1. When the forces act in opposite directions, the 

resultant lies without the components and on the side of the 

larger. 

^ 41. CoR. 2. When the forces are equal and opposite, we 

have 

R^pj-P^O, 
or there will be no motion of translation. 

Also, AC=p^,AB=^.AB=x. 
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Hence an equilibrium can not be produced except by the ap. 
plication of an infinitely small force at a point whose distance 
is infinite ; that is, two equal and parallel forces, acting in op- 
posite directions, can have no single resultant. 
'^ 42. Dep. Such forces are called a statical couple. Their ef- 
fect is, tendency to rotatory motion only, and all tendency to 
rotatory motion can be referred to forces forming such couples. 
' 43. Pnop. To find the resultant of any number of parallel 
forces acting at any points in the same plane. 




\°. Let the parallel forces P„ P^, ?,...?„ all act in the 
same direction. Draw any two rectangular axes OX, OY, 
and let 

3;, y, be the co-ordinates of A, the point of applicaficn of P, 

P„ 
D, 



a^gjij 



X' y' 
x" X)" 



P. 



X y " " R, " " 

Draw kc and C& parallel to OX. The triangli 
CB& are similar, and give 

AC : BC^Cc : Bft. 
By ^W. 36, R,-P,+P,, 



" R. ' 

3 ACc and 
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tnd P, ; P, = BC : AC='Bb : Cc, or P..Cc=P,. 
P,.(CH-AF)=P^.(BG-CH), 
(P, +P,)CH=P, AF+P,.BG ; 

Compounding R^ with Pg, we shall find the sei 



md resuit- 



R^^R.+Pg-P^+P^+Pg, 
and R..EL=R,.CH+P,.DK, 

R,.EL=P,AF+P,.BG+P,DK; 

By continuing the same process, we should fSnd, ultlmatelj, 
R=P,+P,+p3+....P„ (a), 

lly=l'i2/i+P2y.+P,»/a+ P.,y„ (4 

By drawing lines from A, C, B, E, D, &c., parallel to OX 
we may find, similarly, 

^x=F,x^+V,x^+-p^x,+, &.C +P„a:„ (b). 

2°. When some of the forces act in opposite directions. To 
these the negative sign must be prefixed. 

If Rj, the resultant of y 
P, and Pj, as found in the 
previous case, be com- 
pounded with Pj acting 
at D, in a direction oppo- 
site to that of P, and P^, 
by joining CD and pro- 
ducing it (Art. 40), in the 
direction of the greater 
force, say R,, we have 
R„ the second resultant. "^ i' ^ n i^ K ^ 

U^=R,~V^, and E being its point of application, Rj.EC 
■=Pg.ED. Drawing Ce, Ed, parallel to OX, and meeting DK 
in d and LE produced in e, the triangles ECe, EDt^are simi- 
lar; and 

EC : DE=Ee : D^. 
.-. R,.Ee=P,.Df/; 
or K,(CH-BL)-P3.{DK-EL), 
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or (R.-P3).EL=R..CH-P,.DK, 

or R,.EL=P,.AF+P,BG-P,.DK, 

and so on for any other forces acting in directions opposite tn 
P, andPj. 

3". When the point of application of either force lies in any 
other angle than YOX, to its co-ordinates must be given their 
appropriate sign. 

The ordinate y^ of C, the point of application of Pj, will bu 
negative. Dra\y Ad, Ch parallel to OX. 




By 



P..CA=P,.CB. 
ngles, P,.Ca=P,.B&; 

P,(AF-CH)-P,{CH+GB), 
or (P,+PJ.CH-^P,.AF-P,.BG, 

or ^iy'~^iyi~^2y3- 

. . The general formula (a), (b), (c) will apply to all*cj.ses, 
by giving the proper signs to the forces and to the co-ordinatea 
of their points of application. 

These formulas are more concisely written by using the 
Greek letter S as the sign of summation, P to represent either 
lorce, and x, y its co-ordinates ; thus, 

R.=S(P) {a'), 

H.i=2(P.i) OT, 

R.5=I(P.y) («■). 

When, therefore, the magnitudes of the forces and die co-oi' 
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dinates of their points of application are given, {a) will give 
tjie^magnitude of the resultant, and {b) and (e) the co-ordinates 
.!■, y of its point of application. 

■^44. Def. The point whose co-ordinates are x, y is called the 
center of parallel forces. Its position depends on the magni- 
tude of the forces and the co-ordinates of their points of appli- 
cation, but is independent of their common direction ; for, by 
lui-ning the forces around their respective points of applica- 
tion, at the same time preserving their parallelism, it will be 
seen that the position of the point E is not thereby affected. 

1^45. Tiiop. The moment of the resultant of any number of par- 
allel foixes, acting in the same plane, is equal to the algebraic 
ntm of the moments of the components. 

Since the origin of the co-ordinate axes and their direction 
are arbitrary {see figure of Art. 43), suppose the axis OS to be 
drawn perpendicular fo the direction of the forces, and the 
forces produced to intersect it. Then P,^:,, V^x„, &c., will 
represent the moments of P,, P^ respectively, and R5 the mo- 
ment of the resultant. 

46. Def. The moment of a force with reference to a plane is 
the product of the intensity of the force by the perpendicular 
let fall from the point of application upon the plane. Thus 
P,a:, is the moment of the force P,, in reference fo the plane 
passing through OY perpendicular to OX, and l\y^ h the 
moment of the force P,, with reference to the plane through 
OX perpendicular to OY. 

47. Prop. To determine the conditions of equilibrium of avy 
number of parallel forces. 

Suppose the forces in the figure {Art. 43) all turned round 
(heir points of application so as to become perpendicular to the 
plane of YOX. They will no longer be in the same plane, biil 
as their intensity is not thus changed, nor their points of appli- 
cation, (a'), (b% {c') will still hold. Then, 
1°. We must obviously have R=0 in (a'), or 

P,+Ps-i-P3+, &C.-0. 
2". If this value of R be substituted in (b'), we have 
„_£.PK_Sj'.r 
*"■" R "" C'~' 
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ThereWe x will be infinite unless 2.Fx=0. But when x is m 
finite, we have a couple {Art. 41), and, consequently, there can 
be no equilibrium. Hence we must also have S.Pa:— 0, or 

P.a:,+P,3:,+P,z,+, &C.-0. 
And in the same manner it will appear that S.Py— in case of 
an equilibrium. But S.Pa; and J..Vy are the moments of the 
forces in reference to two planes parallel to their directions. 
Hence the necessary conditions of equilibrium are, 
1°. The sum of the forces must he equal to zero. 
2°. The sum of their moments, with reference to two planes 
parallel to their directions, must each be equal to zero. 

48. CoR. 1. If R=0, but S.Pa; and S.Py are not equal to 
zero, there will be no motion of translation, but simply a mo- 
tion of rotation. 

For if R, be the resultant of all the positive forces, and x, 
the abscissa of its point of application, R^ the resultant of all 
the negative forces, and x„ its abscissa, 

then Ri^^-R^S >0; 

or, since R,=^R,, R, (5,-^3)^0. 

But R J being finite, x , —x^ must also be finite. 

That is, the points of application of R, and R^ are not the 
same, and a tendency to motion of rotation around the axis of 
Y exists. 

gives, in lilio manner, a tendency to motion around the axis 
ofar. 

49. CoR. 2. If the equilibrium subsist, one force, as P , , must 
be equal and opposite to the resultant of all the others. 

50. Coa, 3. If the equilibrium subsist with one direction, it 
will subsist whatever be the common direction of the forces. 

51. EXAMPLES. 

1. Two parallel forces, acting in the same direction, have 
their magnitudes 5 and 13, and their points of application A 



And ^-Py^O 
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PARALLE I, FORCES. 23 

and B lbi,t distant. Find the magnitude of tlieir resnitant, 
and its point of application C. 

Atis. R=18, 

BC-lf. 

2. Find the resultant, and its point of application, when the 
forces in the last question act in opposite directions. 

Ans. R=8, 
AC=9|, 
BC-3|. 

3. If two parallel forces, P and Q, act in the same direction 

at A and B, and make an angle with AB, find the moment 

of each about the point of apphcation of their resultant. 

P.O. 
Ans. - p' - ^ AB sin. 0. 

4. If the weights 1, 2, 3, 4, and 5 lbs. act perpendicularly 
to a straight Hne at the respective distances of 1, 2, 3, 4, and 5 
feet from one extremity, required their resultant and its point 
of application. 

Solution. From equations (a) and (h) we have 
R=S.P=H-2+3+4+5=15 lbs. 
And, taking the extremity of the line for the origin of co-or- 
dinates, 

E5;=15.^==S.P.r=lXl-|-2X2-!-3X3+4x4+5X5=55. 
.-. 5=3|feet. 

5. Let the weights 4, -7, 8, and -3 lbs. act perpendicu- 
larly to a straight line at the points A, B, C, and D, so that 
AB^5 feet, BC=4 feet, and CD=2 feet; find the resultant 
and its point of application E. 

Ans. R=2 lbs., 
AE=2 feet. 

6. Let three forces which, if concurring, would be in equi- 
librium, act each in the side of the triangle which represents 
them in magnitude and direction. Show that they are equiv- 
alent to a statical couple. 
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CHAPTER in. 



52. Def. a statical couple consists of two equal and paralleJ 
forces acting in opposite directions at different points of a body. 
' 53. Dkf. Tlie arm of a couple is the perpendlcuiav distiince 
between the directions of the forces. 

54. Dbf. The moment of a couple is the product of tlie arm 
by one of the forces. 

^' 55. Pbop. a couple may he turned round in amj manner in 
Its own plane without altering its statical effect. 
Let PiABP^ be the original couple. Suppose the arm AB 
Pa turned around any 

point in it to the posi- 
tion ab. Apply tho 
equal and opposite 
forces Pg and P, per- 
pendicularly to ab at 
a, and similarly P^ 
and P„ at b, and let 
each be equal to P, 
or Pj. These forces, 
being in equilibrium, 
will not disturb the 
system. Thetwoequal 
forces P, at A, and P, at a, may be regarded as acting at their 
point of intersection E, and will have a resultant in the direc-, 
tion CE bisecting the angle P,EP,. Similarly, the resultant 
of P, and Pg at D will be an equal force in the direction CD. 
These forces, being equal and opposite, may be removed ; 
that is, we may remove from the system the forces P , , P^ , P , 
and Pj, and we have remaining the forces P^ and P^ at a 
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aiad b, forming the couple P^aftPj, which is the same as ii" we 
had turned the origmal couple round the point C until its arm 
came to the position ab. 

SB. Pnop. A couple may be removed to any position in its own 
plane, the parallelism of its arm being preserved, without chang- 
ing its statical effect. 



pie P.ABP, be rei 




Let the arm AB of the eoi 
own plane to the parallel po- 
sition ab, and let the forces 
P„P,,P,, Pleach equal to 
the original forces, be applied 
perpendicularly to ab, at the 
extremities a and h, in oppo- 
site pairs. 

Join Ab and «B. These 
lines will bisect each other 
in C. P, at A and P, at b 
will have a resultant 8P, at 
C, parallel to the original direction. Similarly, P„ at B and 
P, at a have a resultant =iP^ at C, opposite to the former; 
these will consequently balance each other, and may therefore 
be removed, or the forces P,, P,, P^, p^ may be removed, 
^nd we have remaining the couple V^abV^, equivalent to the 
original couple, removed parallel to itself in its own plane. 

"^ 57. Prop. A couple may be removed into any other plane, par 
illel to the original one, without altering its statical effect, lite 
parallelism of its arm being preserved. 

Let the arm AB of the original couple be transferred from 
its own plane MN parallel to itself to ah in the parallel plane 
' RS. Let forces be applied at a and b, as in the preceding 
proposition, each being equal to Pj or P^. Join Ab and «B, 
These lines will bisect each other in C. The forces P, and 
P„ will have a resultant =2P, at C, and P^ and P, a result- 
ant =3Pj at C. These resultants will be equal and opposite 
and may therefore be removed without disturbing the statica. 
effect of the system. We have then remaining the couple 



./Google 




P,«6Pj, equivalent to the original couple, and transferred to 
the plane RS. 

58. Pi!OP. All statical couples are eqidvahnl to each other 
whose planes are parallel and moments equal. 

Let P1ABP3 and Q^DEQ^ be any two couples whose 

planes are parallel and 

A moments equal. If they 

J- 1 IJ are not in the same plane, 

by the foregoing propo- 
sitions let the latter be 
transferred to the plane 
of the former, and moved 
in that plane until the 
extremities D and A of 
their arms coincide, and 
DE take the positipB 



Pi=P'+Qi 



AC. Apply at C, perpendicularly to AC, two equal and op- 
posite forces Q3 and Q,, each equal to Q,. Resolve P, into 
two forces F and Q.„ so that P,=F+Q,, or P,-Q. = F. 
Then, by hypothesis, 
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P,.AB-Q,.DE=Q,.AC=Q,.AB.+Q,.BC=Q,.AB+Q,.BG 
and (P.-Q,)AB=P.AB-Q3.BC, 

or the resultant of I" and Q.^ (Art. 36) passes through B. It 
is also equal and opposite to P^. Hence the forces P', Q^, 
and Pg may be removed, and there will remain the couple 
Q,ACQ„ equivalent to P,ABP,. 

59. Prop. Any statical couple may he changed into anolhei, 
which shall he equivalent and have an arm of given length. 

Let P,p, be the moment of any couple, of which P, is one 
of the forces and p , its arm, and let p be the given arm. Find 
a fourth proportional P-, to p, p^, and P, ; or take p ■Pi = 
P, :P'j, which gives P',p=P,^j. Hence, by J.r(. 58, their 
moments being equal, and in the same plane, the couples are 
equivalent. 

'^ QO. Dep. The axis of a couple is a line perpendicular to the 
plane of the couple. 

If the length of the axis be taken proportional to the mo- 
ment of the couple, and drawn above its plane wlien the couple 
is positive or tends to produce rotatory oiotion in the direction 
of the hands of a watch, and below its plane, when negative 
or tends to produce motion in the opposite direction, then the 
axis will completely represent the couple in position, intensity, 
and sign. 

61. Cob. By considering the previous propositions, it will be 
obvious that the axis of a couple, as thus defined and limited, 
may be removed parallel to itself, to any position within the 
body acted on by the couple. 

'-' 62. Def. The resultant of two or more couples is one which 
will produce the same effect singly as the couples themselves 
jointly. 

63. Prop. The moment of the resultant of two or more covplea 
in the same or parallel planes, equals the algebraic sum of the 
moments of the component couples. 

Let P,, Pj, Pj, &c., be the forces ; p,, p^, p^, &c., their 
arms respectively. The couples may all be removed into one 
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plane (Art. 57), turned round in that 
plane (Art. 55), moved in it (Art. 56), 
and their arms changed (Art. 59) to a 
common arm, while their moments re- 
main the same. Let p be the com- 
mon arm AB; P',, P'^, P'^, &c., the 
forces; so that ^'■!P=7,p,, P'aP= 

forces P'l, P'3, P'j at A are equiva- 
lent to a force 

P P P 

And the forces at B are equal to the same sum. We have 
then for the moment of the resultant couple, 

(P.+P',+P%+, &c.)AB=(P',+P',+F^+);,, 

= PlPl+P3?=+P.?'3+,&C. 

If either of the original 
couples, as P3P3,tend to pro- 
Pj duce motion in the opposite 
T direction, its sign will be neg- 
ative. The sum of the forces 
will be 

r',+P',-P%H-,&c., 
and the moment of the result- 
ant couple 
(P',+P',-P',+,&c.)js=P,p,H-P^p^_p,,p„+,&c. 
64. Cog. The axis of the resultant couple will be equal to 
the algebraic sum of the axes of the component couples. 
■' ScHOL, The composition of couples in the same or parallel 
planes, by means of their axes, is therefore analogous to the 
composition of conspiring forces. 

/ 65. Prop. To find the resultant of (wo couples in different 
planes inclined to each other. 

Let each couple be turned round and moved in its own 
plane until its arm coincide with the common intersection of 
their planes, -ind let the arms be made coincident and of tho 
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C O U P L.E 9. 

same length, the momeals 
of the couples, remaining 
the same. Let AB be this ] 
common arm, and PABP, 
QABQ the couples. Com- 
plete the parallelograms 
on the lines representing 
P and Q, and the diago- 
nals will represent their 
resultants R, which may 
be substituted for them. 
Hence we have the result- 
ant couple RABR equiva- 
lent to the component couples PABP and QABQ. 
< CS. CoR. The diagonal of the parallelogram, constructed on 
the lines representing the axes of the component couples, will 
represent the axis of a couple equivalent to them. 

Let OK and OL be the 
axes of the couples, and d the 
angle made by the planes of 
the couples. Since the axes 
are perpendicular to these O-^ 
planes, the angle made by the 
axes will be 6. We have, 
therefore, fl=PAQ=LOK. 

By the triangle of forces, 

R==p-}-Q'+2PQ cos. e. 
.: R.AB- AB VF-fQ'-f2PQ cos. 9, 




= v'F.AB'-!-Q'.AB'+2P.ABxQ.ABcos.O; 
(since OK=P.AB, &c.), 

= v'0K'+0L'+20K.0L cos.l, 

=0M. 
And OK, OL being respectively perpendicular to the planes 
of the component couples, CM will be perpendicular to the 
resultant couple. 

'' 67. ScHOL. The above is analogous to the parallelogram of 
forces, and may be called the parallelogram of couples. 
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If L and M represent the axes or moments of the compo- 

nent couples, and G the axis or moment of their resultant, then 

G'^L^+M'+SLM COS. e. 

If L, M, N were the axes of three component couples, it 
might be shown that G, the axis of the resultant couple, would 
be represented in magnitude by the diagonal of the parallele- 
piped formed upon them. 

If the planes of the three couples are at right angles each to 
the other two, or if L, M, and N are at right angles eacii to 
the planes passing through the other two, the parallelopiped 
would be rectangular, and we should have, 
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CHAPTER IV. 

ANALYTICAL STATIC8 IN TWO DIMENSIONS. 

In this chapter the points of .application and the directions 
of the forces will be referred to co-ordinate axes at right an- 
gles to each other. 

' 68. Prop. To find tfte magnitude and direction of the result- 
ant of any number of concurring forces in the same plane. 
Let P„ P^, P3, &c. . . P,. be the n forces, and let the point 



X 


A 


^"^ 




-■^x ^'■^^ 







i 


I 



at which they act be taken for the origin of co-ordinate 



Let P[ make the angle a, with OX, and 3; 



vith OY. 



&c., &c., &c, 

P, " «„ " A 

If OA represent the force Pi,and the parallelogram OMAJN 
be completed, OM will be the component of P[ in OX, and 
ON that in OY. And 
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OM = X,=P, 00!. o 


^, 


ON. 


= Y, 


=P, 


COS 


• c, 


Pursuing the sam 


,Q course with the forces 


P.. 


,p„ 


&c., 


oalliiig the resolved parts 


of the ibrces 


respectively i 


nOX, 




X„X, 


. X, 


, &e. . . 


■ X.. 








and those in OY 


Y„ Y. 


, Y. 


, &o. . . 


■ Y., 








we shall obtain 
















X,=P, 


, COS. a , 




Y, 


=P, 


cos. 


c. 




X,=P, 


COS. a^ 




Y, 


=P. 


cos. 


(J=, 




X,=P. 


, COS. a a 




Y, 


=P, 


COS, 


■ »■,, 




&c., 


&c., 




&c.. 


&c.. 




X.=P. 


COS. «.„ 




Y.i 


=P. ' 


=os. 


(), 





But ihe components in OX are equivalent to a single force, 

-X,+X,+X,+, &c X„-2,S, 

and those in OY to .a single force, 

^Y.+Y^+Y^+s &c Y„=2.Y, 

Uie Greek letter S being used as the sign of summation. 
Hence we liave 

S.X-S.P COS. a, (1) 

S.Y=S.P COS. /3. (3) 

Now if R be the resultant required, and the angle it maites 
with OX, the resolved parts of R in the axes must equal the 
resolved parts of the forces in the same directions. 

.-. R COS. 0=2.X, (3) 

R sin. e=^2.Y. (4) 

S.Y 

Hence Tan. ^=^-y- (5) 

Also, R^ cos.^ e+R^ sin.= 9=R'--(S.5)=+(S.Y)' ; 



or R-A/(S.X)'^-(S.Y)^ (6) 

Equations (1) and (2) give the values of 2.X and S.Y, by 
which we obtain Q from (.5) and R from (6) ; or R may be ob- 
tained, numerically, more readily from the equation 
R cos.e=S.X. 

09. ScrcoL. Tt is readily seen that the signs of the compo- 
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a>;ahtical statics. 33 

iienta along either axis are involved in Ihe trigonometrical ex- 
pressions of their values, (1) and 
(2). Assume the directions OX 
and OY positive, and OX', OY' 
negative. The components Ox^, 
Oj/i of F, are positive ; their 
values, Pj COS. a„ P, cos. p„ 
will also be positive, since the 
cosines of angles in the first '^ 
quadrant are positive. The com- 
ponents of Pjj, which lies in the 
angle X'OY, are Ox^, Oy^, the 
former negative and the latter 
positive. The value of Ox^ = 
P, COS. a, is negative, since a,, reckoned from OX around to 
the left, will be in the second quadrant ; and that of Oy^ =V 
COS. /3, positive, since /3„ reckoned from OY around to the 
nght, will be in the fourth quadrant ; or, if reckoned from OY 
around to the left, will be negative, and less than ao°. 

The components Ox^, Oy^ of P^, in the angle X'OY', are 
both negative, and their values P^ cos. a^, P^ cos. 0^ are ne-^- 
ative, because the angles a, and S, are both in the third quad- 
rant. The components Ox„ Oy^ of P^, which lies in the 
angle Y'OX, are, the former positive and the latter negative 
The value of 0:c,=P, cos. a, is positive, because a, is in the 
fourth quadrant, or, if taken negatively, is less than 90= ; that 
of 0?/,=P, cos. /J, is negative, because /3, is in the second 
quadrant. By the above mode of reckoning the angles, we al- 
ways find a+/3=90", or one the complement of liie other. 

70. Prop. Required the conditions of equilibrium of any 
number of concurring forces in ihe same plane. 

Since the forces are in equilibrium, their resultant must be 
equal to zero, or R-=0. This gives, by (6), 

{i.xy+{s.Yy=o. 

Bui each term being a square, is essentially positive. The 
equation, therefore, can only be satisfied by making each term 
equal to zero at the same time. 

r. 
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34 STATICS. 

Hence S.X=0, 2.Y=0, (S) 

are the two necessary and sujjlcient equaliovs of equilibrium of 
any number of concurring forces in the same plane; that is, 
the sums of the components of all the forces resolved in any 
two rectangular directions, must be separately equal to zero. 
^ 71. Prop. Required the expressions for the resultant force- 
and 7-esultanl couple of any number of forces acting at different 
points in the same plane. 

Let Pj.Pj, &c. . . . P„ be any number of forces in the same 
plane. Take the co-ordinate axes OX, OY in the plane of the 
forces, and let a,, a^,a^ , . . o„ be the angles the forces make 
respectively with OX, and /S,, 0^, i3, . . . /?„ the angles ihey 
make with OY. 

Let Xj, y, be the 
co-ordinates OM , , 
M,A| ofA,,the point 
of application of the 
force P,, and x'^. y\,. 
&.C. . . . w„, ?/„ be the 
co-ordinates of the 
points of application 
-X of the others respect- 
ively, llesolving P, 
in the directions of 
OS and OY, we sh;ul 
have for the components 

X,=P, COS. <2,, Y,=P, cos. /3,, 

at the point A,. 

Now apply at 0, in OX, two equal and opposite forces, each 
equal to Xi ; this will not affect the system. Then, instead 
of the single force Xj at A,, we have Xj at A,, or N, and 
— Xj at O, which together form a couple, and X, at 0. That 
is, for the force X, at A,, we may substitute 

X, at 0, and the couple Xi.ON,=X,j/i. 
In like manner, applying at O, in OY, two forces, opposite and 
each equal to Y;, we should have Yj at Aj equivalent to 
Y, at 0, and the couple -Y.OM, = --Y.a;,. 
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This last couple will be negative,' since it tends to produce ro. 
tatioa in- the contrary direction to that of the other. 

By pursubg the same course with each' of the other forces 
we should obviously have acting at 0, in OX. a sum of forces 
■ ■ ■ X,+X,+X,+,&c.'....X„=2.X, 

and at 0, in OY, 



(10) 



Y,+Y, + Ys+.'fcc Y,=s.Y, 

and the couples 

X.y.+S^ya+X.y, . . . . X.3/„=S.Xy, (U) 
~Y,x^-Y,x,-Y,x^ .... -Y..x„=s.~Yx. (13) 
We have now reduced the whole to a system of concurriri" 
forces and a system of couples. The couples being in the 
same plane,, the moment ofthe resultant (Art. 03) will be 
equal to the algebraic sum ofthe moments ofthe components, 
or the resultant axis' G will be equal to the algebraic sum of' 
the component axes. Hence, taking the sum of (ll) and (12). 
G=2.-Xy-S.Ya:=2.(Xj/-Ya-). (13) 

Now if R be the resultant force aotin.n- at 0, and S the ariffie 
it makes with OX, we have, as before, ^ 

R COS. e=s.x, 
R sin. (9=s.Y. 

Tan. 0=g, 

and R'=(S.X)'+(S.Y)=. 

'-^ 72. SciioL. 1. The equations (13), (14), and (15) determiiu 

Ihe magnitude of G and the magnitude and direction of R, 

To construct these results, draw 

through the origin the line OR, 

making the »ngle with OX, to 

represent R. Then put G— 

S.{Xy-Yz)='Rr, by which the 

moment of the resultant couple 

is changed into another, whose 

forces are each equal to R, and 

arm equal to r. Let this 

moved and turned round until ■ 

ore of its forces acts at in an 



(14) 
(15) 
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S5 STATICS. 

opposite dlreclioh to the resultant force ; draw OA pcrpendii. 
ular to OR and equal to r, and AR' parallel to OR. Tlieii 
R'AOR' represents the resultant couple. The two forces at 0, 
being equal and opposite, may be removed, and we have tho 
final resultant acting in AR', which makes the angle 6 with 
OX. 

'''^73. ScnoL. 2. To find the equation of this final resultant. Ix 
will be of the form 

y=ox+b. 

1 Y 

But a=tan:e=^, 

a.,d ^-^''"cos. fl-cos. 0-R cos. O-^T 

Therefore, by substitution, we have for the equation 

-. 7-1. Pitop. To determine the conditions of equilibrium of any 
number of forces acting at different points in the same plane. 

In order that there may be no. motion of translation, we 
must have R=0, which gives, aS before, 

2.X=0, (17) 

and 2.Y=0. (18) 

And, in-order thiit there may be no motion of rotation, we 
must also have 

G=S(Xy-Ya:)=0. (lEt) 

Equations (17), (18), (19) are tlie three necessary and suffi- 
dcnt conditions of equilibrium. 

/ 75. Cor. When there is a fixed point in the system, if this 
point be taiien for the origin, its resistance will destroy the ef- 
fect of the resultant force R, and the sole condition of equilib- 
rium will then be G— 0, 
or , 2.(X!/— Ya:)=0; 

or there must be no tendency to rotation around the fixed 
point. 
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76. If a point be kept at rest on a plane curve by the action 
of any number of forces in the plane of the curve, the resultant 
must obviously be in the direction of the norma! to the curve 
at that point, and equivalent to the pressure the curve sustains. 
For, if the resultant had any other direction, it might bo re- 
solved into two, one in the direction of the normal, and the 
other in the direction of the tangent to the curve ; the former 
would be opposed by the reaction of the curve ; the latter, be- 
ing unopposed, would cause the point to move. Hence, 

77. Prop. To determine the conditions of equilibrium of .a 
point, retained on a plane curve or line, by forces acting in Us 
plane. 

Let N be the normal force of reaction of the curve, and a 
the angle made by the normal with the axis of x. Also, let 
S.X, S. Y be the sums of the components of all the other forces 
resolved parallel to each axis respectively, and R their result- 
ant. The resistance N may be considered a new force, which, 
together with the other forces, retains the point in equilibrium 
independently of the curve. If, therefore, N be resolved in 
'lie direction of each axis, we have (8) 

N cos. ffi+2.X=0, (a) 

N sin. «-^2.Y=0; (6) 

or, transposing, squaring, adding, and reducinc, 

N= V(2.X)H(2.Yr=R, 
or the reaction is equal to the resultiint of all the other forc«a. 

Now let I be the inclination h y 

to the axis of x, of the tangent 
to the curve through the point, 
then (i=90°+i. 

.'. COS. a^cos. (30°-t-i) = — sin. !, 
3nd sin. «=^cos. !, 

Substituting these values of cos. a and sin. a in {a) and {h), and 
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Tan. i=-vV' °'' ^-^"i-^-^ t!>"- i = 0. (20 
But the differenlial expression for the tangent of the angl 

which the tangent maltes with the axis of a: is ~. Therefore. 
■ ax 

■ siibstitLiting and reducing, " 

[' X.X.dE+S.Y.d!/=0. (21) 

Whenever, the line on which, the point is retained is right, 
(20) may be used ; but if the line be a curve, (21) will, in gen- 
eral, be necessary, and-^ must be deduced from the equation 
of the given curve. 

viRTi'Ar, vELOcrTiEs. 
78. Def. If nny forces P, and P^ act at the point A, and 
this point be displaced through an in- 
■^' definitely small space Aa, and tiie 
perpendiculars (y>,, ap^ he drawn 
from a on the directions of the forces, 
then Api and Ap^ are called the vii-- 
mal velocities of the forces P, and P^ ; Ap,, measured in the 
direction of the force P,,is positive, and Kp^, measured in the 
direction of Pj produced, is negatiue. 
'■ 79. The principle of virtual velocities is thus enunciated : 

If any number of forces he in equilibrium at one or mora 
points of a "igid body, then if this body receive an indefnilcli/ 
small displacement, the algebraic sum of the products of each 
force into its virtual velocity is equal to zero. 

■ m. Peof. To prove the principle of virtual velocities for 
i-oncun-ing forces in one plane. 

Let A be the point at which the forces P,, P„, P,, &c. .'. . 
P„ act ; a,, a^, a^, &c. . . . a„ the angles they make respect- 
ively with OX, and Q,, 0^, (i^. . .&, the angles they make 
with OY. Let be the angle v^liich the direction of the dis- 
placement Aa makes with OX 
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Let f ,, v^ Dj, &c. . . . n. he the virtual velocities ol ttie 
forces respec'ively. 
Then 
V|=Ap,~Aacos.p^Aa~Aa.cos.(a,~0), 

=Aa(coa.aj cos.C+sin.«, sin.O), 
and P,r,=P,.A<i:{cos.a, cos.O+sin.a, ain.fJ), 

=Aa(cos.C.P,cos.(i,H-siii.9.P,sin.fl,). 
In like manner, for P^ wc should have 

P3W2 = Aa(cos. O.Pj, COS. a^ +sin. O.V^ sin. a J, 
and so for the other forces; and taking their sum, we should 
get, remembering that sin. a=coB. 3, 

^.Pll==P,D , +P,u, +V,v, + , &c. " P„r,„ 

= Ab[cos. 6 (P, COS. <2, +P3 cos.«^+, &c P„ cos. «„) 

+ sin. (P, cos. /3, +V^ cos. 0^ +, &c F„ cos. [}„)}. 

But when there is an equilibrium at a point (8), 

P,cos.ffl.+P2COs.«,+P,cos.«,+,&c....P„cos.a„-rS.X-0 

and 

P,cos.i3,+p2COS.j3^+P3Cos.33 + ,&c. ...P„cos./3„=XY=0. 

Hence 2.P«— 0, 

"r the principle is true when the forces all act at a point. 

81, Prof. To prove the principle of virtual veloeilies fo? 
forces acting at different points in the samejilane. 

The points are supposed to be invariably connected by rigid 
linos or rods without weight, which transmit the actions and 
reactions of tlie particles or points upon each olher. 
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Let A,, A,j, A3, &c. . . . A„ be the particles to Mhlch ihe 

forces P,, Pj, Pj, &G p^ are applied, v^, v^, e.^ . . . v„ the 

virtual velocities of the forces respectivelv. 
Let ra^a^ be the action of the particle A^ upon the particle A^, 
'"o^j " reaction of " A, " '• A 

ra^fij " action of " A[ " " A , 

i"n^Oi " reaction of " A 3 " " A . 

&:c-. &c., &c. 

-Let Va^a^, wbjH,, uo^a,, Ua^o^, &c., &c., be the corresponding 
virtual velocities. 

Then va^a^=va^a^, Va^a=v^^a^, &c., &LG., from the nature ol 
action and reaction. 

Also, r«_„^=_r„^,^, ^u^^^^-raa, &c., &c. For, let A. 



^!^-„.AiP?_ 



-J^^.(:l Ui^ 



and Aj be the particles displaced to a, and a^. Draw the 
perpendiculars a,p,, a^p^. Then, if the line a,a^ is par- 
allel to A,A3, it is obvious that A,p,=A„p^. But A,p, is 
the virlual velocity of R^, and A,p, ofR,, and they have op- 
posite signs. 

If «,«3 is not parallel to A,Ag, let them meet when pro- 

C --.--= -- -AiPi AiPz 

■ 'i, ■ ^^ 

duced in some point C. Since the displacements are indefin- 
itely small, the perpendiculars a,p^,a^p^ coincide with cir- 
cular arcs whose center is C, and Ca, =Cp . Ca =C» 
ButA,p,=Cp,-CA.=Ca,-CAi, 
andA,;),=C;9^-CA,=Ca,-CA, = (Cn,H-«,a,)-(CA,+ 

a'aj, 

-C«,-CA.. 
.■. A,Pj = A^p^, 

or Do3= — Uffa. 

Let the sum of the products of all the forces P,, P^, &c. 
into their virtual velocities, acting on the particle 
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A, be l.(P^^.v^), 
'l^'^se on Aa be S.(Pa.iia), 

'^'^^^ on Aj be ^.{Pn^.DaJ, 

Ac, &„^ 

Ihose on A. bo S. (P,. .»„_). 

Since each particle is in equilibrium from the aolion of llie 
external forces and the reactions of the others upon it. we 
have, by the last proposition, 

0=S.(P....i,.)+r.,...„..,,+,...,..B,.„,+, &c., 
0=i;.(P...»,J +r,^..i....,+r,,,,.,,_^H-, &c., 
&c., &c., &c., 

Jn tailing the sum of the products for all the particles, toe 
prodncts of the reactions into their virtual velocities will dis- 
appear, being in pairs, equal in magnitude with contrary 
signs ; therefore we have 
2.(P......)+J.(P,,i..,)+j.(P,_.„._)+, &,.... j.(P,_.,,._)=„ , 

or, generally, when there is an equilibrium, 
y I.(P.)=0. 

62. P.0P. Converse^. If the sum of tlie products of the 
lorces into their virtual velocities be equal to aero, or s (P » 1 
-0, then there will be an equilibrium. 

Pur if the forces are not in equilibrium, they will be equiva- 
lent either to a single force or a singk couple (Art. 74). 

In thefrsl case, let R be the single resultant force ; then a 
force equal and opposite to E will reduce the system to equi- 
hbrium, let a be its virtual velocity for any displacement. 
Smce, with thi, new force, there will be an equUibrium, we 
nave, by the preceding proposition, 

i.(P...)-l-R.K=0. 
But hy hypothesis, I.(P.a)=o. .-. E«=o, which, being true fo, 
nil small displacements of the body, we must have R>=.0, oi 
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the body was in equilibrium from the action of the origina 
forces. 

In the second case, if ihe forces were equal to a resultanl 
couple, it would be balanced by an equal and opposite couple. 
Let the forces of this opposite couple be Q and Q'. and their 
virtual velocities for any displacement be q and q' respective- 
Jy; since they wil] reduce the system to equilibrium, we have, 
by the preceding proposition, 

S.(P.^)+Q9+Q'5'=0. 
But l.(P.j>)=0. .-. ^q+Q,'q'=Q, for all displacements, which 
is impossible, unless Q and Q' each equal zero, sines they ara 
parallel forces, and act at different points. 
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CHAPTER V 



THE C E N T E 



83. Def. Experiment shows that every particle of maiter h 
subject to a force which attracts it in a direction perpendicu- 
lar to, a horizontal plane or the surface of stagnant water. In 
reality, the directions of the forces, acting on several particles, 
meet neuriy in the center of the earth; but as this center is 
very dislant, compared with the distance of any particles con- 
sidered together, we may, without sensible error, regard their 
directions as parallel. 

This force is called grooity. 
" 84, Experiment shows, also, that the intensity of gravity 
varies in different parts of the earth's surface ; that it is least 
at the equator, and increases toward the poles in the ratio of 
the square of the sine of the latitude. It shows, also, that in 
the same latitude the intensity varies al diiferent points in the 
same vertical line ; that it varies inversely as the square of the 
distance from the center. But for any points in the same sys- 
tem, or any bodies nearly in the same place, this variation of 
intensity, as -vVell as difference of direction, may be neglected 
without error. Hence, 

'' 85. Def. a heavy liody is an assemblage of material points, 
or particles, acted on by equal parallel forces in the direction 
of the vertical to the earth's surface. 

■^ 8B. Dbp. The weight of a body is the resultant of all the ef- 
forts which gravity exerts on its component particles. This 
resultant {Art. 43) is equal to their sum, and parallel to their 
common direction. 

•^ 87. Def. The mass or the quantity of matter of a body is 
the sum of all its component particles, 
e 88, Cor. If W represent the weight of a body, M the mass, 
and g the ratio of the intensity of gravity at any place, to its 
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inteiisily at another place where it is assumed as uiiitv, wk 
shall have 

W=gM. (22) 

For the resultant of all the parallel aciions of gravity on the 
particles of a body is equal to their sum, or the product of ils 
intensity into the number. 

89. Def. The density of a body is the ratio of its mass to its 
volume ; or, if D represent the density, M the mass, and V the 
volume, 

D-y; (23) 

in which D, M, and V represent the number of units of each 

kind, 

. 90. Coif. Since W^g-M, and M=VD, we have 

W-^VD. (24) 

91. Fbof. The masses of troQ bodies of the same density are in 
Ike direct ratio of their volumes. 

If M, y, and D be the mass, volume, and density of ona 
hody, and m, v, and d the same of the other, by (23), 

M=VD and m^vd; :• M : m=VD : vd; (25) 
'or, smce D— (f, M ; m— V -.v. 

92. Pkop. The masses being equal, the densities are inversely 
as the volumes. 

Since M : m=VD : vd; if M-m, YD=t!<^; 
"1- D : d=v : V. (26) 

' 93. Prop. The volumes being equal, the masses are directly as 
the densities. 
Making, in (23), V=d, we have M : m^D : (/. (27) 

V 94. Dep. The center of gravity of a body is the center of the 
parallel forces of gravity on each of its component particles; 

V 95, CoK. Hence the determination of the center of gravity 
involves an immediate application of the doctrine of parallel 
forces, and we need only refer to resuUs already obtained for 
many important deductions respecting the center of gravity. 
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V. The resultant of aJl the vertical efforts of gravity on 
Bach of the elemental^ particles of a body passes through ita 
center of gravity, (Arts. 44 and 94.) 

2°. This resultant is pai-allcl to the forces {Art. 36) ; that is, 
it is vertical, and its magnitude is equal to the weight of the 
body. 

3°, Whatever position we give to a body, this reaullant will 
always pass through the center of gravity; since changing the 
position is equivalent to changing the direction of the forces, 
without changing their points of application or parallelism, 

4°. A heavy body will be in equilibrium if its center of 
gravity be supported, whatever may be the situation of the 
body relative to the support, since, in this case, the resultant 
of the parallel forces of gravity will have a fixed point in its 
direction, 

5°. When we wish to find the center of gravity of several 
bodies, we can suppose the mass of each concentrated at its 
center of gravity, since the weight of each is a force propor- 
tional to its mass, and passing verticaHy through its center of 
gravity. Hence we have only to consider a system of heavy- 
points. 

96. Def. a body is said to be symmetrical with 7-esp'jct to n 
plane when the lines joining its particles, two 
and two, are parallel, and bisected by the 
plane. 

Thus, let VI, m' be two symmetrical par- 
ticles, so that the line mm' may be bisected 
in b by the pkno aa'. Letting.faU the perpen- 
diculars ma, m'a', the equality of the triangles 
mab, m'a'b gives ma=m'a'. Hence the par- 
ticles of a body, symmetrical with respect to 
a plane, are situated, two and two, on opposite sides of the 
piane, and at equal distances from it. 

97. Prop. The center of gravity of every homogeneous body 
of uniform density, symmetrical with respect to a plave, is situ- 
ated in that plane. 

For any two particles, symmetrically placed, will be at the 
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same distance from the plane, and their momenta will be equa 
and have contrary signs. ■ But ali the piirticles, taken two and 
two, are thus placed {Art. 06). Therefore the resultant of the 
syslem of forces will be in that plane, and, consequently, the 
center of gravity also. 

' 98. Dep. a body is said to be symmetrical with respect to an 
axis when it is symmetrical with respect to two planes pass- 
ing through that axis. 

00. Prop. The center of gravity of a homogeneous body, sym- 
metrical with respect to an axis, is situated in that axis. 

By Art. 07, it must be in each plane passing through the 
axis, and therefore in their common intersection, or the axis 
itself 

100. CoE. If a body is symmetrical with respect to two 
axes, its center of gravity will be at their intersection, since it 
must be in both axes. 

101. Def. This point is also called the center of figure. 

102. Prop. To find the center of gravity of any number of 
Iieavy particles whose weights and positions are given. 

Let A, B, C, &c., be the particles, whose weights w^, w^, 
■g Wj, &c., act at their respective 

centers of gravity, vertically 
downward, and therefore con- 
stitute a syslem of parallel for- 
ces. iWj and M.'j h.ivea result- 
ant —Wj+w^ aclng at some 
point «, sacii that w,.Aa=w^. 
Efl. The distance AB being 
given, the distanceA a is de- 
termined by taking (At-t, 39) 

w.+MJ, :h;, = AB : Aa^AB. '"' . 

Compounding the weight w,+w^ at a with another weigh't 
to, acting at C, they will have a resultant w,+w^+w^ actinp 
at some poii>t b, sut;h that 

(w,+w^.ab=w^.Cb. 
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First determining «C from the triangle aCB, m wliicli BC 
Ba, uiid the angle «BC are supposed to be known, we can de 
termine the distance ab by the proportion 



By continuing the same process, we should determine the 
point at wliich the final resultant weight' acts. ' The point will 
be the same, whatever be the order in which we compound the 
weights. 

^ 103. Puop. To find the center of gravity of any number oj 
particles in tJie same plana whose positions are given by their 
co-ordinates. 

Since the weights of the particles constitute a system of par- 
allel forces, let P,,Pjj, P^, &c., represent the weights of the 
particles which may be supposed collected in their respective 
centers of gravity, x-,, y^.x^, y^, &c., their co-ordinates. • We 
shall have for the co-ordinates x, y of the center of parallel for- 
ces {Art. 44), or center of gravity of the whole body (^ri. 94). 

r-__ Pi^ i +Pa^g+F33;3+.&c. S.Pa: ^ 

"^~ P.+P^+P,+,&G. ~^JF 

-_ I^yl+F^ya+p3V3+'&g■ _.^■I'y i 

y~ P,+P,+P,+,&c. ~2.P- 
104. GoR. 1. If the particles all lie in a straight line, this line 
maybe taken for the axis of a;, and y,=0,j/2=0, &c. ,-, y~Q, 
and the center of gravity will be in that line. 
'^ 105. Cor. 2. If the particles are homogeneous, the weights 
of each particle (24) will be proportional to the volumes; and 
If i!i, v^,.v^, &.C., denote the volumes of the particles, and V 
'.he whole volume, we have 

- _v ^x ^-^v^x ^ -{-v ^x ,-\- , &c. 1,.i>x \ 



Hence the sum of all the particles, or the whole volume, multi- 
plied by the distance of its center of gravity from a rlane. is 
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equal to the sum of eiicii particle into the distance of its centef 

/gravity from the plane. 
106. CoK. 3. If the center of gravity of tlie whole voIuii.k 
be given, and the center of gravity of one of its parts, the cen- 
!er of gravity of the other is readily obtained. 

Let V equal the whole volume, and u,, v^ the volumes of 
the tvi^o parts, 5, y, 5,, y^, x^, y^, the co-ordinates of their re- 
spective centers of gravity. 

rheo ^=-1 — ^ \ and y=~^^^^.^^. 

But, by hypothesis, V, v^ and x, y, x^, y^ are given. 
Therefore, v^^Y—v^, 

and x^ = ' ' ,and.y^= ^ "'■ — . (30) 

y 107. We shall now proceed to apply the foregoing princi- 
ples to speciiiG cases. 

I Ex. 1. To find the center of gravity of a uniform physical 
straight line. 

If AB be the uniform straight line, and C its middle point, C 
\ c a ^''' ^^ ''^ center of gravity ; 

' for we may consider the hne 

made up of a series, of equal particles in pairs on opposite 
sides of C, and the weights of each pair would be equal paral- 
lel forces having their resultant at C, the middle point between 
them, or the reaultaot of all the forces will pass through C. 

Or, the line AE is symmetrical with respect to a plane pass- 
ing through C. The center of gravity, therefore {Art. 97), is in 
C this plane, and as it is also in the line 
AB, it must be at their intersection C. 
Ex. 2. To find the center of gravity 
of a thin triangular jilate of unifoi-m 




Let ABC be the triangular plale» 
of which the thickness is inconsider- 
able. Bisect AB in D, and AC in E. 
Join C, D, and B, E intersecting in 
le the center of gravity of the plate. 
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Sinco lie line CD bisects all lines drawn pirallel to the 
base, and, consequently, divides the triangle symmetricallv, 
the center of gravity of the triangle will be in this line. Foi 
the same reason, it will be in the line BE, and will therefore 
he at their intersection G. 

Join D, E. DE is parallel fo BC, since it divides the siflea 
AB and AC proportionally, and DE=^BC. 
From the similar triangles, DEG and BCG, we have 
DE : BC=DG ; GC = I : 2. .-. 2DG-GC. 
Adding DG to both sides, 

3DG=-DG+GC-DC. ... DG=iDC. 

Ill the same way it may be shown that EG=4EB. 

Hence the center of gravity of a triangle is one third tlte 
distance from the middle of either side to the opposite vertex. 
I Ex. 3. To find the cente?- of gravity of a parallelogram of 
uniform density and thickness. 

Bisect the sides AB and DC in H and K ; also the sides 
AD and BC in E and F. The 
plane passing through H and K 
will divide the parallelogram sym- 
metrically, since it will bisect all 
lines parallel to AB. The center 
of gravity will lie in this plane, and - -- - 

will therefore lie in its intersection HK with the parallelogram 
tor the same reason it will lie in EF, and must therefore be a' 
G, the common point of these lines, 

Or, since each diagonal bi- 
sects all lines drawn parallel to 
the other, it will be at the inter- 
section of the diagonals. 

Ex. 4. To find Ike center of 
gravity of a thin, polygonal p 
plale, of uniform density and 
thickness. 

Let ABCDEF be the poly- 
gon. Draw the lines AC, AD, 
AE, dividing it into triangles. 
D 
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When the polygon is given, these triangles will be known, 
and their centers of gravity, g^^g^, g^, g,, may be found by 
Ex. 2. 

The mass of each triangle may be considered as a heavy 
particle at its center of gravity, or the weight of each, as a 
force acting at its center of gravity. Then {A?-L 39), 

This determines the point G', the center of gravity of the 
portion ABCD. In the same manner, we may find the point 
of application G", of the resultant of g , -^g^ acting at G', and 
g^ acting at ^3, and so on; the last point so deterraioed will 
')s the center of gravity G of the polygon. 

Ex. 5. To find the center of gravity of a triangular pyramid 
of uniform density. 

Let ABCD be the triangular pyramid. Bisect the edge BC 
in E, and pass a plane through E and the edge AD. Thia 




plane will bisect all lines in the pyramid parallel to BC, and 
will therefore divide it symmetricaHy. Bisect AC in F, and 
the plane through F and the edge BD will also divide the pyr- 
amid symmetrically; and since the center of gravity of the 
pyramid will be in both these planes, it must be in their inter- 
section D/. But the point/ is the centerof gravity of the face 
ABC {Ex 2). Hence the center of gi'avity of the pyramid 
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hes m the line drawn from a vertex to the center of gravity of 
the opposite face. Take Ee=JED, and join Ae. Since e i. 
the center of gravity of the face BCD, the center of gravity of 
the pyramid wiJl be in the line Ae. It must therefore be at 
the intersection G of Ae and D/. 

To find /G, join fe, which will be parallel to AD, since it 
divides the sides ED and EA of the triangle AED proportion- 
ally. Now the similar triangles/Ge and AGD, with f£.s and 
AED, give 

/G : GD=/e ; AD = Ee : ED=I : 3. 
.■- 3/G=GD. 
Adding /G lo both members, 

4/G=/G+GD:= /D, 
/G=}/D. 
Hence, tke center of gramly of a triangular pyramid is one 
fourth tke distance from the center of gravity of one face to tks 
opposite vertex, 

Ex.e. To find the center of gravity of a pyramid whose basB 
IS any polygon. 

In the pyramid A ECDEF find G, the center of gravity o! 
the polygonal base {Ex. 4), 
and join AG. Since AG 
passes through the center 
of gravity of the base, it 
will pass through the cen- 
ter of gravity of every sec- 
tion parallel to the base, 
and the center of gravity 
of the whole pyramid will 
be in AG. 

Join GE, GC, GD, GE, 
and GF, and conceive 
planes to pass through A 
and each of these lines, 
thns dividing the whole 
pyramid into as many triangular pyramids as the base has 
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sides. The centers of gravity of these pyramids will be at 
one fourth the distances, respectively, from the centers of grav- 
ity of their triangular bases to the common vertex A. These 
distances being thus divided proportionally, the' points of di- 
vision will all lie in the same plane parallel to the base. And 
since the centers of gravity of all the triangular pyramids are 
in this plane, the center of gravity of the whole pyramid will 
he in it, and, being in the line AG also, will be at their inter- 
section g. But the plane divides all lines drawn from the ver- 
tex A to the base proportionally ; therefore, the center of grav- 
ity g of the whole pyramid is one fourth the distance from tlie 
neuter of gravity of the base to the vertex, 

CoK. Since the above principle is true, whatever be the num 
her of sides of the polygon, it is true when the number becomes 
: indefinitely great, or when the base becomes a continued closed 
curve, as a circle, an ellipse, &;c, ; or, the center of gravity of a 
cone, right or oblique, and on any base, is one fourth the dis- 
tance from the center of gravity of the base to the vertex. 
"^ Ex.'t. To find the center of gravity of a frustum of a cone or 
pyramid cut off by a plane parallel to the base. 

Let a be the length of the line drawn from the vertex of the 
cone, when complete, to the center of gravity of the base, a' 
that portion of it between the vertex and the snnaller base of 
the frustum. Then (30) we have 



in which x=la, ;t[=Ja'. Now the part of the cone or pyra- 
mid cut off is similar to the whole, and similar solids are as the 
cubes of their homologous dimensions, or cubes of their iines 
similarly situated. 

Hence v : v,=a'' : a", or v—v, : v—a'—u" : a'. 



=="('-?)• 
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Subtracling this from a, we have the distance of the centct 
ofgi-avityof the frustum from the center of gravity of its base 
equal to 



(a+a') K+a'O 



3a" 



Ex. 8. Tofindthe center of gravity of the perimeter ofatr,- 
angle in terms of the co-ordinates y 
of the angular points. 

In the triangle ABC, Jet a, b, 
c represent the sides respective- 
Jy opposite to the angles A, B, 
C. Their centers of gravity will 
be each at the middle point of 
the side; ^s g,,ff,,ff^. 




Let 3;,i/i be the co-ordinates of A r 
^iT/x " " " B, 

^3^3 " " " C. 

Then the c 



iferred to the origin 0, 



■ordinates ofg-, are ^{x^+x^), iCj/i +;/„), 

and X, y, being the co-ordinates required, by (28), we have 
_ a(x,-^x,)+ l> {x^-yx^)+<:{x,+x,) 
2(a+&+c) 

Ex. 9, To find the co-ordinates of the center of gr 



Let^ 



it-y of a 
j'^.-r.jf/j be the co-ordinates of the points A, 



./Google 



B, C respectively. Draw 
AD bisectmg BC in D, 
and take AG=5-AD: G 
is the center of gravity 
of the triangle. The co- 
ordinates of X) are ^{x^ 

+^s).^(y=+y3); and if 
5=0N, |^=GN, be the 
co-ordinates of G, we 
have 

ON=OL+|(OM-OL), 

GN=AL-I-|(DM-AL) ; 




108. Prop. Jf a body have a fixed f ami in it, the condition oj 
equilibrium requires that the vertical line through the center of 
gravity shallpass through the fixed point. 

Jf the center of gravity g be in the vertical line Ag, passing 
throngh the fixed point 
A, the weight w of the 
body, being a vertical 
force acting at g, in the 
direction A^, will be 
resisted by the reaction 
of the fixed point A. 
If the center of gravity 
be at any other point 
g', then drawing tha 
vertical line through g 
and the horizontal line through A, tiie weight w acting at g' 
would have an uncompensated moment w.Am, which will not 
vanish until the center of gravity comes into the line A^. Or, 
if g' be the center of gravity, the body will Ijc acted upon by 
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a iiouple of wfiich the forces are, the weight of ihe body al g', 
and the reactioa of the fixed point A,, and the arm A.m. 
Therefore (19), in order to equilibrium, 
£(S}/-Ya:)=M!.Am=0. 

,■, Am=0, or the point g' must be in Kg. 
109. Def. The equilibrium is said to be siaWewhen the body, 
if slightly disturbed, tends to return to its original position. 
It is called unstable when, being disturbed, it tends to re 
move i'urther from its original position ; and neutral when, after 
being disturbed, it still remains in equilibrium. 

HO. Prop, When ibe equilibrium of abodij contmmnq a 
fixed point is stable, the center of gravity is in the loiLSit post 
tion it can take ; when unstable, in ihe highest. 

Let A be a fixed point in the bodies M and N. q tlieu '■en- 
ier of gravity^ The 
center of gravity can 
only move on the 
surface of a sphere 
whose center is A 
and radius A^. When 
the body M is dis- 
tm-bed, its center of 
gravity g being re- 
moved to g', will rise 
through the versed sine of the arc gg', and when at g', the 
moment w.Am will obviously tend to bring it back to its orig- 
inal position. The equilibrium is therefore stable, and the 
center of gravity the lowest possible. In the body N, the cen- 
ter of gravity being at g is the highest possible, and being in 
the vertical A^, will be in equilibrium. When removed to g', 
the moment w.Am will obviously tend to carry it further, and 
the equilibrium was therefore unstable. 

111. Cob. 1. The pressure on the point by which a body is 
suspended is clearly, in tlic case of equilibrium, equal to the 
weight of the body. 

V 1 13. CoK. 2. If a body is suspended from two points, the po- 
sition of equilibrium is that in which the center of gravity is in 
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the vertical plane passiDg through ihe two points of SLispen 
sion, since it is then the highest or low 
est possible. To determine the pres- 
sures on the fixed points A and B, let 
GC represent the weight of the body 
acting vertically at G. Resolve GC 
into the two forces DG and EG acting 
in the directions AG and BG. These 
will represent the pressures on A and 
Since the directions of GC, GD, 

and GE, and the magnitude of GC ai-e known, the magnitudes 

of DG and EG may be determined. 

113. Cor. 3. If a hody be suspended from three fixed points 
not in a right line, the body is necessarily at rest. 

With regard to the pressures on each point, the three lines 
drawn from the fixed points to the center of gravity give the 
directions of the pressures, and tlid vertical is the direction of 
the weight, the magnitude of which is given. Hence we have, 
in a parallelepiped, the three sides and diagonal given in po- 
sition and one given in magnitude, to determine the magnitude 
of the other three. 

1 14. CoE. 4. If a body touch a horizontal plane in one point, 
it will be in equilibrium when the vertical through its center 
of gravity, and the perpendicular to the plane at the point of 
contact, coincide ; for the weight will then be counteracted by 
the plane, 

'■ 115. Cur. 5. If the body touch the plane in two points, it 
^ will be in equilibrium when the verti- 

cal through the center of gravity, and 
the perpendiculars to the plane at the 
points^ are in the same plane. Thus, 
if ABC be a vertical section through , 
the two points of support P and Q,' 
there will not be an equilibrium unless 
the vertical through the center of grav- 
which is the same thing, meeia 




ity G is in Ihe same plan 
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the line PQ. The pressures on P and Q may be delermiiied 
by the theory of parallel forces, and 

P : Q : W-WQ : WP : PQ, 
P, Q, and W representing the pressures on the two points and 
the weight of the body respectively. 

If the body touch the line PQ in more than two points, the 
problem of the pressures is indeterminate, as the pressures 
may be any how distributed. 

116. Cor. 6. If the body touch the plane in three points, it 
will be in equilibrium when the vertical through the center of 
gravity falls within the triangle formed by joining these points. 
To estimate the pressures in this case, let PQR be the tri- 
angle formed by joining the three 
points, and W the point where the 
vertical through the center of 
gravity meets it. We must re- . 
solve the weight acting at W into 
three others parallel to it, acting at 
P,Q,andR. Join PW.QW, and 
(IW, and produce them to the op- 
nosite sides. Then, by the theory of parallel ibrc. 
P : W=WK : PK^triangle WRQ : Iri; 
Q : W-^WM : QM= " WRP ; ' 
and R : W^WH : RH= " WPQ; ' 
•. P;Q:R : W=WRQ : WRP : WPQ : PQR. 

If the body touches the plane in more than three points, the 
pressures on the points are indeterminate, hut their sum is 
equal to the weight of the body. 

117. Cor. 7. If the verticil through the center of gravity of 
a body on a plane meets the plane in a point within the base, 
the body will stand. For the resultant of the parallel forces 
of resistance must be within the figure formed by joining the 
several points of contact. 

if the vertical falls without the base, we have two parallel 
forces in contrary, but not opposite, directions, and the hodv 
will turn over. 




ig!e PKQ, 
PRQ, 
PRQ. 
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■ 118. Pflop. The slabillty of a hody is measured by the excess 
.ifi/ie s/iorCest line that can be drawn from the center if gramhi 
lo the perimeter of the base, above the vertical, from the center to 
the horizontal plane. 

The stability will depend on the ex- 
cess of GP over GH, since G must be. 
elevated a distance equal to this dif- 
ference, in order lo turn the body over 
the edge of the base at P. 



Con. 1. The greater the base HP the greater the siabihi\ , 
if the height of G remain the same; and the greater HG, tlie 
less the stability if HP remain the same. 

CoE. 2. The stability is measured by the versed sine of llie 
arc, through which the center of gravity must move from rest 
to its highest point. For GP-GH=GP-BP-AP-BP=AB 
— versed sine of arc GA to radius PG. 

> 119, Pitop, If a body be placed on an inclined plane, it will 
descend lohen there is no resistance from friction. 

For the weight of the body, represented by GA, may be re- 
solved into two others, GB 
and BA, one perpendicular 
to the plane, and the other 
parallel to if, of which GB, 
the one perpendicular to the 
plane, can alone be counter- 
acted by the plane. In this 
case, if the vertical GA fall within the base of the body, the 
hody will slide ; if it fell without, it will slide also. 




120. EXAMPLES. 

1. If two right cones have the same base and their vertices 
in the same direction, find the distance of the center of gravity 
of ihe solid contained between iheir two snrfiices fro.m theli 
common base, 

Ans. \ sum of their altitudes 
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2. Tlie center of gravity of a parnboloid being in (lie iixis 
at a distance from the vertex equal to § of tlie axis ; fina the 
center of gravity of a frustum of a paraboloid from the base, 
a and b being the radii of the two ends, and m the parameter 
to the axis (30). 

^"^^ Sm{a'-b') " 
^'3, Two spheres, whose radii are a and h, touch each othei 
internally; find the distance of the center of gravity of the solid 
.contained between the two surfaces from the point of contact, 
a'+a't+ah'+b' 

Ans. r-, — rvTi — ■ 

a'+ab+b 

•^4. Tlie distance of the center of gravity of a hemisphere 
from its base being f the radius, find that of a hemispherical 
bowl wliose internal radius is a and thickness c. 

„ ia'+Qa'c+iac'+c' 
■^'"- ^-^ 3a'+3ac+^- 
'^ 5. From the result obtained in Ex. 4, find the distance of the 
center of gravity of a hemispherical surface from the center 
of the base. 



APPLICATinX OF THE PKINCIPLES OP THE INTEGRAL 0AI.CULU3 TO 
TUE DETERMINATION OP THE CENTSa OF GRAVITY. 

"^ 121. By the principles of the integral calculus, when the 
volumes v {Art. 105} become indefinitely small, they may be re- 
garded as the differential elements of the body, and be repre- 
sented by do. In this case formulas (29) will take the form 

i=ifi" 5=/'* (31) 

in which x and y denote the distances of the center of gravity 
of dv from the co-ordinate axes. 

^ 122. Prof. Required the differential expressions for the co-o>-- 
dinates of the center of gravity of a plane curve or line. 

If ds represent the differential element of the curve or line, 
by substituting ds for dv in (31), we have 
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_ fxds _ [yds 

i— ^, y=-l^. (32) 

If the arc is symmetrical with respect to the axis of x, thf 
center of gravity will be in that axis {Art. 99), and y=0. 

s 
a sutEcient. 

^ 123. Prop. Required Ihe differential expressions for the co- 
ordinates of the center of gravity of a plane area. 

Since tiie differential element of a plane area is d.cdy, dD= 
dxdij. By substitution iii (31), we have 
Jfxdxdy 
■^~1d^' 
Integrating in reference to y, we have 
_Jj^ fWdx 

fydx ' ^ fydx ' ^ ' 

If the area is symmetrical with respect to the axis of .r, tlie 
renter of gravity is in that line {Ai-t. 99), and y=0. 
_ fxydx 
" '^~ fydx 
is sufficient. 

124. Prop. Required the differential expressions for the co- 
ordinates of ihe center of gravity of a surface of revolulion 
around the axis of x. 

The center of gravity will obviously be in the axis of a;, and 
therefore y—0; and since, for a surface of revolution, dv— 
^7Ti/ds, the first of equations (31) become, 
_ fxyds 

and this equation is sufficient. 

125. Prop. Required the differential expressions for the cti' 
07-dinates of the center of gravity of a solid of revolution. 

In this case dv=ny'dx. Hence, from the first of equations 
(31), we huv^ 
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which alone is sufficieal. 

By proper substitutions for do in the fundaii eiiial equations 
(31), we may find expressions for the co-oidinafos of the cen- 
ter of gravity for other forms of bodies. 

'' 126. Pflor. The surface generated by the revdution of a curve 
around an axis is equal to the length of the curve, mulilplied hy 
the circumference described by its center of gravity. 

From the second of equations (32), we have 
277.^.s— 3Tr/!/rfs. 

Now Sji^ is the circumference of which y is ti.e radius, and 
'Zny.s is the circumference described by the center of gravity 
of the curve s in its revolution round the axis of x, multiplied 
by the length of the curve s. But this is equal to 2Tfyds, which 
is the area of the surface generated by the revolution of the 
curve. Hence, &c,, 

t* 127. Prop. The volume generated by the revolution of a plane 
area around an axis is equal to the product of that area by the 
circumference described by its center of gravity. 
For, from the second of equations (33), we have 
2 nyfydx — nfy^dx. 

In this equation, fydx is the generating area, 2Tzp is the cir- 
cumference described by its center of gravity, and -nfy'dx is 
the volume generated. Hence the truth of the proposition. 

These last two propositions comprise the theorem o^Guldin, 
and their application to the determination of the surfaces and 
volumes of bodies constitutes the Centroharyc Method. By 
this method, of the three quantities, viz., the generatrix, the dis- 
tance of the center of gravity from the axis, and the magnitudti 
(generated, any two being given, the other may be determined, 
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128, EXAMPLES. 

. Required ihe center of gravity of a circular arc. 

Let the axis of a: bisect the arc MAiM 

in A, the origin being at the center of 

the circle, and let MAM'=2s. From the 

■ equation of the circle jf'=?-'— a:', we ob 

. dy'' x" 

t,-im -f^~-^ . 

ilx- r —X 



.-. (32) i=-^=^iy-_^=+iv-7-:; 

When j=o,i:=r, and 2=r. .-. C={ 

Hence :F=CI="'-^- 

2s ' 



.i'+c=+y+u. 



or, the distance of t!ie center of gravity of a circular arc from 
the center of the circle is a fourth proportional to the arc, the 
radius, and the cord of the .^rc. 

If the arc be a semicircle, y-r, and s=^,tj- 

.-. CI=— =0.C3SG2r. 

" -■ Required the center of gravity of a circular scmcnt. 

Putting CP=a (Fi g., Ex. 1), and taking the center Ibr the 
origin, we have y= -Jr'-x'. Hence (33), 

-^.ngdx^ fA'-'-i't'ib: Jitf-^ jgr' 
.Klldx MAP JVIAP "ilAP' 

. -_AgMP)'_ Ji(chord)' 
ilVIAJM'P aegment ' 
if ihe segment is a semicircle, 
- tV(2>-)" 4r 
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3. Required tlie center of gravity of llie surface of a sphf.r- 
ical segment. 

Taking the origin at C (Fig., Ex. 1), the center of the gen- 
erating circle, we have x'+f=^r\ ^=^, and yds^rdx. 

■■ ^ ^ Jyd^~Sdx' 

Integrating between x=r and x^a~CV. 

-=i?£?"'=i <■■+»). 

Hence the center of gravity ia at the middle of PA. 

4. Required the center of gravity of a spherical segment. 
Taking the origin at A, the vertex of the generating circle, 

we have, for its equation, y''=:'iiax—x'. 

, , -~_ fxy'dx_ f(2a3:—x')xdx 

Hence AG^^^-^'^^?^:!^. I 

ax — gX 12a— 4a: * 

If the segment is a hemisphere, x-=a, 

and ^=^a. 

»' 5. Required the surface of a hemisphere. 

By the centrobaryc method (Art. 126), we have 

The generatrix =^7T7-, the ordinate of its center of gravir v 

y=~ (Art. 128, Ex. 1), and the circumference described by 

the center of gravity =2n.^^4r. Ilencc the surface =^n7:4r 
=2nr\ 

139. EXAMrLEa on the ritECEDiNa ciiaiters, 
'^Hx. 1. Two beams, rigidly connected at a given angle, turn 
on a horizontal axis through their point of union ; find the po- 
sition of equilibrium by the action of their own weights. 
Let AC, BC be the beams suspended from C, and making 
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r.bout C is zero {Art. 75), 

Let g^, g2 ^^ t'le centers of gravity of the beams, and g^O 
=a,g^C—b. Also, «!,=: weight of AC, acting a.tg^,anA w^ — 
weight of BC, acting at g^. Draw througli C the line MCN 
horizontally, meeting the vertical directions in which w, and 
utg act, at M and N. 

By (19), w!,CM-m;,CN=0. Let BCN^ft The delermiu 
ation off? will fix the position of the compound beam. 

Since CM=^iC.coB.MCA and CN=^,C.co3. BCN, wo 



Cg, cos. kCM-w^.Cg^ COS. BCN= 
a. COS. (180-a+e)-w,.&.cos. 0= 
.-. Tan. e= 



Kb+w 



Tan. 0= 



Ex. 2. When a given weight W is hung from the end of 
one of the beams, A (/i'.c. I), find 6 in case of equilibrium. 
w^.b+{w,+2W)acos.a 
{w,+2W)asia.a ' 
Ex. 3. Two be3.ms, as in Ex. 1, are suspended from one 
end B; find the angle which the upper one makes with a 
horizontal line. 

Tail o^^ ^'"'"'""''"^''""'"'^''^ "^-'^ 



N. B. Since the common center 
of gravity of the two beams is in the 
vertical through B, hM=Gm-^Cm 
~-CG=^Cm-2NB=a. cos. {a-B)- 
2&C0S. 0. 
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Ex. 4. Two spheres of unequal radii, but of the same ma- 
tcrial, arc placed in a hemJsplieric-.al bowl; find the position 
Ihey lake when in equilibrium. 

Since the reactions of the bowl upon the spheres are in the 
directions of the radii of the 
spheres through the points p 
of contact, and since these 
radii produced pass through 
C ; it C was a fixed point, 
and connected with A and 
B by a rigid rod without 
weight, the bowl might be 
removed without disturbing 
the equilibrium. The ques- 
tion, then, is reduced to finding the position of equilibrium oi 
two weights suspended from the extremities of two rigid rods 
without weight, and is solved !iko the preceding. This posi- 
tion will be known when is known. 

Let R be the radius of the bowl, r,, r^ the radii of the 
spheres A and B respectively, and ACB = a. 

Then AB=r,+r,.CA=Il-r.,CB=R-r„ 
ACVCB' 




and COS. , 



2AC.BC 
_(R-r,)H(R-r,)'. 



-('■,+ 



-^~, which giv 



2(R-r,)(R-r^) 

Then (19) m,.CM-w,CN=0, or rJ.CM-^CN^O; sinct 
the weights of the spheres are as the cubes' of their radii. 
Sufastitiiling the values of CM=(R-r,) cos. (l80-(a+e)) 
and CN=(R-r3) cos. 6, expanding and reducing, we get 
r\ ( R-r,)-l->^(R-r,)co3. a 

Ex. 5. A heavy beam rests upon a smooth peg with one 
end against a smooth, vertical wall ; find the position cf equi- 
librium. 

E 



Tan. e=^ 



./Google 



I-et ACB be llio beam, resting at A against the wali ADE 
and upon the peg C. 

The center of gravity g; 
when there is an equilibrium, 
will evidently be at some 
point beyond C from A. Let 
Ag=a, DC=6, wi=: the weight 
of the beam acting at g, R— 
the reaction of the wall per- 
pendicular to itself ot A, ana 
R'= the reaction of the peg 
perpendicular to the beam at 

C. The angle 6, which the beam makes with the horizontal 

direction when in equilibrium by the action of these three 

forces, is required. 

Employing (17), (18), and (19), and resolving the forces in 

vertical and horizontal directions, and about the point C, wo 

have 




resolved in a horizontal directio 



= 0, 
= R, 

^-R'si 



.-. (17) £.X=R-R'sin.O=0. (a) 

A!so,ui estimated vertically =^ w 

R " " = 0, 

R' " " R'cos. 9 

.-. (18) 2.Y=ut-R'cos.e-^0. (i) 

Also, the moment of w about C=!«.CF=w.(DF— DC). 
But DF=AH=Ag-cos.0=acos.S, and DC=5. 
. . w.CF=w.{a. COS. e-h), 
the moment of R about C=R.OK=R. AK. tan. 9=R.6. tan. u 

R' " -0. 
■. (19) 2;.(Xi/-Ya:) = w;.(ff.cos.£i-&)— R.&.tan.9-0. (c) 

Multiplying (a) by cos. d and (b) by sin. 0, and subtracling, 
we have 

R. COS. 6—w sin. 0=0 
.-. Il = u>tan.f?. 
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Substituting this value of R in (c), 

V}(^ COS. 0~b)~w.h. tan.' 



r. 3 /h 

.: COS. e== y' -, and &<«, except when 0=0 

Ex. 6. Solve Ex. 5 by resolving the forces parallel and per- 
peiidicular to the beam, and taking the moments about eithei 
Aor^. 

The three forces resolved in the direction of the beam give 
R COS. d—w sin. 0=0; (M 

resolved perpendicularly to the beam, give 

R'-w; COS. e-R sin. 0=0. (6) 

The moments about A give 

R'.S. sec. 0~w.a. cos. (9=0. (c) 

From («), we have n = w tan. 0, which, substituted in (h\ 
gives 

R'^w.(cos. 0+ tan. sin. fl)=,„<-S^?:!^^'J^L„ ,,,_ ^_ 
This value of R', substituted in (c), gives 
ro&sec.'e-wacos.(?=0. 

.-. cos. 0= Y -, as before. 
The moments taken about g give 

R'.C^-Rasin.e=0, 

orRXa-6sec.fl)-R.«sin.e=R'acos.O-R'fi-R«sl„.0cos.e..O. 

Substituting the values of R and R' above, and reducing, 

cos. e=i[/-, 

Ex. 7 A heavy beam hes partly in a smooth hemispherical 
bowl and partly over the edge ; find the position of equilibrium. 

Ihe beam ABC will be supported by the reaction R of the 
bow] at A, perpendicular to ihe surface, or in the direction of 
the radius AO, by the reaction R' of -Jje edge of the bowl at 
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B perpendicular lo tiia 
beam, and by its weigh) 
w acting at g. 

Let A^=a, AO=r= 
radius of tlie bowl, and 
0= ABO =BAO= incli- 
nation of the beam to 
the horizon. 

If the object be to 
determine the angle Q 
solely, it will be most 
readily effected by resolving the forces in the direction of the 
beam and taking the moments about E, by which we avoid 
expressions involving the unknown reaction R'. 

The reaction R in the direction AB= U cos. (I, 
the weight wi " " = —w sin. 0. 

.: Rcos. 9-i«Ein.e=0, (a) 

or R=wtan.e. 

For moments about B, we have 

R.AB sin. 0-w.gB cos. 0=(K (fi) 

But AB=2rcos.9, andg-B = (2/-co3.0-«). 

.'. 2.R.J-. sin. e COS. 0-ui{2r cos. B-a) cos. 9=0. 
Substituting the value of R, and reducing, 

2r tan. 0. sin. 6—2r cos. e+a=0, 
or 2»— 4?- cos.^ 0+a cos. 6=0. 



a± V32/-'+a'' 



m which the + sign only is admissible. 

> Ex. 8. Solve the last example by following, step by step, 
the method of Art. 71, taking A for the origin of co-ordinates, 
and AB for the axis of x. 

^ Ex. 9. Find the horizontal sliam on the hinges of a given 
door, and show that the vertical pressuies are indeterminate. 
Let the annexed figure represent the dooi, of which A and 
B are the hinges. Let g be its centei of gravity at which 
'the weight w acts. The dooi is kept in equilibrium by the 
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weight actir.g at g, and the reac- 
tions of the hinges represented by 
the oWiquo arrows at A and B. 

Let A be the origin of co-or- 
dinates, AX the axis o(x, AYthe 
axis ofy; and \etx'^a,y=b be 
the co-ordinates of ^; x — 0, y=h 
those of the hinge E. Let the 
resolved parts of the reactions at 
BbeQ, horizontally, and R, vert- 
ically, and Q^, R^ those at A re- 
Epectively, 



Then S. X =Q^_Q;=o, orQ,=^ 




From {a) and (c) we have Q,=^=q^, 

which gives the horizontal strain; and it is the same in mag 
nitude at each hinge, but opposite in direction. 
■ Again, from Q>) we have R.-|-E,=w, but we have no oth. 
er relation by which we may determine the values of R, and 
Rj, which are therefore indeterminate. 
"' Ex. 10. Two given 
smooth spheres rest 
in contact on two 
smooth planes, inclin- 
ed at given angles to 
the horizon ; find their ^=c 
position of equilibri- 
um. 

Let the planes AB, AC make the angles a and & respective- 
ly with the horizontal line through A ; 0, and O^ be the cen 
fers of the spheres at which their weights jo,, w^ respectively 
act ; R , , R, the reactions of the planes at the points of con 
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tacl, perpendicular to themselves, and therefore passing throujli 
the centers of the spheres to which they are tangents. Let S 
be equal to the mutual pressure of the spheres at their point 
of contact, acting in the line passing through their centers, ami 
making the angle d with the horizontal line AD.B is required. 
Each sphere is in equilibrium from its own weight, the re 
action of the plane against which it rests, and the pressure of 
(he other sphere. 

By resolving the forces in the direction of each plane for the 
equilibrium of each sphere, we shall avoid equations involving 
the unknown reactions R^ and R„, and have, in the direction 
ofAB, 

w?, sin. «— S cos. (a— fl)~0, (a) 

in the direction of AC, 

w^ sin. p-S COS. (3+6)^0. {b) 

Eliminating S, we haVe 

Wj sin.a.cos. {3+0)=ro, sin.(3. COS. ((i~fl). 
Expanding and reducing, 
j^jj g_ «'3 sin.o;.coB./3.-m, s]n.(i.c,os.a ^ w^ cot.P-v), cot.H 
(uij+w,,) sin. «. sin. 3 ~ w,+w 

Ex. 1 1. A sphere is sustained upon an inclined plane by the 
pressure of a beam movable about the lowest point of the in- 
chned plane; given the inclination of the beam to the plane, 
required that of the plane to the horizon. 

Let Ag'B be the 
beam movable about 
A, w= weight of 
beam acting at g-, B 
Y, the point of contact 
with the sphere 
whose center is C, 
w' = weight of the 
sphere. 

The sphere is in equilibrium, from the reaction R of the 
plane at the point of contact F, from the pressure P of the beam 
at B, and from its own weight w'. These three forces all act 
through the center C. A^=-a, AB^S, BAD = ffl are given, or, 




./Google 



SAMPLES OK 



; PRECEI 1 



instead of either of the two latter, the :-adins of the sphere may 
be given. The angle DAE=0, the incHnation of the plane 
when in equiUbrium, is required. 

For the condition of equilibrium of the boLim, take the mo- 
ments about A. 

P.AB— lu.A^. COS. {a+0). 



Ilencic 



- COS. {a+9). 



For the condition of equilibrium of the sphere, resolvin'^ the 
forces in the direction of AD, we have 

ui'sin. 0— Psin. a=0, 
="" «''sin.6-WTsin.«cos. (a+(?) ; 



which gives the elevation of the plane, as required. 

.Many statical problems require, for the determination of ali 
the unknown quantities, equations to be formed by geometrical 
relations. Take, for illustration, the following ; 

Ex. 12. A heavy beam turns about a hinge, and is kept in 
equilibrium by a cord attached to the lower end ; the cord 
passes over a pulley in the same horizontal line with the hinge, 
and sustains a given weight ; find the position of equilibrium 
of the beam. 

Let A be the hinge, C the 
puiley, AG=c, AB the beam 
=/ in length, g its center of 
gravity at which its weight 
w acts, Ag=a and P= the 
weight hung from the cord 
and measuring its tension t. 

Let 9^ ABC and ^=BAC, 
both unknown. 

Taking moments about A, we have, 
(.AB. sin. 6=iv.Ag c'ls 




./Google 



From the geomeincal data, we have 
AC_ sill. B 

T sin. B=-. sin. (9+^). 



(s; 



Equations (a) and (J)sLiffice to detertnino 6 and ^. 
^ Ex. 13. A uniform beam resis with its lower end in a 
smooth, hemispherical bowl, and its upper end against u 
smooth, vertical plane. Find the position of equilibrium. 

The beam AB rests against the 
- vertical plane AD at A and upon 
the bowl at B, and is sustained by 
its weight w acting at g, the reac- 
' tion R of the bowl in the radius 
BC, and the reaction R' of the 
plane perpendicular to itself. 

Let r= radius of the bowl; AB 
=2(7, Ag~a, since the beam is 
uniform, v}= weight, and CJi=d, 
ad supposed known. 

Resolving vertically, we have 




Rsin 


6-u 


=0, 


"'■ ^"in- 


moments about A 


we have 


R.AE.s 
R.Sd. s 


n.(«- 
n.(«- 




w!.A^.cos.^6= 
w.a. cos. ^=0 


. I 


n.(»- 


-4.) 


COS.J. 



Hence 



■■ sin.O 2 ' 

*s. <i— cot. 8. sin. 0— ^ cos. '!>= 
tan. 0=2 tan. ^. 
This equation containing two unknown quantities, a geo- 
metrical relation between them must be obtained. Cm beh\f 
u vertical line meeting AB in m. 



(a) 
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~AOT__2f/— CD. sec.0 2a~dsec.4> 



_2a cos.ip~d 



(.'>) 



Equations (a) and {h) are sidiclent to determine and 6 as 
required. 

■^Ex. 14. A heavy beam has one end resting against a smootli 
vertical wall, and the other sustained by a cord, which is fast- 
ened at a point vertically above the point where the beam 
rests. Find all the forces which keep the beam in equilibrium 

Let CB be the beam, AB the cord, A ^ 
and C the points on the vertical vs'all AD. 

Let w= weight of the beam, g its center 
of gravity Cg=a, CB=l, AE=c, and AC 
~h, all supposed known. The angles A, 
B. and C will be known. 

Let (= tension of the cord. The beam 
will press against the wall, and this press- 
ure may be resolved in a vertical and hor- 
izontal direction ; the latter, perpendicular 
to the wall, will be destroyed by its reac- 
tion; but, since the wall is smooth, the 
vertical component can be balanced only 
by an opposite force =P. This vertical ■ 
omponent will be upward, or downward, or zero, according 
to the position of the point C. We shall suppose its position 
to he such that the component may be upward, and require a 
force to be applied downward to keep the end of the bcEim 
ate. 

Resolve vertically and horizontally, and take the moments 
about C. 

P-i-icos.A— ic=0, (a) 

R-isin.A=0, (6) 

w.a. sin. C-t.l. sin. B=0. (c) 

v.a. sin. C w.a.c 

-,-;-=: len«;or] of cord. 




From (c), 
Subslitufinf' 



l. sin. B l./i 
alueflf/inf&). 
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T/t' ^'"' ■^^ pi'essure aga iist the wail ; 
and from {a), 

P=K)(^1-— cos.aJ = force to be applied at C. 
to prevent the beam from sliding along the wall, 
^' Ex.ia. A weight whangs from one end of a cord of whict) 
the other end is fastened to a vertical wall ; the cord is pushed 
from the wall by a rod tied to it, which is perpendicular to the 
wall. Find the pressure R of the rod on the wall when the 
cord makes the angle a with the wall, 
y Ans. R = ifi. tan. a. 

ISx. 16. A heavy beam, AB=/, of which the weight is w, 
lies with the end A against a smooth vertical wall AD, and 
the end B on a smooth horizontal plane DB, making with i: 
the angle 0. The distance of its center of gravity g- from B is 
a, and it is kept in equilibrium by a cord attached to it at B 
and fastened at D. Required the tension of the cord, the re- 
action R of the wall, and the pressure P on the plane. 

Ans. R=t = W.J. cote. P=ui. 

Ex. 17. A body (weight =m) is suspended by a cord (length 
■■^l) from the point A in a horizontal plane, and is thrust out 
of its vertical position by a rod without weight, acting from 
another point B in the horizontal plane, such that AB=(?, and 
making the angle with the plane. Find the tension i of the 
cord. 

/ 
t=W'icol.0. 

Ex.lS. A triangular plate of uniform thickness and density 
is supported horizontally by a prop at each angle. Find the 
pressure on each prop. 

Ex. 19. A uniform beam rests on two planes inchned at an--, 
gles a and to the horizon. Find the inclination 8 of the beam 
to the horizon. 
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Ex. 20, A uniform beam AE hangs by a string EC from a 
iised point C, with lis lower extremity A resting on a smootti, 
horizontal plane. Show that, when there is an equilibrium, CB 
must be vertical. 

>^ Ex. SJ. A uniform beam AB is placed with one end A in- 
side a smooth hemispherical bowi, with a point P resting on 
the edge of the bowl. If AB^ 3 times the radius R, find AP. 
AP-^1.838R. 

Ex. 22. A beam, whose weight is w and length 6 feet, rests 
on a vertical prop CD {= 3 feet) ; the lower end A is on a hor- 
izontal plane, and is prevented from sliding hy a string DA 
(= 4 feet). Find the tension of the string. 



Tension = 



Ex. 23. A uniform beam, CB=3a, has one end C resting 
against a smooth, vertical wall AC, and the other sustained by 
a cord, whose length is c, fastened to the point A. Find AC 
when the beam is in equilibrium from its weight w, the tension 
t of the cord, and the reaction R of the wall. (Vide Ex. 14.) 
>/Ex. 24. Given the inclination i of the right line AC to the 
horizon and the weight of a heavy body W, to determine what 
force or weight P, acting in the given direction WIVT will be 
sufficient to sustain W on the line. 

The body W is kept upon the line by the action of the force 
P, in the direction 
WM, and its weight 
acting in the direction 
WE. The reaction of 
the line normal to its 
direction is a third 
force (Art. 76). 

Resolving P and W 
horizontally and vert- ^^ 
ically, we have 

2.X=P, cos.{e-Fi)-FWcos.270''=P, cos. (e+i), 
S.Y=P, sin. {e-|-I)-^Wcos.^80''=P, sin. (e+^^- 
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'6 STATICS. 

Hence (20) becomes 

P, cos.(e+i-} + (P, sin. {e+i)~W)tan.i=0; 

or, expanding and reducing, 

P.cos.e=Wsin.z, 

_ Wsin.i 

or P,= . {a) 

COS. e ^ 

If the reaction of tlie line be required, resolve all Ihe fon 

horizontally (8). This gives 

N.cos. (90°+0+P, COS. (e+O^O. 

.-. N=P,^^±^, (ft) 

sin. I ^ ' 

, , . ,, _., COS. (e+i) 



by a weight P attached to a cord which pass- 
es over a point M in the vertical line MX 
through C, the center of the circle. Required 
the position of W, supposing no friction at M. 

Resolving the forces P and W vertically and 
horizontally, we have, calling the angle PM W, e, 
2.X=W-Pcos.e, 
S.Y= -Psin.e. 



Let the co-ordinates of the point W be x, y, and call the dis- 
tance MC, a, and MW, /; then the equation referred to M aa 
the origin, is 

or y=^r'-{a-xy- 

Differentiating, wc obtain 

dy_ a-x ji-x 

dx ^r'-ia-xy V 

Substituting in (21), and recollecting that cos- s— -r and 



W-P.T-P.^.^^=.W"P- 
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EXAMPLES 



KECED [ NG 



Hence /=v77. 

W 

an eqiialioii which determines the distance of W fvom M, 



'^ Ex. 2f), Instead of a circle, as in Ex. 25, let the 
curve be a hyperbola with its transverse diameter 
vertical, the point M being at its center. 



Ex. 27. Required a curve such that a given 
weight P, by a cord passing over a fixed point 
without friction, will balance another given weight 
W at every point of it. 



^ Ex. 28. Required the co-ordinates of the center of gravny 
of a semiparabola whose equation is y'=px, height =a, and 
base =&. 

Ans, x=^a,y—^b. 
^ Ex. 29. Required tlie center of gravity of the surface of a 
right cone. 

i^ Ex. 30, Find the center of gravity of a paraboloid of revo- 
lution whose altitude is a. 

Ans. ic=|fl. 
Ex. 31. Find the center of gravity of a segment of a hyper- 
boloid whose altitude is a. 
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CHAPTER VI. 

,- ON THE M H C il A N r C A L P W E E S. 

lao. The general object of machinery is to transmit .iiid to 
economize the action of certain forces at our disposal. The 
specific end is, sometimes to augment llie action of which the 
power employed is capable when applied without the inter- 
vention of machinery ; sometimes, merely to change the direc- 
tion of the action ; and sometimes to regulate the velocity of 
the point to which the action is transmitted. 

The most simple machines are denominated Mechanical pow 
ers, and are reducible to three classes, viz., the Lever, Cord, 
and Inclined Plane. 

The first class comprehends every machine consisting of a 
solid body capable of revolving on an axis, as the Wheel and 
Axle. 

The second class comprehends every machine in which 
force is transmitted by means of flexible threads, ropes, &;c., 
and hence includes the Pullet/. 

The third class comprehends every machine in which a 
hard surface inclined to the horizon is introduced, as the Wed^re 
and the Screw. 

The force which is used to sustain or overcome any oppo- 
sition is called the Power; the opposition to be overcome is 
called the Weight. This distinction in the names of the forces 
employed implies none in their nature. 

5 I. THE LEVER. 

131. Def. a Lever is an inflexible rod capable of motion 
about a fixed point, called afula-um. The rod may be straight 
or any how bent. 

It is generally regarded, at first, as without weight, but its 
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weight may obviously be considered as another force apj. lied 
in a vertical direction at its center of gravity, 

Def. The arms of a lever are the portions of it intercepted 
between the power and fulcrum, and between the weight and 
fulcrum. 

132. Levers are divided into three feinds,' accordim^ to the 
relative positions of the /?oM>er, weifrhl, and fulcrum. ° 

In a lever of tlie 
Jlrst kind, the fulcrum 
lies between the points 
at which the power 
and weight act. 



In a lever of the sec- 
ond kind, the weight acts 
at a point between the 
fulcrum and the point of 
action of the power. 



In a lever of the third 
kind, the point of action of 
the power is between that 
of the weight and the ful- 



133. Prop. Required iki 
condition of equilibrium 
and pressure on tlie ful- 
crum when two parallel 
forces act on a straight 



./Google 



Since the fulcrum C is a fixed point, by Ai-L 75, tlie fum ol 
the moments of tlie forces about C must be zero, 

J(Vf Let a be the angle made by 

/ the direction of the forces with 

_A_ / „ the lever. Froir- {i9), we 

C have 

\y. BC.sm. a— V.AC.sm. a^o, 
the moment of P being nega- 
tive, since it tends to produce 
moiion in a direction opposite to that of W. 

W AC 
Hence ^=pp' or, in case of equilibrium, the weight and 

power are reciprocally proportional to the distances at which 
they act from the fulcrum. 

Hence (Art. 36) the resultant of P and W must pass through 
C, and the pressure on the fulcrum is equal to the algebraic 
sum of P and W, and acts in the direction of the greater. 

CoH. If the power equal the weight, the distances of their 
points of action from the fulcrum will be equal. 
For P=W gives AC=BC. 

134. Piiop. Required the condition of equilibrium and the 
pressure on the fulcrum tvhcn ajiy two forces in the same plane 
act on a straight lever. 

jj Let the forces P 

■^ 'i"^ and W make the an- 

y^ \ \ gles a and respect- 

/ \ \ ively with the lever, 

/ \ \ and let their direc- 

.-< (9-'^^^/}.^ lions, when produced 

A -''' , , '■ i t^ 1 / \ B if necessary, meet in 

/ ^ \ D. Since C is a fixed 

j/ \, \w point in the lever, the 

'^P ^^^ sum of the rr omenta 

vf P and W about C must be zero. Hence 

W.CB.sin,/3-P.AC.sin.«=0, 



0-) 



./Google 



(2.) 



ur W_AC . sm. a 

V "^ CB. sin. fi' 

But AC, s!n.a= per- 
pendicular from C on 
AD, and CB. sin. 3= 
perpendicular from C 
oqBD. Hence Ihe con- 
dition of equilibrium 
requires that the pow- 
er and weight should he ^ 
inversely as tkeperpen- ^^■'^ 
diculars from the ful- ^ 
crum on their respective directions. 

Since the lever is in equilihrium by the actions of P and W 
and the reaction of the fulcrum, the resultant of P and W must 
be equal and opposite to that reaction. It will therefore pass 
through C, and be equal to the pressure on the fulcrum. 

To find R, we have {Art, 29) 

R=^P'+W'+2PW. COS. ADB in Fig. (1). 
and R'=P'+W'+3PW cos. ADW in Fig. (2). 



-(«+/■?), and ADW=180-ADB= 



But ADB- 1 
(H-a). 

■■■ R'=F+W'~2PWcos. (<t-|-/3), 
or R"=p+ W'-2PW COS. {H-o). 

To find the angle made by R vpith the lever, resolve par- 
allel and perpendicular to the lever, the reaction of the fulcrum 
being equal and opposite to R. Hence we have, in Fig. (1), 
P. COS. a- W COS. /3+R, cos. 6=0, 
P sin. a+W sin. H-S. sin. 6^0. 
P. sin. «+W sin. /) 



.-. Tan. ^=:= 



in Fig. (2), 



Wcos.iS- 
■W COS. /3— R COS. 0=0, 



P COS. 

P sin. a~W sin. /3-(-R 
W sin. (i-V 



.-. Tan.e=: 



'cos. «— WCOB./J' 
F 
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135. Cott. Whenever the lever is hent or curved, the (;ond( 
;on of equilibrium is the same. 




For, 



,tlie 



/-V! 



since 
moments of the 
forces about the 
fulcrum in oppo- 
^ site directions must 
be equal, in case 
of equilibrium, we 



P.CM-W.CN. 
W_CM 
P ~ CN' 
1/ 136. Pro?. Required the condition of equilibrium and the 
pressure on the fulcrum, when any number of forces act in am/ 
■e plane on a lever of any form. 
P3, &;c., be the forces in one plane, 
p 3, " the distances of their points of applic:i 

tion from the fulcrum, 
«3, " the angles made by the directions of P 
undp respectively. 
i,^3 sin. «2.Ps sin. (Zg are the perpendiculars 
on the directions of tbo forces, and F,Pi sin. 
a,, &c., the moments of the forces. 

When there is an equihbrium, tiie sum of the moments of 
<he forces about the fulcrum will be zero, or 

V^p, sm.a^+'P^p^ sm.as-]-l\p^sm.a^+,&cc.,==0. 
The signs of the moments will depend on the direction in 
which Ihey tend to produce rotation. 

To find the pressure on the fulcrum, we must determine the 
resultant of all the forces supposed to concur at the fulcrum, 
For each moment P,p, sin. o, is equal to a couple of whiclj 
Ihe forces are P and the arm p sin. a, and a single force P act 
iug at the fulcrum. The magnitude of R will then U d«term 
incd by the equation (fi), 



direction in 
LetP„P„ 



Tiien p , sin. a 
from the fulcrum 
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Cor. iniio lever be straight and the forces parallel, 
Hence P,F,+P,?,+P,p,+,&c.,=o. 

Step, the method of ^ri. 71, o- i ''-f 



UXAMPLES. 

is balanced by a power P=3 lbs. acting at A. Remited the 
distance of the falcrnmC from A. r>6qtmca the 

LetAC=3;; then BC=36-3;. 

By All. 133, r.AC=W.BC, 
°' 3..^= 15(36-;,). 

"™"' .1^=30100188 =AC. 

^ £^.2 On one arm C=p,)»f« straight lever of the fira 
limd.Mhoat weight, a body counterpoises a weight (=o lb, ) 

of ttebod" '"■^"' ■■' ™'''" '°'' '^'■'- ""•'"'■' "'" ™S''' 
A slrai-ghl lever of the first kind, with unequal arms, and hav 

mg the fulcrum at its center of gravity, is called a/«te M„„„ 
Let x= the unknown weight. 
ByA-I. 133, ,T.y,=o.» 

By multiplj.ing the equations member by member. 

Ex 3. On a straight lever, without weight, are suspended 
five bodies, I.,=4 lbs., P, = 10 lbs., P.=8 lbs., P. =3 lbs, P 
-7 lbs at the points A, B, C, D, and E, such that AB=4 feet, 

tlrof.b :■?='' i^="' '"^ ™='' '■'""• Required the po.i. 
tion of the fulcrum F, about which they will balance. 



k) ia 



P. 6 
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'S4 STATICS. 

Let AF— ar. Then, by Art. 136, Cor., we lidve 
P,= 4 andp,=AF=.r. .-.1';^,= i.x. 

P^^IO " j03^BF=AF-AB=a;-4. P^/i^^lOCa;— 4j, 

P^= 3." p,r^CF=AF-AC=3;-6. P3;'3= 2(a:- 6) 
P,= 3 " ;),=DF=AF-AD==x-12. F,p^^ 3(a:-12) 
P^= 7 *• p^^EF^AF-A'E=x-20. V,p,=^ 7(a^-20). 

AiidS.Pp=43;+10(x-4)+2(x-6)-|-3(.-K-12)+7(j:-20)=^Ci 
=26^—228. 
Hence 3:=AF=8fS- feet. 

Otherwise : Since the weights are parallel forces, their re- 
sultant R is equal to their sum. The whole system being in 
equilibrium, the resultant must pass through the fulcrum, and 
the moment of tiie resultant must be equal {ArtiS) to the sum 
of the moments of the components. Taking A for the origia 
of moments, we have 

R.a:=Pj.0+P3.AE+P,.AC+l*4.AD+P,.AE, 
or 2S.a;=4X0+ 1X4 + 2x0 + 3X 12 + 7X20 =22b. 

.-. a:=AF=8iAfeet. 
' Ex. 4. A uniform lever AB of the first kind, 12 feet long, 
whose weight ic=6 lbs., has a weight W=100 lbs. suspended 
from the shorter arm CB=2 feet. Required the power V 
which must be applied vertically at A, to equilibrate W. 

The weight of the lever has the effect of a weight equal to 
itself, applied at its center of gravity, which, since the lever is 
uniform in size and density, is at its middle point. The dis- 



W.BC--(AC-EC) ^^^ 
or P= j5 = jj— = i7.61bs. 

Ex. 5. The arms of a bent lever are a=3 feet and 6=5 feet, 
and inclined to each other at an angle 6=150", To the arm 
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THE LEVER. gg 

0^0 power P=7 lbs. it applied, «nd to the arm 4 a weight W 
-0 lbs. RequireJ tlie inclination of each arm to the horizon 
when there is an equilibrium. 



Let a be the inclination of 
the arm a, and /3 the inclina- 
tion of the arm b to the ho- 
rizon. 



Then P.1\IC=W.NC, 
'r P.a. COS. a^W.b. cos./J=W.&. cos. {lSO=-{a+e}), 
= -W.6. cos. (a-Fe) 

= - W.5. COS. a COS. e+W.b. sin. a. sin. 6. 
■. Tan ,T~ ^-''+^-^- " ^g^g^ SI +30. cos. 150 ° 
W.b. sin. S ~ 




■WQ 



31— 30 COS. J 



30. sin. 150° 
_21-30XlV3 



30.sm.3a 30XJ —~16 

Log. Tan. a— 9.521138]„, 

a=-18°.22', 
and C=I80°-(a+e)=lso°-H8°.22'-150°=48°.22. 

Hence the arm AC is inclined at an angle of 18°.22' above 
the horizon, and BC at an angle of 48°.22' below the horizon. 
&. 6. The whole length of the beam of a false balance 
(&. 2) IS 3 feel 9 inches. A body placed in one scale coun- 
terpoises a weight of 9 lbs., and in the other a weight of 4 lbs 
Reqmred the true weight W of the bodj, and the lengths o and 
''of the shorter and longer arms. 

A»,. W=01bs.,o=l ft.6in.,S=2ft.3in. 
Ex. 7. A false balance has one of its arms eiceeding the 

other by -th part" of the shorter arm. Supposing a shop- 
keeper, in using it, puts the weight as o«en in one scale as the 
other, does he gain or lose, ani how much per cent. ? 
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Ex. 8. The arms of a bent lever are 3 feet and 5 feet, and 
inclined to each other at an angle of 150°, and to the shorter 
arm is suspended a weight of ,7 lbs. Find what the other 
weight must be in order, 1st, that the shorter, and 2d, that the 
longer arm may rest in a horizontal position. 

Ans. 1st, 4.85 lbs. 
2d, 3.64 lbs. 



MI- 




137. The Wlieel and Axle consists of a 
cylinder or axle, perpendicular to which is 
firmly fixed a circle or wheel, whose center 
is'in the .ixis of the cylinder. The whole is 
supposed to be perfectly rigid, and movable 
only round the axis of the cyhnder. 

In the ordinary applications of this ma- 
chine, the power is applied tangentlally to 

the surface of the wheel, and the weight, in the same manner, 

to the surface of the axle. 

138. Proi-. Required the condition of equUibrium of the wheel 
and axle when two forces are applied iangenlially to the circum- 
ference of the axle and of (he wheel. 

Let ADE be a section of the 
wheel perpendicular to the axis, 
and BCA a horizontal line 
through the center of the axis, 
terminated at A by the circum- 
■ ference of the wheel, and at B 
by the circumference of the 
axle. The power P acts in this 
vertical plane at A, and the 
weight W acts in a plane pnl- 
allel to it. Since the axle and 
wheel are firmly connected, the 
action of the weight may be 
transferred to the plane ADE 
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(Alt. S7J, and supposed to act at B. Then, since the sum of 
the moments must be zero for equilibrium, 
P.AC-W.BC=0. 

W_AC_ radius of wheel _ 

f ~BC~ radius of axle ' 
or, tile Power : Weight—radius of axk : radius of wheel. 

^' 139, Con. I. The same relation will exist in all positions oi 
the wheel, so that this machine maybe CdWed a. perpetual kver, 
^ 140. CoR. 9. When the power and weight act vertically on 
opposite sides of the axis, the pressure on the rests or \s 
equals the sum of the two ; when vertically on the same side, 
it equals their difference ; when in any other directions, it 
equals the diagonal of a parallelogram, whose sides represent 
the power and weight in magnitude and direction. 

If ropes are used to transmit the action of the power and 
weight, we must suppose the forces applied to the ases'of the 
ropes. Hence, if r and R represent the radii of the axle and 
wheel respectively, and t and T represent half the thickness 
')f the ropes, 

W.O--l-/)=P.(R+T), 
or P : y^-=r+t : R+T. 

" 141, Prop. Required the condition of equilibrium of any num- 
ber of forces, acting in any direction in planes perpendicular to 
the axis. 

Let the actions of all the forces be transferred {Art. 57) to 
the same plane; then, since the intersection of the axis with 
this plane is a fixed point, the condition of equilibrium is given 
by Art. 74 ; or, the algebraic sum of tlie moments of all tlie forces 
about the axis must be zero. 

'•' 142. Def. Toothed or cogged wheels are those on the circum- 
ference of which are projections, called teeth or cogs. When 
two wheels have their cogs of such form and distance thai 
those of one will work between those of the other, the motion 
of one wheel will be communicated to the other by the pressure 
rif the cogs. 
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•^S a T A T I c s. 

When the teeth are on the sides of tbe wheel iiisteaa ol fne 
uircumrerence, they are called crown wheels. 

In the preceding instance, the axes of the wheels and pin- 
ions are parallel or perpendicular to each other. When the 
axes of two wheels make an aeule angle, the wheels take the 
form of frusta of cones, and are called beveled wheels. 

Axles on which teeth are formed are csWed pinions, and the 
teeth leaves. 

143. Prop. Required the condition of equilibrium when the 
action of the power is transmitted to the weight by means of 
cogged wheels. 

Let S be the mutual 
pressure of one cog upon 
the other. This pressure 
takes place in the direction 
of the line Sm, m'S normal 
to tile cogs at the point of" 
contact. Cm, Cm' being per- 
pendiculars from the centers 
C and C, of the wheels, on 




that line. 

Taking the 
are in equilibrium, ■ 

and about 0, 



:ots about C, when the power and weight 
we have 

P.C'A-S.C'm', 
W.CB=S.Cm. 
Dividing the latter by the former, we have 

P""CB"C'm' 
Now, if the radii of the axles are equal, or 0'A=CB, we 
Khali have 

W_Cm 

P ~C^i' 

which gives the effect of the action of the cogged wheels alone 

or, since the triaugies C'm'o and Cmo are similar, 

Cm__Co W 

V'm'~(y~o~Y- 
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If the direction of the line 8m' mS changes as the action 
passes from one cog to the succeeding, the point o will also 
change its position, and the relation of W to P become va- 
riable. 

But when the cogs are of such forrr: that the normal Sm m'S 
at their point of contact shall always be Hngent to both circles, 
the lines Cm and Cm' will become radii, 'ind their ratio con- 
stant, and the point o a fixed point, in whiuh case 

P C'o~C'm'~R'' 
R and R' being the radii of the circles C and C respectively. 
144. Cor. When the cogs are equal in breadth, the nnmbei 
of cogs on C will be to the number of cogs on C as the cir- 
cumference of C to the circumference of C, or as the radius 
'if C to the radius of C 

. W^_riumber of cogs on the w heel ofW 
■ ■ P ~ number of cogs on the wheel of P"' 
Scfioi.iuM. When the working sides of the cogs have the 
form of the involute of the circle on which they are raised, the 
pressure of one cog on another will always be In the direction 
of the common tangent to the two wheels. 

Thus, let IHF, KE& be the two wheels The ai tm ■■ face 
GCH of the cog a being formed by 
the extremity II of the flexible line 
PaH as it unwinds from the circum- 
ference, and the acting face of b by 
the unwinding of the thread GE, the 
line FCE will always be normal to 
the faces of the cogs a and b at their 
point of contact. The circles describ- 
ed with the radii AD ami BD are called the pitch lines of the 
wheels, and will roll uniformly upon each other. 

145. Pitop. Required the condition of equilihrium when t/te 
action of the power is transmitted to the weight by a system of 
enirired wheels and pinions. 
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Let R, R,, R^, &c., be the radii ot 

the successive wheels; r,rj,j-3,dtc,,the 
radii of the corresponding pinions ; P, 
P,, Pg, &c,, the powers applied to the 
circumferences of the successive wheels. 
Taking the moments about the centei 
of each wheel, we have 
P.R-P,*-, P.R.^P,,-., P,R,=P3r„ &c.; 
since the power applied to the circumference of the seoono 
wheel is equal to the reaction on the first pinion. 

Multiplying these equations member by member, snd re- 
ducing, 

P„_ R.R,.R,,&c. 
P~ r.r,.r^,&c. ' 
or, the power is to the weight as the product of the radii of ths 
pinions to Ike product of the radii of the wheels ; 
or, as the product of the numbers expressing the leaves of each 
pinion to the product of the numiers expressing tlf. cogs in each 



Ex. 1. If a power of 10 lbs, balance a weight jf 240 lbs. on 
a wheel whose diameter is 4 yards, required the radius of the 
axle, the thickness of the ropes being neglected, 

Ans, r=3 inches. 
Ex. 2. The radius of the wheel being 3 feet, and of the 
axle 5 inches, and the thickness of each rope being | inch, 
finf! what power will balance a weight of 130 lbs. 

Ans. P=28^- lbs. 
'^ Ex. 3, The radius of the wheel being 3 feet and of the axle 
3 inches, find what weight will be supported by a power oC, 
120 lbs., the thickness of the rope coiled around the axle being 
one inch. 

Ans. W=]234f. 
■'^ Ex. 4. There are two wheels on the same axle ; the diam- 
eter of one is 5 feet, that of the other 4 feet, and the diameter 
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THE COKD. 91 

of the axle is 20 inches. What weight on the axle woiilii be 
supported by forces equal to 48 lbs. and 50 lbs, on the larger 
and smaller wheels respectively? 

Ans. W=261 lbs. 



5 III. THE COKD. 

^ 146. The cord or I'ops is employed as a means of ci 
cation of force. It is regarded as perfectly flexible and with- 
out weight, and transmits the action of a force applied at one 
extremity to any other point in it, unchanged in magnitude, so 
long as it is straight, or only passes over smooth obstacles 
without friction. 

The force thus transmitted is called the tension. 

Since the tension is the same throughout, from one extremity 
to the other, when employed alone, it aflbrds no mechanical 
advantage ; but when passed over or attached to certain fixed 
points, the resistance of these points may be employed advau- 



147. Pnop, Required the condition of equilibrium of a c 
acted upon by three forces. 

Let the forces V„V^, 
P3 be applied at the es- 
ti'emities A and B of the 
cord ACB, and to a knot 
at C. Draw any line 
CD in the direction of 
the force P^, and DN, 
DM parallel to CA and 
CB respectively. In 
case ot equilibrium {Art. 
28), 

CM : CD : CN-:r, : P^ : P^= sin,,DCN : sin.MCN: sin,MCD 

= sin. a' : sin. («+«') : sin. a ; 
or, the forces are each as the sine of the angle contained between 
the directions of the other two. 
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»3 STATICS. 

J48. CoH. I. If the cord be fixed at A and B, Iheroaclions 
of the points A and B take the place of the forces P, and P,. 
ind are equal to the tensions of the two parts of the cord re 
spectively. 

149. CoH. 2. If the force P^ be applied to a running knot or 
ring, the points A and B being fixed, the condition of equihb- 
rium requires that the direction of P, should bisect the ancle 
ACB. ^ 

For the point C in its motion would describe an ellipse. A 
and B being the foci, and the force P, could not be in equilib- 
rium except when normal to the cnrvo, in which case it bisects 
the angle ACB. Hence, sin. <,= sin. a', and P,=P, i and since 

P, : P,i=sin.«'; sin. (a+a')='sin.« i sin.2a=l : 2cos.«. 
■ ■. P,=2P,cos.<i. 

Otherwise : since the tension of the cord is the same through- 
out, when the cord passes over an obstacle without friction. 
P.^P^; c^«'and P^=2P, cos.a (.irt. 19). 

150. Peop. Required the ectidiliom of equUibrittm when any 
mmher of forces in the same plane are applUd at diferent poirls 
of the cord. 

Let ABCDE be a cord to which are applied the forces P , 
P„ P„ &c., at tli'o 
points A, E, C, &c.. in 
the directions AP , 
BP„ CP„ &c. 

The force P, at A 
may be considered as 
acting at B in its di- 
rection BA ; and since 
B, when in equilibrium, 
pA must be so from the 
action of P„ P^, ana, 
the tension of BC, the' 
resultant of P, and P, must be in the direction of OB, and 
may be considered as acting at C. Suppose it thus applied, 
and let it be resolved into two, acting in the directions Ca and 
(,» parallel to the original oompone'its, and equal to them. 
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Wo have tims transferred the forces Pj and P, to act at C 
parallel to their original directions. In t!ie same manner, tho 
resultant of Pi, Pg, and P, acting at C must be in the direction 
of DC, and may be applied at the point D without disturbing 
theequilibrium, and then replaced by Pj.Pj,, and Pj parallel to 
their original directions, and so on, for any number. Hence, 
if all the forces be supposed to act at one point parallel to their 
original directions, they will be in equilibrium. The conditions 
of equilibrium, therefore, are the same as for any number of 
concurring forces (Art. 70), or, the sum of all the forces re- 
solved in any two rectangular directions must be zero. 

The form which the cord faises under the influence of the 
several forces is called s. funicular polygon. 

151. Peop. Requiredihe relations of the forces which, acting 
on a cordin one plane, keep it in equilibrium. 

Produce P,B to N, 
P,C to M, &c., and let'''\ 
[he 

Z-ABN^rt, LNSC = a', 

Z.BCM-/J, i,MCD=/3', 

&c., &.C. 

Let t,, t^, t^, &c., be 
the tensions of the sev- 
eral successive portions 
of the cord. 

■ Then {Art. 147) t,:V,^: 

also, 'a =^3 ; 

(fee, 

From {«) weobtainij=P„ 



Equating the values of t^, t^, &c., we have 
.__„ sin. (3' 




P,. 



Bin. {a+a') ="sin. ^+(i')' 
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, «in.|3 
'■sin. (/}-f-,a') 



"■(T+/)' 



« 



for the relations of the forces. 

152. Cor. 1. If the cord be fixed at the points A iind E, and 
Ihe forces P^, P^, P^, &c., be parallel, we have 
sill. a!= sill, ft sin ./3'= sin. y, &c. 
Multiplying these equations by (6), (&') member by member 
in their order, we obtain 

In./3' 



, s:n.ysm.y' 



= 'sin. (a+a') 'sin. (/3+/3') ^sin. (y+y')' 



&e. 



sin. (a+a') sin. a cos. «'+sin. a' cos. a 



cot. a+ cot. u' cot.j3-|-cot./3' cot. y+cot. y'^ 



■,&c. 



153. Coa. 9. If the cord he 
fixed at A and E, and the forces 
Pjj, P3, P^, &c., be weights, the 
horizontal tension of each por- 
tion of the cord is the same. 

For, by resolving the tension 
of each part lioriKontally, wo 
have 
the horizontal tension of AB=;i. sin. ABN=^/, sin. a, 

BC=/:3 sin. BCM=i!, sin. /3, &c. 
Substituting for (,, (^, &c., their values found above, 
a' P, 




horizontal tension of AB=P3- 



" sin. («+«') 
, sin. ^ sin. 3' 



cot. <t+ cot. « 



whicb, by Cor. I, arc all equal. 



' sin. (/3+/3') cot./}+cot.£t' 
&c., &c , 
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^ 154. Cor. 3. Since the reactions of the points A and E equi- 
librate the resultant of all the weights, the lines AB, ED pro- 
duced, must meet in some point of the vertical through the 
center of gravity of the system. For three forces, if in eqiii- 
librium, must meet in a point. 

155. A heavy cord may be considered a funicular polygon 
loaded with an infinite number of small weights, and since the 
number of weights is infinite, the polygon wili also have an 
infinite number of sides, or wil] become a curve. 

The curve which a heavy cord or chain of indefinitely small 
hnka will assume, when suspended from two fixed points not in 
the same vertical line, is called the catenary. 




Ex. 1. Two equal weights balance, hy a cord, over any 
number of fixed points without friction. Required the pres'i- 
ure on each. 

Since the tension of the cord P,ABCDEP. 
throughout, each point is acted upon 
by three forces, viz., two equal ten- ^ 

sions on each side of it and the reac- 
tion of the point, which last must be 
equal to the resultant of the other two. 
Hence, calling the angles at A, B, C, 
&c., a, h, c, &e., by Art. 15, and Cor., 
Art. 19, 

the pressure on A=2Pj cos, la, 

B=2P|cos.i6,' 

&c., &c. 

Ex. 2. A cord of given length passes over two fixed points 

A and B without friction, and one extremity, to which a given 

weight P is attached, passes through a small ring at the other 

extremity C. It is required to find the tension of the cord when 

in equilibrium, and the length of the part CP below the ring. 

Since the cord passes freely over the points A and B, and 
through the ring C, it is of the same tension throughout, and 
equal to the weight P. Hence the point C is kept at rest by ■ 



./Google 



Iliree equal forces, and, by Jrf. 18, must niane 
gles of 120" with each other. Draw the 
horizontal line AD; and, since ACD=I20% 
ADC and CAD are each equaV to 30°. The 
position of A and E being given, the angle 
BAD must be known. Hence, in the triangle AGB we have 
the side AB and all the angles from which AC and EC may 
be determined. Then the whole length of the cord, diminished 
by the perimeter of the triangle, will be the distance of tho 
weight from the ring. 



§ IV. THE PULLEV. 

156. The pulley is a small grooved wheel movable about 
an axis, and fixed in a hlock. The cord passes over the cir- 
cumference of the wheel in the groove. 

The use of the pulley is to prevent the effects of friction and 
rigidity of the cord. The first of these it diminishes by trans- 
ferring the friction from the cord and circumference of the 
wheel to the axle and its supports, which may be highly pol- 
ished or lubricated. The eifects of rigidity are diminished by 
turning the cord in a circular arc instead of a sharp angle. 

The pulley is called fixed or movable, according as the Uoch 
is fixed or movable. 



157. Th.e fixed pulley serves merely to 
change the direction of the forces trans- 
mitted by the cord, since, neglecting the 
friction of the pulley, the tension of the ■ 
cord is the same in every part of it. Hence 
the power equals the weight, and the presg! 
ure on the axis of the pulley equals their 
sum. 
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158, Piiui'. Required tlia relation of the po\ 
Ills single movable pulley. 

The tension t of the cord, being the same 
throughout, is equal to the power P; also 
to the pressure on the hook Q. 

The resultant of the two tensions in the 
directions CP and DQ, being equcil and 
opposite to the weight W, must be vert- 
ical. Let a be the angle made by the 
cords with this vertical, and, resolving the 
tensions vertically, we have 

2(pos.a=2Pcos.«=W. 
_ W 
2 COS. a 

the same as obtained in Art. 149. 
Cob. 1. If the weight w of the pulley be taken into account, 
p^ W+m 
2 COS. a 
OoK. 2. If Ihe cords arc parallel, a=0 and 




.-. P= 



CoR. 3. If a= 
and horizontal. 



90", Sfi^ieo", or the cord becomes straight 
In this case 



or the power must be infinite. In other words, no power can 
reduce the cord to a horizontal straight line while the weight 
is finite. 

159. Of the various combinations of pulleys there are three, 
which we shall distinguish by the first, second, and third sys- 
tems of pulleys. 



100. Prop. Required the relation 
the first system of pulleys. 

G 



of the power to ths loeight i 
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The annexed figure represeiKs this system. 
Neglecting friction, the tension t of the cord 
is the same throughout, and equsd to P. The 
weight W and the weight of the lower block 
Ml are sustained by the tensions of the several 
cords at the lower block. Hence, if n be the 
number of cords at this block, 
nt-jiP-W+w 

If the weight of tiie lower block be neg- 
lected, 

Of this system of pulleys there are various 
modifications. The annexed form is the one 
in most common use. 



161. Prop, Required the relation of the pnwer to the weight in 
the second system of pulleys. 

The annexed figure represents ibis system with three mov- 
able pulleys, each pulley having its own rope. 
Designate by «,, a^, a,, &c., the pulleys re- 
spectively in their order from the ■weight W, 
by w;,, Wg, w^, &c., their weights, and by (,, 
t^, (3, &c., the tensions of their respective 
cords. 

Then, for the equilibrium of flj, we have 
Wj.,,, 
Sij^W+Wi. or t,= —^. 





For tne equilibrium of «„, 2^^— ij +!(!„ = 



2 ' 

_W-|-w,4-2j(1j 



For the equilibrium of 1-3, 2/ 3=(j + 



W+w),-}-2m.+2'», 
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_W+iti,+2fo^4-2'io, 



For the equilibrium of a„ 



. 1. Iftiieweight ofeacii pulley is the same, and equal ic, 



_W+»;,(l+3+S'+2°+ . 



:!} 



{-'or. 2. If the weights of the pulleys be neglected, 

W 
P=— , or W-T.P. 

162. Prop. Required the relation of the power to the wu^ u 
in the third system of pulleys. 

In this system each cord is attached to the 

weight, and the number of movable pulleys is one 

less than the number of cords. Designating the 

pulleys in their order from the weight by «j, a , 

a.j, &c., their weights respectively by w),, w^, 

lUj, &c., and the tensions of the successive cords 

by ij, t^, (j, &c., we have 

(,=P, 

i!,=2t^+w,^aF+w„ 

(3^2(3 +M'3=2'P+2wi,+M>j, 

h =2(3+W5=2'P+2''m!, +2m, +w^. 



And if there be 71 cords, 

<„:-2"-'P+2-=u).+2"-'!y,+ &c 2w,._,+w„_,. 

BatW=t,+t^+t^+,&c t, 

--P(l+2+2=+2H,&c....2'-')4-w, (1+2+2'+, »&c. 
.. . 2"^')+w„{l+2+2'+.&.c. 2-^)+,&c. 
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[f the (n—1) pulleys are of the same weight w^, 

W=P(2"-l)+M,,(2-'+2"-'+2"-'+,&c 2*+2+l-~n) 

= P{2"-l)+w,(3"-])-iy,« 

If the weights of the pulleys be neglected, 
W=P(2"-1). 



Ex. I. At what angle must the cords of a single movable 
pulley be inclined in order that P may equal W ? 

Ex. 2. In the first system of pulleys, if there be 10 cords at 
thelonerblork, what power will support a weight of 1000 lbs. ? 

Er 3 In the second system of pulleys, if 1 lb. support a 
weight of 128 lbs required the number of pulleys supposed 
without weiaht 

Ez 4 In the /Azj(Z system of 6 pulleys,each weighing 1 lb., 
hnd whit weght ■will be supported by a power of 12 lbs 



Ex. 5. Find the ratio of the power to the 
weight in the annexed modification of the second 
system of pulleys. 



§ V. THE INCLINED PLANE. 

163, Ih^ Inclined plane, S.S a mechanical power, is supposed 
perfectly hard and smooth, unless friction be considered. It 
assists in sustaining a heavy body by its reaction. This reac- 
tion, however, being normal to the plane, can not entirely 
counteract the weight of tht body, which acts vertically down- 
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ward Some other force must therefore be made to act upon 
the body, in order that it may be sustained. 

1 04. Prop. Required the conditions of equilibrium of a body 
sustained hy any force on an inclined plane. 

Let AB be a section of an inclined plane, of which AB is 
the length, BC the 
height, and AC the ^, 

iiase. Let i be the in- ^ 

clination of the plane to 
the horizon, e the angle 
made by the direction 
of the power P with the 
plane AB, W= the 
weight of the body a, 
and R— the reaction of w » 

the plane. The body is kept at rest by the action of P, W, 
and R. Resolving the forces parallel and perpendicular lo 
the plane, we have 

— W sin. 1=0, 
-Wcos.i=0. 




From {a) 



Pci 
R+Ps; 
ive obtain 



{<•) 
w 



w 



From (S), R^Wco,., 



C OS. (i+i ) 



COS. e 
W_ COS. < 
fi ^cos. (i+e)' 



M 



the same lelalioos as obtained in Ex. 24, Art. 129. 

185. Con. I. If Ihe force P act parallel to the plane, &0 
and (c) becomes 

W__l AB 

P"sin.i^BC' 
or, Ihe power is to the weight as the height of the plane to itt 
lenttth. 
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AB 

""AC 

or, the reaction of ike plane is to the weight as the base ta Iht. 
length. 

166. Cor. 2. If the power act parallel to the base of the plane, 
^-=~i, and (c) becomes 

W_cos. i_AC 

or, the power is to the weight as the height to the base. 
p , „ W cos. i AC 

From (<0. E=-r=AB' 

or, the reaction of the plane is to the weight as the length to the 



167. Prop. Required the conditions of equilibrium of two 
bodies resting on two inclined planes having a common summit, 
the bodies being connected by a cord passing over a pulley oi 
the summit. 



Let W and W, be the 
weights of the bodies, nnd 
i,i^ the inclinations of the 
planes. 

If ( be the tension of the 
cord, we have for equilib- 
rium on the plane AB 
"^ {Art. 105), 




■AB 



'^'^'BC' 



or, the weight.. .... ^ . .^ 

which they rest respectively. 



JW_AB 
W,~EC' 

proportional to the lengths of the planet , 
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Ex. 1. What force acting parallel to the base of the plane 
IS necessary to suppcrt a weight of 50 lbs. on a plane inclined 
at an angle of J5° to the horizon? 

.Ex. 2. If the weight, power, and reaction of the plane are 
respectively as the numbers 25, 16, and 10, find the inclination 
of the plane, and the inclination of the power's direction tu 
the plane. 



§ VI. T!IE WEDGE. 

168. The wedge is a triangular prism whose perpendicular 
section is an isosceles triangle. The dihedral angle formed 
by the two equal rectangular faces, is called the angle of the 
wedge. The other rectangular face is called the back. It is 
used to separate the parts of bodies, by introducing the angle 
of the wedge between them by a power applied perpendicu- 
larly to the back. The equal rectangular faces are regarded 
as perfectly smooth, in which case the only effective part of 
the resistance must be perpendicular to these faces. 

ISO, Prop. To determine fhe conditions of equilibrium in the 

Let ABC be a section of the 
wedge perpendicular to the angle 
or edge A. Draw AD bisecting B 
the angle, and let BAD=CAD=«. 
Let 2P be the power applied to the 
back EC of the wedge, which must 
he :n equilibrium with the pressures 
II on the two faces AB and AC. 
[f an equilibrium exist, the forces 
SiP, R, and R must meet at some 
point in AD {Art. 74). 

Resolving the forces vertically, 
or in the directioi AD, we have 
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2R.s;n.BAD-aP=0, 
01- P=R.sb.«. 

li ■ ■ BA BA.Z Ihce of Ifie wedge ' 

wliere 1= the length of the edge or breadth of the fuce. 
^ 170. In the foregoing investigation of the theory of equilib- 
rium in the wedge, we have omitted the consideration of the 
friction, and have supposed the power to be a pressure; 
whereas, in practice, the wedge is kept at rest hy friction alone, 
and the power arises hom- percussion. The following prob- 
lem will serve to elucidate tlie theoretical view here taken of 
the wedge. 

171. PnoB, A heavy beam is attached, by a hinge at one 
end, to a smooth, horizontal plane, while the otiier rests on the 
smooth face of a semi-wedge. Required the horizontal force 
necessary to keep the wedge from movin"-. 

Let DE be the beam 
and BAG the wedge, 
ABAC = a, z.ADE = /3, 
/= the lengtli of the 

_^____^ beam, g the center of 

Vw ^^ 33 gravity, and T)g=a. 

The wedge ia kept in equilibrium by the pressure of the 
beam upon it at E, and the horizontal force P acting upon it 
at some point H. The beam is kept in equilibrium by its 
weight W) acting at g and the reaction R of the face of the 
wedge at E. 

Taking the moments about D for the equilibrium of the beam, 
we avoid expressions involving the unknown thrust R' and 




w.Dg. cos. ADE-R.DE. sin. DER- 
H- w.rt.cCs./3-R./.cos. (a-/3)=0. 

~^'Tcos. (a-0y 
But the principles of the wedge give 
P=Tl. sin, a. 
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p_ a sin. a COS. 
■/'cos. {a—p)' 
By an esammatioii of this value of P,it will be si en that tl.e 
power necessary to keep the wedge from moving wili diminish 
as the wedge advances beneath the beam. 

5 VII. THE SCSEW. 



divide the rectangle ABCD into equal parts by 
""'"' &c.. -- " ' 




172. If 

the lines _ . .. ^ ^ 

to AB, and draw the parallel d. 

agonals of the rectangles thus 

formed, and if we suppose the 

whole rectangle to be wrapped 

round the surface of a cylinder, 

the perimeter of whose base is 

equal to AB and altitude to BC, 

the diagonals of the rectangles 

will irace on the surface of the cylinder a continuous curve, 

which is called the helix. 

If a projecting thread or rib be attached to the cylinder upon 
this curve, we have the screw, sometimes called the eztemal 
I'crew. Simdarly, if we take a hollow cylinder of exactly the 
same radius as the solid one, and generate a groove in the 
•^ame curve, we have the internal screw or nut. 

The screw works in the nut, either of which may be fixed 
and the other movable. 

173. Puop. To deter 
screw. 

From the construction of the 
screw, it appears that the thread 
"f it is an inclined plane, of 
which the base is the circum- 
ference of the cylinder and the 
height the distance between the 
threads. The force is generally 
applied perpendicularly to the 
end of a level inserted into the 



Hie conditions of equilibrium in ihe 
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cylinder, and in the plane perpendicular to tne axis of the 
cylinder. The power P thus applied, in turning the sciew 
round, produces a pressure on the threads of the screw in the 
direction of the axis of the cylinder. In case of equilibrium, 
let the counterpoise of this pressure be W. Let ABC be the 
inclined plane formed by unwrapping one revolution of a 

thread, and let !H=:-th part of W, be supported at u, q being 
the same part of Q, the force applied at the circumference of 
the cylinder. PutFD = a, ED the radius of the cylinder =r., 
and angle BAC=:^n. Then, Art. 133, 

^ ED ^■r~ 2~r ^' 

By Art. 166, q=io^., 

Q_W distance of two threads 



n n ' circumference of the cylinder' 
and the same holds for each of the other portions of W at tiie 
other points of the plane. Therefore, we have 
Q_-^ distance of two threads 

■ circumference of the cylinder' 
g^, / \ o — -pH^—p circumference described by F 
''iTTr ' circumference of cylinder " 
W_ circumference descri bed by P 
P distance of two threads ' 

or, the power is to the weight as the distance of two threads 
is to the circumference described by the power in one revolu- 
tion of the screw. 

It will be seen that the ratio of P to W is independent of 
the radius of the cylinder. 



Ex. 1. What force must be exerted to sustain a ion weight 
on a screw, the thread of which makes 150 turns in the height 
of 1 foot, the length of the arm being 6 feet ? 

Ex. 2. Find the weight that can be sustained by a powci 
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of 1 lb. acting at the distance of 3 yards from the axis of the 
screw, the distance between the threads being i inch. 

Ex. 3. What must be the length of a lever at whose ex- 
tremity a force of 1 lb. will support a weight of 1000 lbs. on a 
screw, whose threads are J inch apart? 



5 VJll. BALANCES AND COMBINATIONS OF THE MEC[[AMCAI. 
POWERS, 

174. The common balance, In its best form, is a bent levei, 
in which the weight of the lever must be taken into consider- 
ation. 

In the annexed figure the points A and B, from which the 
scale-pans and weights 
are suspended, are call- 
ed the points of suspen- 
sion ; C is the fuicrum, 
being the lower edge 
of a prismatic rod of ^/^ 
steel projecting on each 
side of the beam; when 
the balance is in use, 
these edges on each 
side of the beam, as at 
C, rest on hard surfa- 
ces, so that the beam turns freely about C as a fulcrum. 

175. The requisites of a good balance are, 

1°. That the beam rest in a horizontal position when loaded 
with equal weights. 
2°. That the balance possess great sensibility, 
3°. That it possess great stability. 

176. Prop. To dete}-mine the conditions that the beam rest in 
a horizontal position when loaded with equal weights. 

Supposing the beam horizontal, in case of equilibrium, if we 
neglect the weight of the beam, the moments of the weights 
must be equal, and, therefore, the arms must be equal {Art. 133). 
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But taking into consideration the weight of the beam, its cen 
ler of gravity must be in the vertical through C, the center of 
motion {Art. 110), and, in order to this, the beam must be sym- 
metrical on opposite sides of the fulcrum {Art. 97). The line 
AB, joining the points of Buspcnsion, is obviously bisected by 
the vertical through C and the center of gravity of the beam, 
and the point of intersection, for reasons which will appear, 
should be below C. 

177. Prop. To determine the conditions that the balance may 

possess great sensibility. 

Let C, A, and B be the fulcrum and points of suspension, as 
in the preceding figure, and 
join C^, the centers of mo- 
tion and of gravity. C^ is 
perpendicular to AB and bi- 
sects it, if the beam is con- 
structed in accordance with 
the first requisite. ■ Let M 
C E N be a horizontal line 
through C, meeting AB in E 

making with it an angle equal to 0. 

The sensibility is measured by the amount of deflection 6 
of the line AB from a horizontal position by a given small dif- 
ference P— Q, of the weights. 

Draw the vertical lines Bd and ga, and put AD=BD:^«, 
CD=d, Cg=h, and weight of the beam =w. Now MN is bi- 
sected in d, and Md=a cos. S, Cd=d. sin. 6, and Ca=h. sin. 9. 

If the system is in equilibrium, the moments about C give 
P.CM-Q.CN-M;.Ca=0, 
or 'P.{Ud~Cd)-Q{Nd+Cd)~w.Ca=0, 

or (P-Q)a. COS. i9.-(P+Q)rfsin. O-w.h. sin. 0=0, 

or {P-(i)a-{{P+q).d+w.h} lan.e=0. 

Hence the angle 6, and, therefore, the sensibility, is increased 
for given values of P and Q, by increasing the lengths of the 



ll 
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arms (a), bij diminishing the weight of the beam (,ii), or by di- 
minishing the distances of the fulcrum from the center of grav- 
ity of the beam (h) and from the line joining the points of sus- 
pension {d). 

178. pRor. To determine the conditions that the balance may 
possess great stability. 

If the balance be loaded with equal weights and disturbed 
from Its position of equilibrium, the rapidity with which it re- 
turns (0 that position is a measure of its stability. But this 
rapidity of return to a horizontal position will depend upon the 
moment which urges it bacli. 

But this moment is, since P=Q, 

P.CN-P.CM+!*-.Ca, 
or ^.2.Cd+w.Ca, 

"!■ {2P.d+w.h}sm.e. 

Hence, for given values of P and the stability is greater, 
as d, h, and w are increased. 

179. CoR. Hence, by increasing the stability, we diminish 
the sensibility, but the sensibility may be increased by increas- 
mg the length of the arms, without affecting the stability. 

For commercial purposes, when expedition is required, anu 
Ihe material weighed is not of great value, sensibility is sacri- 
ficed 10 stability ; but for philosophical purposes great sensi- 
bility is required, and stability is of little comparative import- 
ance. 

THE STEELVAED BALAMi 

180. The steelyard balana 
of the first kind, with un- 
equal arms. The body 
W to be weighed is hung 
at the shorter arm A, and 
a given constant weight 
P is moved along the ^ 
other arm till it balances W ; then the weight of W 
from the place of the counterpoise P. 
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181. Prop. To determine the law according to which Iti 
longer arm of the steelyard must be graduated. 

Let G be the center of gravity of the beam AB and w ita 
weight. Put OA~p, 0C=;),, OG~g, and taking moments 
about the fulcrum 0, in ease of equilibrium we have 
Wp—wg—Vp-,=0. 
wg Wp 

Taking Ox, a fourth proportional to P, w, and g, we have 

P.+f=CO+0,,=Cx=^. 

Hence the distance from x to the counterpoise P varies as 
the weight; and if the weights be in arithmetical progression, 
the distances ^1, z2, x3, &c., will also be in arithmetical pro- 
gression. 

THE BENT LEVEE BALANCE. 



182. This balance is represented b> 
the annexed figure, where ABC is the 
bent lever turning about a pivot at B, 
A scale (E) hangs from A, and at C an 
index points to some division on the 
graduated arc GCF. 



183. Peof. To determine the principle of graduation in the 
hunt lever balance. 

Let g he the center of gravity of the beam at which itt> 
weight w acts. The weight of the scale (E) and the weight 
(W) of a body placed in it will act vertically through A. Lot 
the horizontal line through B meet the vertical lines thri-ugh 
g and A respectively in D and K. Then the moments roo"t 
B, in equilibrium, givg 

w.DB-(E+W)BK--0. (fl) 
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A. greater weights are pnt into the settle E, the point A ap- 
proaches more nearly the vertical through B from the bent 
form of the beam, or BK diminishes, while BD increases 

Suppose the point A to be at K when the scale is unloaded, 
and let, in this position of the beam, the angle DB^=». When 
a weight is put into the scale the point A will descend through 
some angle ,p, and the arm Bg will rise through the same angle. 
In this new position the angle BBg will become 0-*. Let 
I!4'=a,andBA=S,. then 

DB=<i COS. (9-^), and BK=S cos. f,. 

These substituted in {«), give 

ui.a, COS. {e-^)^E.i. COS. i,-W.b. COS. ^.=0, 

or w.a. COS. cos. ^+u,.n sin. Osm. ^_E.6 cos.^- W.S. cos. (S=o, 

or lo.B. cos.C+Mi.asin. etan. 0— E.&~W.6=0. 

W.b E.6-wacos t? 
.■. tan. cii= ^.ir i^.itcoa.p 

lo.a.sin.D^ ».a.sim8 ' 
Hence, tan. ^ varies as W, and the limb GP must be di- 
vided mto arcs whose tangents are in arithmetical progression. 
Practically, the limb may be graduated from the positions 
of the Index at C for a s"c.-as»;., — r „.„:~i,, ..... v. — . 



n of weights put into E. This 
s great stalility. 



184. This instrument is of greater interest from its paradoi- 
ical appearance than from its use as a machine for weighing 
bodies. Its discussion affords an interesting application of the 
doctrine of couples. 

It consists of an upright 
stem upon a heavy base A, 
with equal cross-beams 
turning about pivots at a 
and b. These cross-beams 
are connected by pivots at 
c, d, e, and /, with two oth- 
er equal pieces in the form 




, Google 











'^ -.1 


■ 


^'~. 


h 




c 






^ 




r 


1 




Hi 





of a T. The weights iirc suspended from !he horizontal arms 
of the latter pieces. 

185. Prop. In RohervaVs balance, equal weights balance at all 
iistanc-es from the upright stem. 

P^ P^ Letthelettei's in the 

annexed figure indi- 
cate the same parts as 
in the former. 

Let equal and oppo- 
site forces Pi and P, 
each equal to P act in 
ec, and, similarly, let 
P3 and P, act in df. 
These forces P,, P^, 
Pa, and P, do not dis- 
turb the equilibrium. Now P at B, as in Arl. 71, is equivalent 
to Pi at e and the couple P, Bh, P^, and, similarly, P at C is 
equivalent to P, at / and the couple P, Ck, P3 ; and since P, 
at e balances P^ at /, we have only the two couples to dis- 
pose of. 

Now for the couple P, BA, Pj, -dris. 58 .ind 50, we may sub- 
stitute a couple Qi, ec, Q.^ in its own plane and of equal mo- 
ment, in which the forces Q, .ind Q^, acting in the directions 
of the cross-beams cd and ef (which always remain parallel to 
each other as they turn on the pivots a and 6), are destroyed by 
the resistance of the pivots a and b. Similarly, the couple P, 
Ck, P3 may be replaced by the equivalent couple R„fd, R,, 
in which Rj and llj are destroyed by the resistance of 6 and 
a. These new couples, therefore, do not disturb the equilibri- 
um, and the original forces P at B and P at C must be in equi- 
librium. 

If the beams cad and ebf be moved round the pivots mto 
any oblique position, the same reasoning would apply, and the 
equilibrium still subsist. 

CoR, Unequal weights can not balance from wiiatcver points 
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18S. Prop. To determine the ratio of the power la the weight 
in a combination of levers. 

Let the power P act at A, c 

and the weight W at E'". 
The first three levers are of 
the second kind, and the last 
one of the first kind, the ful- 
crunis being at C, C, C", and 
C". Let BA', B'A", B"A'" 
be rigid rods connecting the 
'.eversj and let the action of 
the first lever on the rod BA' 
he W, which becomes the 
power acting on the second, 
W" and W" the weights to the 
and powers to the third and fourth, 

P _CB W_C^ W" _C"B' 
~CA' W"~C^' W^~(Ka? 

Taking the continued product of tlies 
ny member, we have 

P_ CBxC' 
W~CAxC'A'xC"A"xC"'A' 



cond and third respeciiveiy. 



Then.ri7-=-T,-^^= 




or, the ratio of the powc 
equal to the product of t) 
each leoer, 

187 Prof. To determi 
in the endless screw. 



to the weight in the combination i 
: ratios of the power to the weight i 



e the ratio of the power to the weight 



This machine is a combination of ihe 
screw and wheel and axle. 

Let P be the power applied to ihe han- 
dle of the winch, W the pressure of the 
screw on the teeth of the wheel, and W 
the weight suspended from the axle of 
ihe wheel. Then 

H 




./Google 



P _distance between the threads of the screw 
W circumference described by the power ' 
W radius of axle 



VV radius of wheel" 
P distance between fw 



W circumference described by the power 
radius of axle 
radius of wheel ' 
or, the ratio of the power to the weight in the endless screw is 
equal to the product of the ratios of the power to the weight in 
the screw and in the wheel and axle. 

' 188. Prop. To determine the ratio of the power to the weight 
in any combination of the mechanical powers. 
Let P= the power for the whole combination, 
W'^ " weight " " " 

W= " " to the 1st in the series and power to the iid, 
W"= " " " 2d " ■' " 3d, 

&c.. &c., &L-. 

Let <■/[= the ratio of the power to the weight in the 1st, 



3d, &c. 



_?_- W' _ W" _ W"-' 



and. taking the product. 

Hence the ratio of the power to the weight in any combina- 
tion of elementary machines is equal to the product of the ratios 
of the power to the weight in each of the simple machines. 

189, Peop. To determine the ratio of the power to the pressure 
in the combination of levers called the knee. 

This combination of levers is used with advantage wher*" 
very great pressure is required to act through only a very 
small space, as in coining money, in punching ho!es through 
thick plates of iron, in the printing-press, &c The lever AH 
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turns about a firmly fixed pivot 
at A, and is connected by anoth- 
er pivot at B to the rod BC, 
whose extremity C produces the 
pressure on the obstacle at E. 

Let the power P act horizon- 
tally at some point P in the le- 
ver AB, ANC be a vertical lino 
meeting the direction of P in N, 
and DE a horizontal plane, on 
which, at E, is the substance 
subject to pressure. Let R= 
the reaction of the rod BC in the 
direction of its length, ABI, DL perpendiculars upon its dircL- 
tion from A and D, and W the vertical resistance of the sub- 
stance at E. 

Taking the moments about A and D in equilibrium, we have 
P.AN=R.AM, and W.DE-^R.DL, 
or P^ AMxD E 

W ANxDL' 

When BC becomes nearly vertical, DL becomes nearly equal 
to DE, and AN to AF, while AM becomes very small. 
P AM 
ion, 

fraction of W. 
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CHAPTER VII. 

AI'l'I.ICATION OF THE PUINCiPI.B O? VIETUAI, VELOCITIES TO Tilt 
MECHANICAL TOWERS, 

190, In Arts. 80 and 81, it is shown that the principle of 
virtual velocities obtains for all cases of equiUbrium of a free 
body under the actions of any number of externa! forces in the 
same plane. 

In the mechanical powers, the parts by which the iictioiis 
of the forces are transmitted being rigid or inextensible, the 
forces may be considered as acting in the same plane, and the 
mternai reactions and tensions will not enter the fundamental 
equation S, P. i»—0. Also, the virtual velocities of the support- 
ing parts will in general be zero for the possible displacements 
of the system. 

In some of the mechanical powers, the principle applies tu 
all possible displacements, however great, since they must be 
in the direction of the forces. This is true in the wheel and 
axle, toothed wheels, pulleys with parallel cords, the inciined 
plane, the vi'cdge, and screw. In the lever, and pulleys witli 
inclined cords, the displace- 
ments must be taken indefinilch, 
small. 

191. Froi'. The princijile of 
virtual velocities obtains in tin' 
wheel and axle in equilibrium. 

The forces which act on ih:: 
wheel and asle are the power 
P, the weight W, and the reac- 
tion R of the steps which sup- 
fiorl each end, C, of the pivi^i 
about which it turns, and, in con- 
sequence of the rigidity of the 
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■syslem, they may be considered as acting in the same plane. 
Also, the wheel and axle receiving a displacement turning 
.-ibout C, the virtual velocity of R equals 0. 

Let A and B be the points at which the cords left the wheel 
and the axle respectively before displacement ; A', B' after- 
ward. Then W ascends throngh the space WW'= arc BB', 
and P descends through PP'^arc AA'. PP' is the virtual ve- 
locity (Art. 78) of P, and positive ; WW is ihe virtual veloc- 
ity cf W, and negntlve. Hence {Art. 81), 
P.PF--W.WW'=0, 
or P. arc AA'- W. arc BB'=^0, 

■or P.AC.AA'CA-W.BC.i.BCB'^0. 

P.AC-W.BC=0,or^=^, 
the condition of equilibrium found in Art. 138. 



)/" virtual vdociiies obtains in . 



192. Pkop. The principle 
pair of toothed wheels. 

Let the circles in 
the annexed figure 
represent the pitch- 
lines of the wheels 
(-iri. 144), andDpD^ 
the points which were 
in contact in the line 
CC before displace- 
ment. Since the pitch- 
lines roll on each oth- 
er without slipping, 
arc DD,= arc DD^, 
md 

P's displacement =PP'^AC'.^D,C'D-AC'.^^^^-^^, 

W's displacement =WW =CB.Z.D,CD=CB.^^^^^"— , 

Ry the principle of virtual velocities, 
P.PP'-W.WW=0. 



( ^ 


» 




/\ 


^ 


A 


I, 
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CD 
"DC 



CD 



W AC CD _ 

•■■ p" BC'CD ' ^"'" """' "" """' P O'D' 
as found in Ari. 143. 

193. Prop. The principle of virtual velocities oblains in ihe 
single movable pulley wilh parallel cords. 



If the pulley A be raised to A 
we shall have AA'=WW'=|PP', 
since each of the cords passing 
round the pulley A must be short- 
ened by a length =WW'. WW, 
Ihe virtual velocity of W, is nega- 
tive. 

... P.PP'-W.WW'=0, 
P.PP'-W.^rP'=0. 




w 



b± 158. 



"W 



194. Pkoi\ The principle of virtual velocities obtains in ihe 
first system ofpulkys. 

In the figure of Art. 1 60 we see that, if W be raised through 

a space WW', each of the n cords at the lower block will be 

shortened by the same quantity, or that P will descend through 

a space n.WW. Hence the equation of virtual velocities 

p.pp'-W.WW^O becomes 

W 
P.K.WW'~W.WW'=C or p-=n, 

as in vlr(. 160. 
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IDS. Pkop. The principle cf virlual vcloctdes obtains in ike 
second system of pulleys. ■ 

Referring to the figure in Art. 161, we see ti-.at, if P de- 
scends through the space PP', 

the pulley a„ v/ould rise through a ; 



PP' 



1 or the weight W 



&c., 
PP' 



PF 



And the equation of virtual velocities P.PP'— W.W\V'=u 



P "^' 

the same as in Art. 161, Cor. 2. 

196. Pbop. The principle of virlual velocities obtains in the 
third system of pulleys. 

Referring to figure of Art. 162, and designating the pulleys 
as in that article, we see that, if W be raised a space =WW', 
each cord will be shortened by a space equal to WW. The' 
highest movable pulley a„_i will descend a distance =WW. 
The next pulley a^, will descend a distance =2.WW' by the 
descent of a_„ and a distance WW by the elevation of W, oi 
will descend on the whole {2+l)WW'. 

Similarly, the pulley «„_, will descend through 
j2(2 + l)-|-l|W.W'=(3'+2 + l)WW'. 



Proceeding in the same way, we find that pulley n„-,._^,, or 
u,, will descend through the space 
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(2"-'+2"-^+,&c. . . . 2+l)WW', 

and ^3 through the space {2"-=+2""-'+,&c 2 + l)WW, 

andc, " " " (2-=+2-'+,&c. ... . 2+I)"W"W', 

and P will descend through twice the last found space by the 
descent of the pulley a,, and through the space WW by the 
elevation of the weight ; 

or PP'=WW'.j2(2"-'+2"-=+, &c 3+1) + ] j 

= WW'.(2'-'+2"-M-, &c 2'+2 + l) 

=WW'{2"-I). 
The equation of virtual velocities is 

P.PP'^W.WW'-O, 
which becomes 

P.WW'(2"-1)-W.WW'=0, 

W 
or ^-=2"-! 

as in Aft. 1C2. 

197. Prop. The principle of virtual velocities obtains in Ihs 
inclined plane. 

p, r Let the force P make any an- 

gle s with the plane, a= iBAC, 
a the first position of the body 
whose weight is W, a' the posi 
tion of it after displacement. 

Drawing the perpendiculars 

av, a'u, we have '~a'v=—a:i' 

COS. e= the virtual velocity of 

P, and uu=aa'. sin, a= the vii-- 

tual velocity of W. 

By the equation of virtual velocities, 
V.a'v-W.au=Q, 
or V.aa', cos. e—W.aa'. sin. a— 0. 

W_sin. e 
P ^sin. a' 
as found in Art. 164, 

198. Prop The principle of virtual velocities obtains in Ike 
wedge. 



a 


^ 


^ 


J 


K^^ 








w' 


w 





Hence 
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VIKTUAL VELOCITIES, 



Let 2P be the whole power, R 
and R the j^ressures perpendicu- 
lar to the faces of the wedge ABC, 
which produce equilibrium. Let 
the wedge be displaced to the posi- 
tion A'B'C. The displacement of 
tne point of application of P is an'= 
AA' ; that of b, the point of applica- 
tion of R, is 66'= Am, a perpendicu- 
lar from A on A'B', and A?n=AA' 
. BAG 



The equation of virtual velocities is 
P.aa'-'R.bb'=0, 




lev 



as found in Arl. ICO. 

199. Piiop. The principle of virtual velocities obtains 
n-of any form. 

Let ACB be the lever be- C 

fore displacement, A'C'B' 
its position afterward. 
From A' draw A'u perpen- 
dicular to AP.and from B', 
B'm perpendicular to BQ, 
produced. An is the vir- 
tual velocity of P, and Bu 
that of Q. Now when the displacements are indelinitelj 
small, the circular arcs AA', BB' become straight lines, and 
Au=AA' COS. A'A«=AC.Z.ACA'. cog. (PAC-SO") 

=AC.sin. PAC.aACA'; 
Bk-BC. sin. QBC.zlBCB', 
and z.ACA' = ;lECB'. 

The eQuation of virtual velocities is 
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P.AC, sin PAC-Q.BC.sin,QBC=0. 
P BC.sin.QBC 



■ Q AC.sin.PAC 



:s I'oLind in A]-t. ]34. 



200. Pbop. The principle of virtual velocities ohtaif 
■diigh movable pulley with cordt inclined. 



in lilt 



Let A be the point where 
the cords produced would 
meet at the first position 
of the pulley, when P and 
W are the positions of the 
power and weight. 

Let P be displaced to 

P', when the weight is 

raised to W, or the point 

^ . , of meeting of the cord is 

raised to A'. Draw the 

circular arcs A'm, A'n with 

centers B and C. When the displacement is indefinitely small, 

the arcs A'm, A'ti become straight lines, and 

Am— AA' COS. BAA'=;Aj!, 

PP'=A;«+A7i^2AA' ( 

The equation of virtual velocities is 

P.PP'-W.WW'^O, 
which becomes 

BAG 




P.2AA-. 



■ 2 COS. ■- 



-W.AA'- 
BAG 



as found in Art. 158. 

Scholium. In the preceding propositions, the expressior 
P. PP'=W. WW, 
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rEINCIPI. E OF VIRTUAL VELOCITIES, ETC. 12tS 

WW P 
-PF=W 

explains tlie principle that, "in using any machine, what we 
gain in power we lose in time." For, in order that W may be 
moved through any given space, we must have the space 
moved through by the power P, increased in the same ratio 
tnat P is diminished. 
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CHAPTER Vni. 



301. The surfaces on which bodies pressed have hithertLi 
been regarded as perfectly smooth, so that they offered no re- 
sistance to motion parallel to themselves, ihcir only reaction 
being perpendicular. 

When rough surfaces are in contact, the motion, or tenden- 
<^y to motion, parallel to the surfaces, is affected by the rough- 
ness, and the effect is called Friction. 

Friction may be divided info two kinds : sliding friction, 
when one rough surface slides on another, and rolling friction, 
when one rolls on the other. The former only will be consid- 
3red here, under the term Statical Friction. 
202. The Jaws of friction are determined by experiment. 
|-^p-j If the body A rest upon 

the perfectly smooth 
^»-t^ plane BC, the smallest 
possible force applied to 
it will cause it to move- 
But if the body or the 
plane, or both, be rough. 



©■^^r ^ f'"'*^'' within certain 

limits of magnitude may 
be applied to it without causing motion. The greatest ibrce 
which can he so applied to the body in the direction of the 
plane will measure the friction. 

Let W be this force, acting by a cord over a pulley on the 
body A, F being the opposing force of friction. Then F='^. 

203. The following laws of friction nre deduced by this or 
some similar process. 

1°. The friction of the same body, or a body of the same ma- 
Irrial, when the weight is the same, is independent of the extent 
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FBICTION. 125 

of the surfaces in contact, except in extreme cases, wheie the 
weight is very great compared with the surfaces in contact. 
Thusthe friction of the body A will be the same whichever 
side rest on the plane, or whatever be the form within the ex- 
cepted limits. 

2°. The friction is proportional to the pressure on the plane, 
or the reaction of tiee plane, within moderate limits. If other 
weights, as m, be placed on A, W or F will vary as the whole 
reaction R of the plane. 

CoH. The friction is therefore some function of this pressure, 
and we may represent it by /iR. i<. is called the coefficient of 

;. . F 

. friction, and is equal to p, or the ratio of the friction to the re- 
action of the plane. 

204. Pitop. The coefficient of friction between two given sub- 
stances is equal to the tangent of the inclination of the plane 
formed of one of the substances, when the body formed of the oth- 
er is about to slide down it. 

Let the inclination a of the plane AC be increased till the 
body a is just on the point 
of sliding down if. The body 
a will then be in eqmhbrium 
from the normal reaction of 
the plane R, the friction juR , 
acting up the plane, and its "^ 
weight ,W acting vertically 
downward. 

Resolving parallel and perpendicular to the plane, we have 
pR— W. sin. a=0, 
R-Wcos.n=0. 

Eliminating R, we have 

ft COS. <i— sin. a=0, 
or /x— tan. (7. 

205. Piior. To detei^mine the limits of the ratio ofVtoWov 
an inclined plane, when friction acts up or down the piano. 
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Let the power P make ar 
angle e with ihe plane whose 
inchnation . is a, and W (he 
weight of the body. 

1°. To determine the great- 
est value P can have without 
causing the body to move up 
the plane. In this case, the 
friction ^R, opposing the motion 
up the plane, will act down it, and, resolving parallel and per 
{lendicular to the plane, we have 

P. cos, E— /kR— W sin. a=0, (a) 

P. sin. fi+ R- W COS. a=0. (i) 

Multiplying i}>) by y. and adding to {a), we have 
P(cos. e+^ sin. e) — W. (sin. «+/i cos. £7) = 0, 
^j. p_ W.(sin.a+;'COs.a) 

COS. s-j-/isin. e 
2". To determine the least value P can have without causmg 
the body to move down the plane. In this case the friction 
Will oppose the descent, and will therefore act up the plane. 
Hence equations (a) a:nd (&) become 

P. COS. E+ZiR-W sin. rt=0, («') 

P. sin.e+ R-"Wcos.a=0. (6'1 

Multiplying (6') by \i. and subtracting, we find 
^_W. (sin, a-n cos. «} 



No motion will take place while the v 
these two, which are its limits. 

These two values of P r 
form 



lue of P is between 



may be combined s 



W cos, s±u 



P sin. a±f( cos, «' 
in which the upper sign is to be taken when fr.'ction acts down 
the plane, and the lower when the friction acts up the plane. 

206, Prop. To determine the limits of the ratio of'Pto'W in 
the screw, when friction acts assisting tJie power or the weight. 
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Proceeding as \xiArL 
173, Jet ABC be the 
inclined plane formed 
by unwrapping one 
revolution of the 
thread, the angle BAG 
-a; let W= the 
whole weight sustain- 
ed by the screw, w= 
that part of it support- 
ed at a, Q= the whole 
force acting at the cir- 
■ eumference of the cyl- 
inder, r=ED the radius of the cylinder, a=FD the lever at 
which the power acts, and q that part of Q which supports v> 
at a. ThenQ=p". 

The forces which arc in equilibrium at a are the weight w, 
the reaction R, the horizontal force g-, and the friction |i*R act- 
ing up or down the plane. 

Resolving parallel and perpendicular to the plane, we havB 
q. COS. a±/iR— a>. sin. a=0, (a) 

q sin. a~ R+M! cos.<i^O. {I!) 

Multiplying (5) by /i, and adding and subtracting, we have 
$(cos. «±fi sin. a) — M!(sin. aqz/K cos. a)=0, 
? _ Q _ sin. azpji cos, a 
w W COS. a±/( sin. a 
P _ ^ sin. a::^ii. cos. a 



■equJred, 



js. a^fi si 
The two values of this expression give the limits r 

207. Cor. From the two preceding propositions it will ap- 
pear that, when we have obtained one of the limits, the other 
may be had by simply changing the sign of//, in the former. 
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Ex. 1. A uniform straight beam rests oq a rough cylinder 
of given radius ; required the greatest weight that can be sus- 
pended from one end of the beam without causing it to slide oiF. 
1,11 Let g be the center of gravity of the 
beam BC, whose length is 2d, and B^' 
=d since the beam is uniform, w= its 
weight, and W the weight suspended 
from B. Before the weight W was 
suspended from the beam the point g 
must have been at A. Let A' be the 
point of contact with the cylinder when 
the beam is on the point of sliding off, 
a the angle it then makes with the ho- 
rizon, and r= the radius of the cylinder. 
Resolving parallel and perpendicular to the beam, we havu 
pR— Ml. sin. a— W sin. «=0, (a) 

R-w COS. a-Wcos. a=0 ; (b) 

whence ft= tan. (7. 

Taking the moments about A', we have 

W.BA' COS. a—w.k'g. cos. a=0, 
:>r W.{Eg—A'g) — w.i\.'g=0. 

But \.'g= arc A'Ap= radius X angle AOA'=/-.a. 
... ■m.{d-ra)~w.ra=0. 
Ml. r tan." 




w= 



— , the weight required. 



d—rlim.~ 

Ex. 2. A ladder rests with one end on a rough horizontal 
plane, and the other on a rough vertical wall ; given Z= its 
length, d~ the distance of its center of gravity from its lower 
end, ju and ft'— the coeiScients of friction on the horizontal and 
vertical planes respectively; required its inclination 6 when 
on the point of sliding down. 

Let AB be the ladder and the forces acting upon it, iis rep- 
resented in the figure. 
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EXAMPLES ON CIIAPTEKi 

Resolving horizontally and 
fcrticallj, we have 

R'-^R=0, (a) 

R+/i'R'— «t=0. (b) 
Multiplying (a) by,!i',and sub- 
tracting from (b), we find 

w == R{l+/iu'), 
and from (a), R':=^R. 

Taking moments about A, we 
get 




w.d. COS. 0~-R'.L sin. 0^,m'R',i eos. e^O, 

R'l ■ 
Substitufing the vakies of «t and R', 

tan.e=^ifi±Wllz^'. 

If the center of gravity of the ladder be at tile twiddle point 
l=2fl, and ' 

^ 1 —uii' 

tan. 9^ 1^, 

11' 



&. I A beam 30 feel long balances on a prop i of its 
length from the thicker end ; but when a weight of 10 lbs is 
suspended from the other end, the prop must be moved 2 feet 
toward It to maintain the equilibrium. Required the weight 
01 the beam. ^ 

Ex. 2. The forces P and Q, act at arms a and h respectively 
of a straight lever, which rests on a li,ed point to which it is 
not attached. When P and Q make angles a and » with the 
lever, required the conditions of equihbrium. 

Ex. 3. A uniform beam is sustained by three persons, one 
«• one end, and the other two by a band-spike placed at some 
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jjoiiit beiierilli it. At what point must the Iiaiid-Eplke be placed 
tliat each person may sustain one third of the weight? 

Ex. 4. A Roman steelyarJ, whose weight is 10 lbs., has lis 
center of gravity 2 inches from the fulcrum, and the weight to 
be determined is supported by a pan placed at a distance of 3 
inches on the other side. Find the respective distances from 
the fulcrum at which the constant weight of 5 lbs. must be 
placed, in order to balance 10, 20, 30, &c.,lbs. placed success- 
ively in the pan. 

Ex. 5. Find the ratio of the power to the presH^iic in the 
common vice. 

Ex. 6. Find the ratio of the power to the pressure in the 
screw by the principJe of virtual velocities. 

Ex. 7. An isosceles triangle, whose base is to one of its 
equal sides as 1 : Vl, is placed with its base on an inclined 
plane; and it is found that, when the body begins to slide, it 
also begins to roll over. Find the coefficiciit of friction. 

Ex. 8. A ladder rests against a vertical wall, to which il is 
inclined at an angle of 45°; the coefficients of friction of the 
wall and of the horizontal plane being respectively -^ and ^, 
and the center of gravity of the ladder being at its middle 
round. A man whose weight is half the weight of the ladder 
ascends it. Find to what height he will go before ihe ladder 
begins to slide, 

Ex. 9. In a uniform levor of the second Idnd, which weighs 
2 ounces per inch, required the length of the lever, in order 
that the power may be the least possible when in equilibrium 
with a weight of 48 ounces placed at a distance of three inches 
from the fulcrum. 

Ex. 10, Two given weights, P and Q, are suspended from 
two given points in tjie circumference of the wheel, a being 
the angle made by the radii drawn to the points of suspensioil. 
Required the angle which the lower radius makes with the 
vertical when the weights cause the greatest pressure on the 
uxle. 
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DYEAIICS. 



INTRODUCTION.— DEFINITIONS. 

209, Ifj Si.-itics we have investigated the relations of the in- 
tensities and directions offerees necessary to produce equilib- 
rium, tliis result being entirely independent of the time durine 
which the forces act ^ 

In Dynamics, forces are regarded as producing motion or 
change of motion in bodies, and these effects must obviousiy 
depend on the duration of the action of the forces. In dy- 
namics, therefore, time becomes an element in our investiea- 
tiops. ^ 

210. Motion is the transit of a material point or body from 
one position to another in space. 

''211. The absolute motion of a body is its transit from one 

fixed point in space to another. 

■-■ 212. Relative motion is a change of distance from a point 
which is itself in motion. 

All motions are relative in any practical view which we 
can take of them, since we have no means of determining the 
absolute rest of any point in space. 

■■213. Theue/oaVi/ofa body is its raie of motion. U may be 
uniform or variable. 

The velocity of a body is wni/brm when it passes over equal 
spaces in equal times, and is measured by the space passed over 
in the unit of time. 

Let V be the velocity, or space passed over in one second, 
then the space described in two seconds will be 2v, in three 
seconds So, and so on ; and if s be the space described from 
the commencement of motion, and t the number of seconds 
also reckoned from the commencement of motion, then 
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132 DYNAMICS. 

S^Vt. [I.] 

Tlie uii.is of time and space are arbitrary. It is usual to take 
one second for the unit of time, and one foot for the unit of 
space. When no mention is made of different units, these will 
l>e understood. 

•^214. Variable velocity is that which continually increases or 
decreases, so as to be the same at no two successive instants. 
To find a measure of the velocity of a point or body so moving, 
let us assume, at first, that the velocity which the body has at 
the end oft, seconds is uniform from t^ seconds to (^ seconds, 
a very small interval, the space passed over at the end of (, 
seconds being s,, and the space passed over at the end of t^ 
seconds being s^. Then, using the symbol A to signify finite 
difFerence, by [I.] we have 

^"t^—t^ ~M' 
If, however, there is no time, however small, during which the 
velocity is uniform, then the smaller we take A(, and conse- 
quently As, the more nearly 

.=^. [II.] 

That is, the velocity, when variable, is measured by the limn 
of the ratio of the space described to the time of describing it. 
■' 215. Relative velocity is the velocity with which two bodies 
approach or recede from each other. 

•^ 216. Matter at any given moment must bo in one of the two 
states, motion or rest. The inertia of matter is the entire ab- 
sence of power in itself to change this state. It implies equal- 
ly a disability, when in motion, to change its rate or its direc- 
tion. Hence 

A body, when not acted on by any external forces, if at rest, 
will remain so, or,ifin motion, will continue to move in a siraighi 
line and with a unifoi-m velocity. 

This is called the first law of motion. 
' 217. It is a consequence of the inertia of matter, that when 
a force is applied to a body to move if, each of its pa.'ticles 
opposes a resistance to motion in directions parallel but oppo- 
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sue 10 Ihe dircclion of Ibe applied force. Tile center of these 
parallel forces (Art. 44) of resistance is called tlie center of in- 
ertia oi the body. It is the same point which, in statics, mas 
called the center of gravity of the body in reference to the 
force which was there supposed to act on the body. 

The sum of these parallel resistances, or their resultant 
(Art. 43), is obviously proportional to the number of particles 
m the body or to the whole mass. Hence the inertia of a 
body IS a surer test of the quantity of matter or mass of a 
body than its weight is ; for the latter (Arti. 84 and 88) varies 
by a change of position on the earth, while the former is al- 
ways the same. 

•'218. The path of a body is the line, straight or curved, 
which Its center of inertia describes when it passes from one 
point to another in space. 

"^319. A body is said to he free or mam freely when its path 
depends on the action of the impressed forces onlv. Its mo- 
tion is said to be constrained when its path is limited to a given 
hne, straight or curved, or hmited to a given surface. 
.-'220. An impulsive force is one which acts instanlaneonslv 
and vnilhout sensible duration. 

■ 221. An incessant force is one which acts without intermis- 
siom If a material point move from rest by the action of an 
incessant force, its rate of motion or velocity must conlinuallv 
increase. The amount of this increase, or the increment of th'e 
velocity in the unit of time, will obviously be greater or less as 
the intensity of the force is greater or less. This increment 
of the velocity in one second is therefore the measure of the 
intensity of the force. 

'' 222. A constant force is an incessant force whose intensity 
IS at all limes the same. If a material point move by the ac- 
tion of a constant force, the increments of the velocity in each 
successive unit of time must all be equal, and each increment 
wJI be a measure of the force. If, therefore, we put for the 
increment of velocity, or the velocity generated by the force 
m one second, * will represent the force. The increments be- 
ing all equal, the velocity generated in two seconds will b« 
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90, in lliree seconds 3ip, niid so on. Hence, if u be the vel.icit} 
s;ener.ited in i seconds, 

v=<pt. [in.] 

223. A variable force is an incessant force whose intensity 
either increases or decreases, so as to be the same at no two 
successive instants. To find an expression for a variable 
force, let lis assume it to be constant from the end of the time 
e,, when the velocity is u,, to the end of the time (,, when the 
velocity is v„. Then, by [III.], we have 

'^'^ t^-l, "It' 
If, however, there be no interval during which the force is 
constant, then the smaller we take A?, and consequently Ac 
the more neai'ly wili 

That is, a variable force is measured by the limit of the ratio 
of the velocity caused by it to the time of causing it. , 
■^ 224. The momentum of a body is its quantity of motion, ana 
IS measured by the product of the mass of the hody by its veloc- 
ity. For the motion of a single particle is its velocity, and the 
motion of any number of particles, having the same velocitv, 
is obviously as much greater as the number of particles is 
greater. Hence the whole motion is equal to the whole num- 
ber of particles in the body, or its mass, multiplied by their 
common velocity. Or, if Q, be the quantity of motion of a 
body, M its mass, and V its velocity, 

Q=MV. [V.] 

The mass, multiplied by the square of the velocity, is called the 
vis viva, or the living force of a body. 

/ 225. In estimating the effects of incessant iorces, we have 
considered only the acceleration or velocity which each forc^ 
will produce when acting on a free material point or a unit 6'f 
mass. . When so measured, tiiey are called accelerating forces. 
If the mass moved differs from thai which we have called the 
unit of mass, and it is taken into consideration in estimating 
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t!ie effects of the forces, they are then called moving forces. 
Let ip be the acceleration, or velocity generated in a unit of 
time, M the number of units of mass; then 'f, the moving 
force, will be measured by the quantity of motion generatet^ 
in the unit of time, or 

1'=#1. [YI.] 

<^ 

Hence 0=T:ti or the accelerating force, is equal to the movin;; 
force divided by the mass. 

" 226. If a body already in motion be acted on by a force in 
the direction in which the body moves, the superadded motion 
is just the same as that which would have bepn produced in 
the body if at rest when Ihe force began to act. 

If the force act in a direction different from that in which 
the body moves, the new motion produced by the force, esti- 
mated in the direction of the force, will be ihe same as if the 
body had been at rest. 

If the force act in a direction opposite to that in which the 
body moves, the motion destroyed in the body in equal to that 
which the force would produce in the body if at rest when thii 
force began to act. 

These facts are consequences of the inertia of matter, and 
will receive additional illustration in the sequel. They arc 
embodied in the following enunciation, called the second law 
of motion: 

All motion or change of motion in a body is proportional to 
ihe force impressed and in the direction of that force. 
■''227. When one body impinges on another at rest or in mo- 
tion, the quantity of motion, or momentum of the two bodies 
after impact, is the same as before impact. For matter being 
incapable of originating motion, can not add to the motion of 
other matter, or take from it except by imparting its own mo- 
tion. Hence whatever motion the second body receives in 
the direction of the striking body, just so much must be lost by 
the striking body. 

This fact is usually enunciated as follows, and is called iliE 
third law of motion: 

Action and reaction are equal and ia opposiU directions. 
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CHAPTER I. 

228. I« oonsMering the effect of an impulsive force, wo shall 
■upposo the force applied, at the ceuler of inertia (Art. 217) 
When so applied the parallel forces of resistance of all the 
particles situated on opposite sides of the direction of the 
force will balance each other, and the body will not rotate, 
but all its particles will describe parallel lines with a common 
velocity. 

229. Prop. To find the geTwral equation of unif arm mGtion. 
Ji, Lei OE be the path of the body (Art. 218), o its veloci- 

I ty (An. 213), and I the time of its motion in seconds. 
: Let O bo the origin, or point from which we estimate the 
successive positions of the body, s the distance of the body 
from O at the end of the time t, and OA^s, its distance 
from the origin at the commencement of the time. 
When tile body is at B, we have [I.] 
AB=»!. 
But OB=OAh.AB, 

"5 1 or s=s,+ii;, (ao) 

which is the general equation of uniform motion. 

If the body, instead of receding from the origin O, approach 
it, then » will be negative ; or if the body begin to move from 
A', then s, will be negative. 
Con. 1. From (36) we obtain 

t ^ T' 
or the velocity of a lody is equal to the constant ratio of the 
space described to the time of describing it. 

CoE. 2. If we estimate the position of the body from the 
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point wheitf the body is when i:=0, or suppose the space and 
time to commence together, then s,=0, and 

s=vt. (37) 

230. Pkop. If two bodies move during the same time, their 
velocities will he proportional to the spaces described hy them 
respectively. 

Taking the points of departure for the origin of spaces, w? 
have from (37) 

s=:vt and s'=v't'. 
.: s : s'=vt : v't'. 
And, since t=t', s :'s'=v : v'. 

331. Prop. If the velocities of two bodies are equal, the spaces 
described are proportional to the times. 

As before, s : s'=vt : v't' ; 

and \iv=v', s : s'= t : t'. 

232. Prop. If the spaces described by two bodies are equal, 
their velocities are reciprocally proportional to the times. 

For, since s : s'=vt : v't', 

ifs=s', vt=v't'. 

233. Piiop. An impulsive force is measured by the momentwrn 
it can produce in any mass. 

Ifv be the velocity produced by the force F, in a body con- 
taining M units of mass, by [V.] the momentum will be Mi;. 
Now if the mass M move from rest by the action of the force, 
all the motion it receives is the effect of the force. And, ad- 
mitting the prmciple that elFects are proportional to their 
causes, if A be the constant ratio of tho force to the momentum, 
then 

But the unit of force being arbitrary, we may assume it to be 
A. Hence, putting F for the number of units of force, or the 
ratio of F, to A, we have 

F=^=Md. (38) 

CoR. If M=l, F,~?-.v, in which X is constant. Hence the 
force is proportional to the velocity produced in the unit of mass. 
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ScHOL. Since we know nothing of the nature offerees, we 
can not determine their effects A priori. The foregoing propo- 
sition ought, therefore, to be regarded as depending ultimately 
on observation and experiment. The fact that on the earth, 
which is subject to the double motion of rotation and transla- 
tion, forces are found to produce precisely the same eifects as 
if the earth were at rest, is a confirmation of its truth ; also 
that a pendulum performs its vibrations in the same time, what- 
ever be the direction of these vibrations in reference to an east 
and west line. 

'" 234. If any number of forces act upon a hody in the same 
direction, the velocity imparled to ike hody vnll he equal to Ihs 
sum of the velocities imparted by each. 

Let F, P', F" . . . be any number of forces acting upon a 
body, V, »i', v" . , . the velocities imparted by each respective- 
ly, <p the resultant force, and w the velocity due to <p. 

Then F=Au, F'-At', F"=Au", &c. Since the forces are 
conspiring, their resultant will be equal to their sum. 

.'. F-i-F'+F"-|- &c., =<p=X{v+o' + v"+ &c.). 
But ^=Ak. 
Henca u=v+v' hn''-}' &c. 

235. Phop. If the adjacent sides of a parallelogram represent 
in magnitude and direction the velocities .which two forces, by 
their separate action, would respectively produce in a body, the, 
diagonal of the parallelogram will represent the actual velocity 
produced by their joint action. 

Let AB and AC represent the velocities which Un forces 
Q ,^ P and Q respectively im- 

part to a body placed at 
A, or, in other words, the 
spaces over which the 
body would pass in a unit 
of time by the separate ac-' 
tion of the forces, then AD 
will represent the velocity 
produced by their result- 
ant, or the space orei 
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s ill the unit of lime by the joint action 



ssultant, the velocity due 
llusti-ate the second law 



which the body will f 
of the forces. 

We may assume AB to represent the force P ; then, by ArC. 
333, Cor., 

P : Q-=AB : AC, 
and AC will represent the force Q. Also, Ai-L 21, AD will 
he the resultant R of P and Q. Let x be the velocily due to 
the resultant R, then (Art. 233, Cor.) 

i>:R=AB:x. 
But P:R=AB:AD. 

.-. x=AD, 
and AD being the direction of the i 
to it will have the same direction. 

The two preceding propositions i 
of motion {Ari. 220). 
'■^ 236. Prop. The velocity of a body being given, to find tks com- 
ponent velocities in any directions at right angles to each other ; 
and two component velocities at right angles to each other being 
given, iofi,nd the resultant velocity. 



Let AD represent the velocity v of 
the body in direction and magnitude, 
AS and AY the rectangular directions 
in which the components are required, 
and the angle which AD makes with 
AX. Completing the rectangle, AB 
will represent the velocily a in AX, 
and AC the velocity b in AY. 



Then AB=AD. cos. 0, AC=AD. sin. 0, 

oi" a=v. COS. 0, , b-v. sin. 0. {3&) 

Again, if a and b represent the given component velocities 
in AX and AY, lo find the resultant velocity v we have 

1,= V^^+f\ (40) 

and tan. 9=-, (41) 




as required. 
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■ Cor. Hence velocities may be compounded and resolved 
like forces in sialics. 

'237. Pnop. Two bodies, A and H, describe the same path wilk 
the velocities v and v', and at the commencement of their motion 
, are at a distance a. from each other : to find the time t when they 
will be at a distance h from each other and the position of each 
at the end of that time. 

Taking ihe posilion of A when (=0 for the origin of spaces, 
ihe equations of thoir motions are, by (37) and (3fi), 

^=vt, (a) 

aJid s'=a+v'l'. {b) 

By the conditions of the question, (=('. 
Also s—s'—b or s'—s=b, .: s—s'^±b. 
Subtracting (b) from (a), and putting t=t', we have 
s—s'^vt-~a-v't=^±b. 
a±b 

■■■ ^=^r^- (42) 

Also, from (a) s=vt~v.~ — -, (43) 

1 1- ,1. , , a^b vadzv'h 

and from (h) s'=a+v't^a+v'. — --=-Z — 'L!l U4\ 

v—v' v—v' ^ ' 

CoR. 1. If the bodies move in opposiie directions, u' will be 
negative, and 



Coit. 2. If the time when the bodies are together be required, 
then 6=0, and 



238. Prop. When two bodies A and B move in the circum^ 
ference of a circle with uniform velocities, to determine the cii-- ' 
cumstances of their motion. 

Let V and v' be their velocities, c the circumference of the 
circle, and a the distance apart at the commencement of thp 
time. Then, putting 6=0 in (42), we have 
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UNIFORM MOTION. 

ti=—^~i ~ the time of their first meeting; 

a-rc 
(j,=~j— r ~ " " second " 

( ^ , = '' " third 

r— 11 



.■= °+'-.'> = .. .. „,i, 



and .-a= '''°+°'''r''' = « « B^ 

Cor. The interval between two successive conjunclioiis is 
t^~l^=l'=~^^, (45) 

239. EXAMPLES. 

Ex. 1. If an iron rod have one end against the sun and the 
other resting on the earth, the distance of the sun from the 
earth being 95,125,000 miles, in what time will a blow applied 
to the end on the earth be felt by the sun, the velocity of an 
impulse in iron being 11,865 feet per second ? 

Ans. 490 diiys. 

' Ex. 2. When the earth Is in that part of its orbit nearest to 
Jupiter, an eclipse of one of Jupiter's satellites is seen 16 min- 
utes 36 seconds sooner than it would be if the earth were in 
that part of its orbit most remote from Jupiter, The radius 
of the earth's orbit being 95,135,000 miles, what is the veloci- 
ty of light? 

' ' Ex. 3. The star 01 Cygni is ascertained to be 56,310,996,- 
600,000 miles distant from us; were its light suddenly estin- 
guished, in what time would the intelligence reach us, the 
velocity of light being 191,000 miles ? 

'■^ Ex. 4, Suppose 984 tons of ice lo be floaling directly to the 
cast at sunrise on the 21st of March, with a velocltv of 13 feet 
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per minute, how many grains of light from the sun would be 
sufficient to stop it ? 

Ex. 5. A train of cars moving wilh a velocity of 20 miieii 
an hour, had been gone three hours, when a locomotive was 
dispatched in pursuit, with a velocity of 25 miles an hour; in 
what time did the latter overtake the former? 

Ex. 6. Had the trains in Ex, 5 started together and moved 
in opposite directions around the earth, 24,840 miles, in wlial 
time would they meet ? 

Ex. 1. Suppose it to be 12 minutes past noon by a clock, 
m how long a time will the hour and minute hands of the 
clock be together ? 

Ex. 8. The daily motion of Mercury in his orbit is 4°.09a39 ; 
that of Venus 1°.60216 ; that of the earth C.GSSSS : what are 
the intervals between the epochs at which Mercury and Venus 
respectiveiy will be in t!-ie same direction from the sun as the 
earth ? 

Ex, 9. A man being caught in a shower in which the ruin 
fell vertically, ran with a velocity of 12 feet per second. He 
found that the drops struck him in the face, and estimated that 
the apparent direction of the dropa made an angle of 10° with 
the vertical line. What was the velocity of the drops? 

Ans. 68 feet. 

Ex. 10. When the path of the earth in its orbit is perpen 
(iicular to a line drawn from a star to the earth, the path of the 
light from the star appears to make an angle of 90",445 with 
the perpendicular to the path of the earth. The velocity of 
the earth being 68, ISO miles per hour, wh:it is the velocity 
of light? 
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CHAPTER 11. 

I Jl r A C T OP BODIES. 

240. Def. When two bodies in motion impinge, if their cen- 
ters of inertia move in the same straight line perpendicular to 
a plane tangent to tbe bodies at their point of contact, the im- 
pact is said to be direct and central. 

If the straight line described by the center of inertia of one 
of the bodies is not perpendicular to the tangent plane, the im- 
pact is said to be oblique. 

In the cases discussed the bodies will be supposed, spherical 
and of uniform density. 

241. Def. When the bodies impinge, they exert a mutual 
but varying pressure during the interval between contact and 
separation, an interval of time which is generally very short, 
and. we suppose them to suiFer a degree of compression, by 
which, during a portion of this interval, their centers will ap- 
proach each other, and during the remaining portion will re- 
cede by the action of an internal force tending to restore them 
to their original form. The force urging the approach of their 
centers is called the fo?xe of compression ; the opposing force 
causing them to separate again is called the force of restitution 
or elasticity. The ratio of the force of restitution to that of 
compression is called the modulus of clasticiljj. 

When this ratio is unity, or the force of restitution Is equal 
to that of compression, the bodies s.re perfecthj elastic ; when 
it is zero, or the force of restitution Is nothing, they are inelastic. 
If thevalue of the ratio is intermediate between zero and unitv 
the bodies are imperfectly elastic. 

242. Def. If the bodies suffer no compression, they are call- 
ed hard; if, when compressed, they exert no force to recover 
their original form, they are called soft. 

There are no linown bodies either perfectly elastic or per- 
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fectly inelastic, but these states may be considered as limits to 
the various degrees of elaBticity presented in nature. 

243. Puop. To determine the vtlocity of two inelastic bodies 
after direct impact. 

Since the bodies are inelastic, the force of restitution Is zero, 

and the bodies will move on together with a common veiocitv. 

1°. Let m, and m^ be the masses or bodies moving in the 

^^ same direction with the velocities 

— Q > t), and v^ {v,>v^), and v their 

common velocity after impact. 

li F and F' are the forces which impress on the bodies tlieir 

respective velocities, then (38) 

F=m,v„ and F'~m^v^, 
and their resultant, ¥-]-F'=mjV^+m^v^. 

After impact the bodies move on together as one mass, ana 
its momentum (m^+m^)v must be a measure of the force 
F+F'. 

.-. {m,+m,)v=m,v,+m,v„ 

2°. If the bodies move in opposite directions, the resultant 
of the forces will be F— F'. 

.-. F~F'=m,v,~m,v, = {m,+m,)v, 
m v,—m V 



The same result will be obtained by changing the sign of 
fa in (46). 

I-lence the velocity of two inelastic bodies after impact is 
equal to the algebraic sum of their momenta before impact, di- 
vided by the sum of their masses. 

Con. 1. Jftwo bodies move in opposite directions, with veloci-^ 
ties reciprocally proportional to their masses, they will rest afte^ 
impact. 

For m, : m^=v^ ; v, 

gives m v,=m^V2, 

which, substituted in (47), g'ves d=:0. 
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Cor 2. It ?«^ is at rest before iir oact, v^=0, and 
and if, at the same time, the masses are equal. 
Cor. 3. If the masses are equal, and move in the same di 



I .n opposite directions, 



^ 244. Phop. In the impact of inelastic bodies there is a loss of 
liDing force, and this loss is equal to the sum of the living forces 
.'.ue to the velocities lost and gained by the bodies respectively. 

For the living force before impact ^m^v\-\-m^v% {Art. 224), 
^nd " " " after « =(^,+mjV! 

.". the loss of living force by impact is 
"'.,j;+m,i!^-(CT,+m,)i)'=j7i.iiJ+»j,i,^-2(ffl,+mj}i;'+(m,+»i,}u^ 



(46), 



n,D,+ffl3D^--20Mit-,+m,f,)u+{mi+m,)t" 



which IS necessarily positive, and in which v,~v is tlio veloci- 
ty lost by m,, and v-v^ the velocity gained by m^. 

From this proposition it appears that in machinery made of 
inelastic materials all abrupt changes of motion are attended 
with a loss of living force, by which loss the eflicicncv of the 
Machinery is impaired. 

245. Prop. To find the velocities of two imperfectly elastic 
bodies after direct impact. 

Let m, and m^ be the masses, u, and v^ their velocities be- 
fore impact, and v\, v'^ their velocities after impact. 

The bodies being elastic, will sufTer compression. Let v be 
their common velocity at the instant of greatest compression 
or when the distance between their centers is least. Then the 
velocity lost by m, at this ins'.ant wil be v^-v. 
K 
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Lei e bo the modulus of elasticity, or the ratio of the torce 
of restitution to that of compression. Since these forces are 
pioportional to the velocities they generate or destroy in the 
same mass, the velocity destroyed in OTj by the force of resti- 
tution will be f(D,— t)). 

Hence the whole velocity lost hy ?n^ will b& 

This, subtracted from the velocity of m, before impact, will 
give its velocity after impact, or 

v'=v,-{l+^){v,-v)^v-^iv,-v). {a) 

in like manner, the velocity gained by m^ during compres- 
sion will be v—v^, and the velocity gained by the force of 
restitution e{v—v^). 

Hence the whole velocity gained by m^ will be (i+>^) 
\y—v^). This, added to the velocity before impact, will give 
tiie velocity after impact, or 

<-«. + (!+«) iv-v,)^v+^{v-v,). (h) 

Substitutlii2 in (a) and {b) the value oft; (46), and reducing,', 

As in Art. 243, if the bodies move in opposite directions, we 
must change the sign of ti^, or, if one of ihem be at rest before 
impact, make r^ =0, Also, if we put e= 1, the results wiii be 
those for perfectly elastic bodies, or make e— 0, the result will 
be that for inelastic bodies. 

CoE. 1. If the bodies are perfectly elastic, their relative 
velocities before and after impact are the same. For, making 
£=1 in (fi) and (?j), and subtracting the latter from the former, 
we have 

<-t';=^'=-'',. (50) 

CoE. 2. In the impact of bodies no motion- Is lost. 
For, multiplying (48) by »i,, and (49) by m„, adding and 
reducing, we have 

m■^v\■\-m^v\=m^v^-\■m^v,^, (51) 
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in Which llie first member i. tlio auih of tlioir momenla ,fter 
impncl, and Ihe second member the sum of their momenta be- 
fore impact. 

CoE. 3. If the bodies are perfectly elastic and cijiial, tjiey 
will intercliange velocities by impact. 
For, making >a,=m, and «=I in (48) and (la), ,vo have 
»'.=i(»,+»J-i(»,-»,) = ii. 
»'.=i(i>,+»,)+i(», -».)=»,. 
Coil. 4. The velocity -which one body communicates to an 
Mher at rest, when perfectly elastic, is equal to twice the ve- 
locity of the former divided by one plus the ratio of the masses 
Making in (40) m, = rm„ »,=0, and e=l, we obtain 
, 2a, 

246. Piiop. When, in a series of n ferfealg elastic iodtes 
wime masse, are in geomelrieal progression, Ore frsl impinge, 
directly against tile second at rest, Ihe second against Ihe third, 
and,o on, to find Ihe vehciltj of the nth body. 

Let m, rm, r^m .... r"-'m be the bodies, and a the veloeilv 
of ffi. By Cor. 4, Art. 245, 

Ihe velocity of the second will be ^" , 



third 
fourth 



2_2» 1 2'v 

'l+rl+r'~{I+ry 
„ 2'p 1 2'v 

'Xl+ryi+r^(i+if 

" ,th •■ - a"° 

(l-l-r)""'' 
CoR. 1. The momentum of the nth body is 

2-'ti / 2r \ — 

'• "■■(Thr^-- (,!+;; ■ 

CoK. 2. If the bodies are equal, j-=l,and the velocity of the 
last equals v, the velocity of the first. If ail are in contact ex 
cept the first before impact, all except the last will remain ir, 
contact after impact, and the last will move off with the ve 
locity of the first. 
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24,1. Paof. The molion of the common conlei of i^tavity of 
two bodies after direct impact is the same as before impact. 

Let TJ be the velocity of the common centerof gravity of fiie 
bodies m, and m^, moving in the same direction with veloci- 
ties V, and Ug respectively before impact, and v' the velocity 
of their common center of gravity after impacl. Let a:,, .t:^,, 
X be the distances respectively of the centers of gravity of m , 
and OTg, and of their common center of gravity from any fitted 
point in their line of motion at any instant; x\,x'^,x' ihe same 
quantities after an interval t, so that (36) 







x\=x,+v,i. 








x',=x^+vj. 








x' ^x +i;i. 




(2»), Al- 


ios, 








(' 


i,+»i,)i=»i,a;,+»>,i„ 


(«) 




(' 


«,+m,)F=ra,a;',+(»,i',. 


(6) 



Substituting in (J) the values of a:', x'^, x\ above, and subtract 
ing (tt) from the result, we have 



which is the same as the velocity of two inelastic bodies after 
impact, and therefore equal to the velocity of their common 
center of gravity after impact, since the masses move on to- 
gether. 

If the bodies are elastic, and ti',, f'j are their velocities after 
impact, then 

x\=x^^v\t, 

x' =x +5'i; 
from which we deduce, as before, 

for the velocity of the common center of gravity of elastic 
bodies after impact. Now the denominators of (c) and {d) are 
the same, and by (51) the numerators are equal ; 
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J 4!) 



moil center of gravity is imchanffed 



or .he velocity of the c 
by impact. 

248 SoiioL. This proposition is only a particular case of a 
general principle in Mechanics, denominated the conservation 
of the motion of the center of gravity. The principle consists 
m this, that the mutual action of the several bodies or parts of 
a system upon each other can produce no change in the mo- 
tion of the center of gravity of the entire system. 
_ 249. Def. If a body impinge on a surface, the angle which 
its path, before impact, makes with the perpendicular to the 
surface at the point of impact is called the angle of incidence 
and the angle which its path, after impact, makes with the 
same perpendicular is called the angle of reflection. 

250. Prop. To determine the motion of a smooth inelastic 
body after oblique impact upon a smooth, hard, and fixed plane. 

Let the body m impinge on the plane 
AC at B, with the velocity v, maldntf 
the angle of incidence mB'N^d. 

The component of the velocity v 
parallel to the plane (39) is v. sin. 6; 

and this velocity will not be changed ^ " *•'■ 

by impact, since the body and plane are smooth. The com- 
ponent of V perpendicular to the plane, viz., v. cos. 0, will be 
destroyed hy the plane, and, since the body and plane are in- 
elastic, there will be no vertical velocity after impact. Hence 
the body will slide along the plane with the velocity v. sin. S. 

251. Pnop. To determine the motion of an elastic body after 
oblique impact upon a smooth, hard, and fixed plane. 

Let the body m impinge on the plane - 
RS at B, with the velocity v, making the 
angle of incidence PBN=C. Let PB rep- 
resent the velocity v before impact. Draw 
PB and PN perpendicular and parallel to 
the plane RS. PN-RB-^u.sin.fl is the ^v - . 
component of the velocity parallel to the plane, and is not af- 
fected by the impact. PR=NB-,;. cos. 6, the component of 
\he velocity perpendicular to the plane, will be destroyed by 
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the plane. But the body being elastic, the force of resiitulion 
will give it a velocity s.v.cos.d in the direction BN. Take 
BM=s.ii. COS. 6, BS=j). sin, 0, and, completing the parallelo- 
gram, draw BQ. BQto' is the direction, and BQ the velocity 
of the body after impact. Now 

BQ'=u"=BM=+MQ' 

=e.V COS.' 0+v^ sin.' 



1 given f 



.-. BQ=i;'=uVf.'cos.'0+sin.= e; 

^, MQ PN tan.fl 
also, tan. ,'=^=-^=--. 

Cor. If E— 1, 0=0', and D=ti', or if the body be perfectly 
elastic, the angle of incidence equals the angle of reflection, 
and the velocity is the same after as before impact. If £==0, 
tan.O'— GO, and e'=90°. 

253. Peof. To determine the direction in which a body of 
given elasticity must he pt-ojected, in order that after reflection 
it may pass through a given point. 
^ Let-MB be the given plane, A the 
position of the body before projection, 
D the point through whi^h it is re- 
quired to pass after reflection, and e 
the modulus of elasticity of the body, 
supposed known. 

Draw AMC perpendicular to the 
plane, and take AM:MC^1:e 
Draw C D cutting the plane in E, and join A E. AB is the 
direction in which the body must be projected, and AB, BD 
will be its path. 
Since e.AM^MC. 

MB MB 
E.AM"MC' 

tan.MAB 
or — ^tan. MCB ; 




tan.0 



~=tan.ff. 
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IMPACT OP BODIES. 151 

253. Prop. The modulus of elasticity is equal to the ratio oj 
the- relative velocities of the bodies after and before impact. 

For, eliminating v from («) niid (6) (Art. 845), we have 

254. ScHoL. Bodies suspended by fine cords 'ini mirle t" 
oscillate like a pendulum, acquire velocit es it tl t, lo^\ est po i 
proportional to the chords of the arcs of 
descent, and will rise through arcs whose 
chords are proportional to the velocities 
impressed upon them at the lowest jwint 
of the arcs. Also, if the arcs be small, 
the times of descent will be equal, so 
[hat bodies descending through arcs of 
different lengths will impinge at the 
lowest points. If, therefore, two spher- ^ j o i ' - 
ical bodies of the same material be made to descend. In the 
manner described, through arcs of given length, and the arcs 
through which they rise after impact be measured, the veloci- 
ties i>,, v^, v\, v'^ will be known, and these, substituted in (.52), 
will give e the modulus of elasticity. 

The following table exhibits the results of experiments, per- 
fect elasticity being unity: 



SubEtundeB. j Miiduli. 


Hul,atiin«B. 


Moduli, 






Bell-me 






Hai-d-baked claj- .... 


.89 










Limestone 

Steel, hardened .... 

Cast iron 

ateel, soft 


Ira 

.73 






Clay, ju 




.17 



255. EXAMPLES. 

Ex. 1. Two inelastic bodies, weighing 12 lbs. and 7 lbs. re- 
spectively, move in the same direction with velocities of 8 feet 
and 5 feet in a second. Find the common velocity after impact ; 
also the velocity lost by one, and iVat gained by the other. 

Ex. 2. A mass m[,with a velocity 1 1, impinges on ffij moving 
in the opposite direction with a velocity of 5; by impact m. 
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loses one third of its momentum. What are the relative mag- 
nitudes of m, and m^t 

Ex. 3. w! , , weighing 8 lbs., impinges on m^, weighing 5 lbs., 
and moving in m^'a direction with a velocity of 9; by impact 
Hia's velocity is ti'ebled. What was m^'s velocity before im- 
pact? 

Ex. 4. Two bodies m, and m^ are moving in the same 
straight line with velocities tt, and v^. Find the velocity of 
each after impact when 6m-,~5m^, i'i=7, 'i.Vj + 5v„=0, and 

Ex. 5. Two bodies m, and tn^ are perfectly elastic and 
move in opposite directions; m, is treble of m„, but m,'n 
velocity is double that of m,. Determine their motions after 
impact. 

Ex. 6, There is a row of perfectly elastic bodies in geomet- 
rical progression whose common ratio is 3; the first impinges 
on the second, which transmits its velocity to the tliird, and so 
on ; the last body moves oiF with ^'j the velocity of the first. 
What was the number of bodies "i 

Ex. 7. mj(=3ffig) impinges on m, at rest; m,'s ve!oi-,ity 
after impact is | of its velocity before impact. Required the 
value of E, the modulus of elasticity. 

Ex. 8. Two bodies m^ and m^, whose elasticity is ^, mo-ing 
in opposite directions with velocities 25 and 16 respectJfely, 
impinge directly upon each other. Find the distance between 
them 4j seconds after impact. 

Ex. 9. At what angle must a body whose elasticity is ^ be 
incident on a perfectly hard plane, that the angle made by its 
path before and after impact may be a right angle? 

Ex. 10. A ball whose elasticity is e, projected from a given 
point in the circumference of a circle, after two reJIeclions 
from the interior of the circle, returns to the same point. En- 
quired the angle 6 made by the direction of projection with l/-e 
radius at the given point. 

Ans. Tan. O^-r-^t— . 
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CHAPTER III. 



S5G. By the definition of a constant force {Art. 222), the 
velocities generated in equal successive inlervals of time by 
the action of the force are all equal, and the increment of vc- 
_ locity in a unit of time is a measure of the force. Hence ihe 
velocity is the same at no two successive instants, and, if the 
body or point move from j-est, will increase uniformly, or be 
uniformly accelerated. 

Ey the velocity acquired in t seconds is meant the space 
over which the body would pass in the second next succeed- 
ing the ( seconds if the velocity should remain the same durin'r 
this second as it was at the end of the t seconds ; or the space 
described by the body in the interval between t seconds and 
t+\ seconds, if, at the end of t seconds, the force should cease 
to act. Putting/ for the force, and v for the velocity acquired 
m the time t, we have, as before, 

«-/'. (53) 

257. Paop. To find the space in terms of the force and time 

when a body moves from rest hy the action of a constant force. 
Let/ be the force, and s the whole space described in the 

time t, and let t be divided into n equal parts, each =-. The 

intervals reckoning from the commencement of the time, will 
be 

tB.^^^^ («^1)< nt 

By (53), the velocities at the end of these intervals will bf 
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If now tlie body moved miiformhj during each interval ~ 

n 
witli the velocity it liad at the beginning or end of this interval, 
the spaces desa.-ibed during the intervals respectively, wouJd 
be equal to the product of tiiis uniform velocity by the interval 
(37), and the whole space described would be equal to the sum 
of these partial spaces. 

If, therefore, the body moved uniformly during each interval 



lie velocity it had nt the beginn 


ing of the inter- 


ave 


...f^'~r. 


=/.ii{l+2H-3+, &c (»- 


-1)1. 


f f «(«-!) 




-4-/-S 


( 



Bat if the body moved uniformly during each interval - 

witii the velocity it had at the end of the interval, we should 
have 

-/.S+/-vH-/-f+.*= z-^^+z-f 

=/A(l+8+3+, &c »), 



Since the velocity is uniform during no sensible interval, th5 
true value of s will lie between the two quantities {a) and {b), 
however small each interval may be, or however large n may 
be. But when n becomes indefinitely large the last terms in 
(a) and (b) vanish, and (re) = (?;). 
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.-. s=^/i'aiid sucf. (51) 

Helice the space described from rest by a Dody from the 

action of a constant force is equal to half the product of the force 

hy the square of the number of seconds, and the spaces vary as 

the squares of the times. 

•' 258. Piiop. To determine the space in terms of the force and 

velocity ; also in terms of the time and velocity. 
1°. Eliminating t from (53) and (54), we have 

^=r ■>"«"•• (°=> 

2", Eiiminiiling^f from (53) and (54), we obtain 

s=^vt, or S(xvt. (56) 

(JoK. The space described in any time by a body movmg 
Irom rest by the action of a constant force, is half that it would 
describe in the same time if it moved uniformly with the ac- 
quired velocity. 

For the space s, described in the lirao t, with a uniform ve- 
locity V, is, by (37), 

s,=vt, 
which, compared with (56), gives 
s=is,. 
259. Pjtor. To find the space described by a body in the last 
II seconds of its motion. 

The space described in the time ( (54) is 

s,=ife. («) 

The space desci'ibed in the time (t—n) is 

s,=i <■('-»)• w 

Subtracting (b) from (a), we have, for the space s described 
in the last n seconds, 

3=s,^s^=y{2nt~n-). (57) 

Cor. If the space described in the m seconds next preceding 
the last n seconds is required, we have, for the space s,, de- 
Bcribedinthe timei— (n+m) seconds,Sg=^/(i— re— ni)', which, 
subtracted from (b), gives for the space s required, 

s=Sj-5,=^/(2mi-2ran-m'). (58) 
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2C0. Prop. A body being projected with a given velocity in 
the direction in which a constant force acts, to find the velocity 
of the body at the end of a given time, and the space described in 
thai time. 

By Art. 234, the velocity due to the joint action of the im- 
pulsive and constant forces will be equal to the sum or differ- 
ence of the velocities due to each, according as they act m the 
same or opposite divectionB. If, therefore, u, be the velocity 
of projection, the whole velocity v, at the end of the time t, 
will be 

i>^v,±fL (59) 

In the same manner, the apace due to the joint action of the 
forces will be equal to the sum or difference of the spaces due 
to each, or 

y S=V,t±\fC'. (60) 

26 i. Prop. A body being projected with a given velocity in 
the dii-eclion in which a constant force acts, to find its velocity 
when it has passed through a given space. 

Let s be the given space, and h the space through which the 
body must pass to acquire the velocity v, by the action of the 
constant force. Then (55) 

.;=2//,, 

and for the space {/i±s) 

.■=2/(4±<), 

=2/4±2/s, 

=.;±2/>, (01) 

the signs to be taken as in the last proposition. 
* 262. Prop. When a body is projected in a direction opposite 
to that in which a constant force acts, the velocity acquired in 
returning to the point of departure is equal to the velocity of 
projection. 

If B, be the velocity of projection in tlie direction AB, fren: 
(111) we have 



2/ 



w 
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Now the actual velocity v of the body is continua!- 
.y diminished by the action of the force /, and when 
the body has reached its greatest distance from A, ,is 
B, v=0. Pler'ce («) gives 



¥' 



--Vzfi. 



But the velocity v acquired in movi 
through BA^s is, by (55), 



t 

1 dis- I 



Uoii. I. The velocity of the body at any given 
tance from A is the same in going and returning. 

For in the expression (a), since u, and 3/ are consiaiit, v i; 
always the same for the same value of s— AC. 

If r>r,, s is negative, or on the opposite side of A from B. 

CoE. 2. The whole time of flight T=?^. Making v=0 ii 



(59), we have t~ --, when the body is a 
But, in returning, it acquires the veloi 
Hence the time of return is t~~, 



and the whole time 



2t=T-- 



i^ 203. ScHOL.l. There is no known instance in naturoofaforce 
which is constant. The law of Universal Gravitation is, that 
every particle of matter attracts every other particle with a 
force which varies directly as the mass of the attracting particle, 
and inversely as the square of the distance. A sphere of uni- 
form density, or one whose density is the same at equal distan- 
ces from the center, attracts a body exterior to it as if the mat- 
ter of the sphere were collected at its center, and with a force 
va]-ying inversely as the square of the distance of the body from 
the center, but a body or particle in the interior with a force 
varying directly as its distance from the center. 

ai-ding the earth as a sphere, this is the law of llie -orth's 



./Google 



158 DYNAMICS. 

attraction for bodies extei-Ior to if ; but for all small distancea 
above the surface the intensity of gravity may be considered 
constant, since at a distance of one mile above the surface the 
actual diminution of gravity is only Ti?W' oi' about Ihe 2000th 
part of that at the surface ; a variation too small to affect sens- 
ibly the circumstances of the motion of a falling body com 
puted CO the bvpotliesis that the force suffers no variation at 
all. 

In rcaiity, the force by which a body is drawn toward the 
earth is equal to the sum of the attractions of each for the 
other; but when the mass of the body is inconsiderable with 
regard to the mass of the earth, the effect of the former is in- 
sensible, and the accelerations of all bodies of moderate size 
are the same. Within these limits, then, gravity may be taken 
as a constant or imiformly accelerating force, whatever be the 

'' 2C4. SciioL, 2. Representing the intensity of gravity at the 
surface of the earth, as before, by g, we have, from (54), 
s^^gf, and if i=\, s=\g, or g=%s from which it appears 
that the acceleration is equal to twice the space described in 
the unit of time. It has been found by experiment that Ihe 
space through which a body falls freely in one second in the 
latitude of New York is equal 16.0799 feet, or \G-i\ feet nearly. 
Hence 5-=32.1598 feet, or 32f feet nearly. Hence, also, all 
the relations between the space, time, and velocity due to the 
action of a constant force are true in relation to the action of 
gravity near the earth's surface. Collecting these, and substi- 
tuting g for/, we have the foilowing relations, supposing no 
resistance from the air : 



W=^->, 


(640 


2s ,- 


(53-) 


■0 2s /2s 


(56') 


u 2s v' 


(US') 
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Also, when a body is projected with a velocity v, verliciilly 
upward or downward, (200) and (261), 

s=v,l±ige, (60') 

»•=»; ±2ys. (6F) 

205. E,\AMrLI3S. 

E^. I. Abody iias been falling 11 seconds. Find the space 
described and the veloctiy acquired. 
By (64'), »=te('=16,Lxl21 = 1940jV feet. 
By (53'), v= gt=SH X 11= 353ffeet. 
' Ej;. 2. Find the time in which a falling body would acquire 
■ a velocity of 500 feet, and the height from which it must fiill. 
By (50'), t^^. ™ 

o ,.,,. V 250000 

By (54'), 5==^=-— ^=3880 feet nearly, 

or s=^'i>=iX 15.544X500=3886 feet, as before. 

Ex. 3. What is the velocity acquired by a body in falling 
450 feet ? and if the body weigh 10 tons, what is the momentum 
acquired ? 

Ans. V =170.14 feet. 

M=38ill36]bs. 
Ex. 4. A body had fallen through a height equal to one 
quarter of a mile. What wns the space described by it in the 
last second ? 

Ans. s=975 feet. 

Ex. 5. A body iiad been falling 15 seconds. Compare the 
spaces described m the seventh and last seconds. 

Ex. 6. A body had been falling 12.5 seconds. What ivas 
the space described in the last second but 5 of its fall ? 

Ex. 7. The space described by a body in the fifth second 
of Its fall was to the space described in the last second bnt 4, 
as 1 to fi, What was the whole space described? 

Ans. 5=15958.69 feet. 

Ex. 8. A body is projected vertically downward with a vc- 
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iocltv of 100 feel. What is ils velocity at the end of 5 sec- 
onds"? 

Ex. 9. A body is projected vertically upward with a veloci- 
ty of 100 feet. Find its velocity at the end of 5 seconds, and 
its position at the end of 8 seconds, 

Ans. v=-QO% feet. 
s=^-229^ feet. 

Ex. 10. A body is dropped into a well and is heard to strike 
tlie bottom in 4 seconds. What is the depth of the well, the 
velocity of sound being 1 1 30 feet ? 

Ans. 231 feel. 

Ex. 1 1 . A body is thrown vertically upward with a veloci- 
ty V,. Find the time at which it is at a given height h in it' 
ascent. 

lit be the time required, (CO) gives 

, „ 2v, 2h 

whence t —t-~^-\ — -=0, 



or t =~ -' — ^-. 

g 

The lower sign gives the time when the body is at the 
height h in ils ascent, and the upper in its descent. 

Ex. 12. A body is projected vertically upward, and the in- 
terval between the times of its passing a point whose height is 
h in its ascent and descent is 2i. Find the velocity v of pro- 
lection, and the whole time T of its motion, 

Ex. 13, A body whose elasticity is e is projected vertically 
upward to the height /* above a hard plane, to which it returns, 
and from which it rebounds till its motion is destroyed. What 
's the whole space described by the body "> 
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CHAPTER IV. 



In the preceding chapter we fiave discussed the motion of 
a body by the joint action of a projectile force and the force 
of gravity, when these forces were coincident or opposite in 
direction. We now proceed to determine the circumstances 
, of the motion of a body, when the direction of the projectile 
force is other than vertically upward or downward, supposing, 
as heretofore, no resistance from the air. 

266. Pkop. The path of a body, moving under the joint in- 
Jluence of a projectile force, and Ike force of gravity considered 
as a coTtstant, accelerating force, is a paralola. 

Let II be the velocity of pro- 
jection from the point A, in the 
direction ANY, and ( the time 
m which the body will describe 
AN=!/, with the uniform veloci- 
ty u, if gravity do not act. Let 
AM.=x be the space through 
which the body will fall in the 
time ( by the action of gravity, j 
Completing the parallelogram 
MN, the actual place of the 
body at the end of the time t is j 
P. 

By(37), AN=Sf=i;;; and bv 
(54),AM=NP=3;=i^i'. Elim". x 
inating ( from these two equa- 
tions, we get 




If /i be the space due to the velojity u,or the space througn 
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which the body must fall to acquire the velocity of projectior. 
(55), v'=2gh, which, substituted in (a), gives 

f^^ilix, (62) 

the equation of a parabola referred to the oblique axes AX, 
AY ; and, since 4h is tlie parameter to the diameter through 
A, h is the distance from A, the point of projection to the focus 
F, or to the directrix. 

Cor, The velocity of the body at any point of its ■path is 
that which the body would acquire in falling vertically from 
the directrix to that point. 

For if the body were projected from any point of its path in 
the direction, and with the velocity it has at that point, it would 
obviously describe the same path. Therefore the velocity at 
that point must be equal to that due to one fourth the parame- 
ter to the diametel' at that point, which is the distance from 
that point to the directrix or to the focus. 

■' 267. Prop. To find the equation to the path of a projectile 
when referred to hoi-izontal and vei'tical co-ordinate axes. 

Let V be the velocity of pro- 
jection in the direction AN, 
which makes with AX the 
angle of elevation NAX^a, 
APB the path of the body, 
AM=j;, PM=y, the co-oi- 
dinates of the point P, t the 
time in which the body de- 
scribes the arc AP^ and pro- 
duce MP to meet the ilirec- 
lion of projection in N. 
Then AN ^vt, ^V^lgC, and M^=vt sin. a. 
Also, AM.=x~vi. cos. a, 

and PM =y~vt sin. a—\gt\ 

Eliminating t from (a) and (&), we obtain 










2ii'c 



(63) 



and, substituting the value oiv'=2gk, 
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PROJECTILES. 



y-=xliin.a——r— , Cfiii 

/ ^ ihcos.'a ^^^> 

26S. Dbf. The horizontal range of a projectile is the distance 
AB from the point of projection to the point where it strikes 
the horizontal plane in its descent. The Hme of flight is the 
time occupied in describing APB. The height through which 
the body must fall to acquire the velocity of projection is call- 
ed the impetus, 

■^ 269. Prop. To find the lime of flight of a projectile on a hori- 
zontal plane. 

At the points A and B the ordinate y=0. This value of y, 

substituted in (b). Art. 267, gives 

vts'm. a~^gi'=o. 

. , n J . 2i< sin. a 
■ . t—0, and (=— , (Q^\ 

The former value of ( applies to the point A, and the latter 
(o the point B, which is, therefore, the time of flight required. 
Or, since « sin. a is the vertical component of the velocity, or 
the velocity of projection estimated vertically, if this value of 
the velocity be substituted for w, in (GO), and we make s=0, 
we get, as before. 



'' 210. Prop. To find the range of a projectile on a horizontal 
plane. 

Put j/=0 in (64), and we have 

Q=x tan. a r-^ ; 

^h cos. a 
from which we obtain 
for the point A, x=0, 

for the point B, x=4A sin. a cos. a, 

or AB-R=2Asin.2a, (66) 

the horizontal range required. 
CoH. 1. The horizontal range is greatest when a=45°. 
For in this case 2a=P0°, and sin. 2rt— 1. .-. x=^h. 
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01 the greatest horizontal range is equal to twice the he.ght 
due to the velocity of projection, or twice the distance from 
the point of projection to the focus of the trajectory. 

Con. 2. The range is the same for any two angles of eleva- 
tion, the difference between which and 45° is the same, or for 
(45±0). 

For sin. (90°+2(5)=sin. (O0°~20), 

or sin. 2(45''+9)=sin. 2(45°-^). 

If, thcieforo, we put either 45''+B or 45°— for a In (60), 
the value of R remains the 
same. Thus, if AB be the 
range of a 'projectile when 
the angle of elevation is 45°, 
and APB its path, the range 
AB' will be that due to the 
elevation 45°— 0, for which 
■"■ E' D the .path is APB', and to 

45°+e, for which the path is AP"B'. 

CoR. 3, When the velocity of projection is given, and we 
know the range R. due to the elevation a, we can readily find 
the range R' due to any other elevation a'. 

For R=2hsm.2a, 

and R'=2Asin. 2a'. 

„ sin. 2a' „ 

■■■ " "STil-"- <"') 

CoK. 4. Since the horizontal velocity of a projectile is uni- 
form, the range is equal to the horizontal component of the ve- 
locity into the time of flight, or 

R — f. cos. aX = —2/; sin. 2(1, ns before. 

g g 

" 271, I'lioF. To find the greatest height which aprojectile at- 
tains. 

The greatest height H is evidently the value of the ordinata 
at the middle of AB, or when the time is one half the time of 

(light. Putting i=:!ifLlf in (6)^ _^r^ 267, we have 
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_ if giii.° II '^ v' sin.' a ^if sin.' 



=A sln.° a. (68) 

272. Prop. To find ihe co-ordinates of the point whtre a pro- 
jectile mill strike an inclined plane passing through the point 
of projection, ihe range m the inclined plane, and the time of 
fiight. 

Let y=x tan. (i be the equation -v 
of the line AC, which is the in- 
tersection of the inclined plane, 
with the vertical plane of the 
path of the body. 

Substituting this value of jiin 
(64), we obtain, after reduction, 
for the abscissa of the point C, 

_ 4/ieos. g. sin. (g— /?) 

C0S./5 ' ■ (''^) 

By substituting in (G4) for x, its value y cot. ft and reduci 
we get for the ordinate of C, 




4h. 



cos, a. Bin..a.sin.(a-/3) 



cos.'fi 
, multiply {a) by 



iec. /3=: 



To find AC= 
have 

AC^R'=;. sec, a^ '^''- ""'• "• ^gi'LCgzgJ. 



m 



If the inclined plane cut the path of the projectile below the 
axis AX, (3 will be negative. 

The time of flight is equal to the time of describing the ab- 
scissa AM with the horizontal component of the vulocitv. 
Hence (37), dividing (d) by vcos.a., we get 
_4ftsin.(rt— /?) 
V. cos, /3 ' 
_ 2vsm.(a~P) 

g'.cos.S ■ C^^) 
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273. ScHOL, It has been found by experiment, that if w be 
the weight of a ball or shell, p the weight of the gunpowder 
used in discharging the ball or shell from a niortar, and v the 
velocity generated by the powder, 



^-JfeeL (71) 



=^lfSOO 



274. EXAMPLES. 

Ex. 1. A body is projected at an angle of elevation of 15" 
with a velocity of 60 feet. Find the horizontal range, the 
greatest altitude, and time of flight. 
3000 _ 
^ 64^" 

From (06), R=2A sin. 2«=2/(. sin. 30°=2.A.-J=A^55.96 

From (68), H= A sin.' a. Log. sin. a= 9.4139962 

" = 9.4129962 

h = 1.7478777 

.-. 11^3.7486 " H=.0.573870I 



From (65), T^ . Log. 2c= 2.0791812 

Log. sin. a= 9.412096!; 
a.c. " g= S.4925940 

.-. T=0.96554 " T= 9.9847714 

Ex. 2. A body is projected at an angle of elevation of 45° 
and descends to the horizon at a distance of 500 feet from the 
point of projection. Required the velocity of projection, thp 
Efreatest altitude, and time of flight. 

Ans. V =126.82 feet 
H=125. 

T =5.68 seconds. 
Ex. 3. The horizontal range of a projectile is 1000 feet anfl 
the time of flight is 15 seconds. Required the angle of elev'a 
tion, velocity of projection, and greatest altitude. 

Ans. a =74°.33'.09". 
I) =250.29 feet. 
H= 904.69 " 
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Ex. 4. If a body be projected at an angle of elevation of 
(iO°, with a velocity of 850 feet, find the parameter ,to the 
axis of tlie parabola described, and the co-ordinates of the 
focus. 

Ans. ^=11230.57 feet. 
x= 9725.67 " 
y^ 5615.28 " 

Ex. 5. Find the velocity and angle of elevation of a ball tJia 
it maj' be 100 feet above the ground at the distance of one 
quarter of a mile, and may strike the groond at tiie distance 
of one mile. 

Ans. a=5°AG'.Q-i".G. 
11=921.566 feet. 

Ex. fl. What must be the angle of elevation of a body in 
order that the horizontal range may be equal to three times the 
greatest altitude ? What, that the range may be equal to the 
altitude ? 

Ex. 7. A body is projected at an angle of elevation of 60° 
with a velocity of 160 feet. Find the co-ordinates of its posi- 
tion, its direction, and velocity at the end of 5 seconds. 

Ex. 8. A body is projected from the top of a tower 200 feet 
high, at an angle of elevation of 60", with a velocity of 50 feet. 
Find the range on the horizontal plane passing through the 
foot of the tower, and the time of flight. 

Ex. 9. A body, projected in a direction making an angle of 
30° with a plane whose inclination to the horizon is 45", fell 
upon the plane at the distance of 250 feet from the point of pro- 
jection, which is also in the inclined plane. Required the ve- 
locity of projection, and the time of flight. 

Ex. 10. The heights of the ridge and eaves of a house are 
40 feet and 33 feet respectively, and the roof is inclined at 30' 
to the horizon. Find where a sphere rolling down the roof 
from the ridge will strike the ground, and also the time of de- 
scent from the eaves. 

Ex. II. How much powder will throw an eight-inch shell, 
weighing 48 lbs., 1500 yards on an inclined plane, the angle o" 



./Google 



elevation of the plane being 26" A!,', and that of the monai he 
ing 48''.30' ? 

Ex. 12. Find the velocity and angle of elevation that a pro 
jectile may pass through two points vi-hose co-ordinates arf 
.•K=300 feel, ij=eo feet, x'=400 feet, and y'=iO feet. Also 
find the horizontal range, greatest altitude, and time of fligfiS. 
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CHAPTER V. 




5 I. MOTION ON INCLINED PLANES. 

275. Pnor. To determine the relations of the space, time, and 
velocity when a body descends hy the action of gravity down an 
inclined plane. 

Let the body fall from C down 
the inclined plane CA, whose in- 
dination is a, M be the position of 
the body at any. time t from rest at 
C, CM=s, and d= (he velocity at ^^ 

The force of gravity g, acting in the direction M^, nmy be 
resolved into two forces, one/=^ sin. a acting in the direction 
O A, the other g cos. a acting perpendicularly to CA, and wholly 
ineffective m producing motion ; the body is, therefore, urged 
down the inchned plane by the constant accelerating force 
f^g.Bm.a. 
e of/ be substituted 
V =gt sin. a, (72) 

s~\gfsin.a, (73) 

i>'=^gssm. a, (74) 

from which all the circumstances of the motion may be de- 
termined. 

276. Pkop. The velocity acquired hy a body in falling down 
an mclined plane is equal to that acquired in falling freelv 
through the height of the plane. J ^ J '^'■9 

If s=: AC, the length of the plane, and A=BC. the heisht b\ 
(74), ^ ■' 

«'— 2^.s. sin. a 
=2g.CK 



If, therefore, this vaki 
in (53), we have 
in (54), we have 
in (55), we have 
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whicli, by {53'), is the velocity due to k, the height of the 
plane. 

277. Piioi'. The limes of descent down different inclined pkiTies 
of the same height vary as the lengths of the planes. 

By (73), s^igl^sm.a, 

X. AC, when BC is constant. 

278. Phop. Toftndtherelationsof the space, time, and veloc 
ity when a body is projected down or up an inclined plane. 

Substituting for /, its value, g sin. a, on an inclined pliine, 
in (59), we have v =«,±g-i sin. a, (75) 

in (60), we have s =D,(±^^!'sin. a, (76) 

in (61), we have v'=v\±2gs sin. a, (77) 

which give all the circumstances of the motion of the body. 

379. Peop. The times of descent down all the chords of a cir- 
cle in a vertical plane, drawn from either extremity of a vertical 
diameter, are the same, and equal to that down the vertical di- 
ameter. 

E^ Let AB be the vertical diameter, BD 

and AD any chords drawn from its ex- 
tremities, and DC perpendicular to AB. 
To find the time of descent down BD 
we have, from (73), 

BD=i^i'sm. BDC 
=.^.t^ 
^_3BD' 

3.BA 




./Google 



COKSTKAINBD MO 'J ION. 



=V^ 



which, by (5G'), equals the time down the diameter 
in the same manner, 



1 which we obtain, as before, 



=/ 



2.BA 




280. Prop. To find the straight line of quickest descent fron 
a given point within a vertical circle to its circumference. 

Let P be the given point. ■ Draw the ^ 

vertical radius CA, join AP and produce 
it to meet the circumference at B ; PB 
will be the' line required." 

Join EC and' draw POD parallel to 
AC. Since BC=AC,EOi-PO. 'With 
as a center, and 'radius PO, describe 
the circle PBD, which' will be tarigent to 
the circle C at B. 

Now the time down PB will equal the time down the verti 
cal diameter PD, and the time down every other chord drawn 
from P {Art. 279). But any other chord from P, produced to 
the circumference of C, will be partly without the circum- 
ference of O, and, therefore, the time down it will be greater 
than the time down PB, which is therefore the line of quicl;est 
descent to the circumference of C. 

281. Prop. To find the straight line of quickest descent from 
a given point to a given inclined plane. 

Let A be the given point, AG a vertical 
line passing through this point, and AB a 
perpendicular to the inclined plane BG. 
The line AC, bisecting the angle BAG, 
will be the line required. 

Draw CE parallel to EA, and therefore 
perpendicular to BG. Since EAC=CAB 
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=:ECA, the triangle EAC is isosceles. With E as a centei, 
and EA or EC as a radius, describe the circle ACD, to which 
BCG- will be a tangent. 

Now the time down AC will be equal to the time down AD, 
and to the time down every other chord drawn from A. But 
any other chord of the. circle must be produced to meet the 
plane B6. Therefore the time down any other line, drawn 
from A to the plane, will be greater than ihe time down AC, 
which must be the line of quickest descent required. 

282. Peop. Two bodies are suspended from the extremities of 
a cord passing over a fixed pulley : to determine the circumstances, 
of their motion. 

j^ Let P and Q be the weights of the bodies, of which 

P is the .greater. By (32) their masses are - and — 

respectively. Neglecting, the rigidity of the cord, 
the inertia and friction' of the pulley, if P=Q, they 
will counterpoise, and no motion will ensue ; but 
P>Q, P will descend, and Q rise through equal 
spaces by a force equal to the difference P-Q of 
^ , their weights. But this being a moving force (Art. 
S25), is equal to the accelerating force into the mass 



moved, 


=/( 


g 


1, where/ represents the acceleralin 


force. 
Hence 






f ,'■-« 



This being a constant accelerating force, by substituting ita 
value in (53), (54), and (55), we have expressions for the 
space, time, and velocity. 

283. ScHOL. If the inertia I of the pulley be taken into con-. ' 
sideration, Ig is an additional force to be overcome by the 
difference of the weights, and in this case 



f-S-p.Q 



P-Q 



■P+Q+V 
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This is the formula for Atwood's machine, an instrument fo. 
illustrating the laws of falling bodies. The friction of the pul- 
ley IS reduced by friction wheels, and the rigidity of the cord 
by employing a fine flexible thread. By making the difference 
between P and Q small, the motion is made so slow as to ren- 
der the time, space, and velocity easily determinable. 

§ II. MOTION IN CIRCULAE ARCS. 

284. Prop. When a body descends hy the action of gravity 
down any smooth arc of a circle in a vertical plane, the velocity 
at the lowest point is proportional fo the length of the chord of 
the arc. 

Let a body descend from the point D {Fig., Art. 279) down 
the arc DA. Since the reaction of the cm-ve is always per- 
pendicular to the path of the body, it can neither accelerate 
nor retard the motion of the body. Its velocity, therefore, at 
A will be that which it would acquire in falling throuc^h the 
vertical height CA of the arc. '^ 

Hence, by (55). v'^2gCA 

^o ^ 
~^^AB"- 

ccAD. 
When the arcs are small, the velocities are nearly proportional 
to the arcs, the principle referred to in Art. 254." 

285. Paop. When a body is constrained to describe ike sides 
of a polygon successioely, to find the velocity lost in passing from 
one side to the succeeding one. 

Let AB and ED be two adjacent sides 

of the polygon, m> the angle made by their ^ %- — r-yC 

directions, and v the velocity of the body ^<{/ 

at the point E, In passing from AB to ^^ 

ED some of the velocity will necessarily be lost. Resolvin-> 
the velocity in the direction ED, we have, for the velocity in 
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This, subtracted from the primitive velocily v, wiii give for the 
velocity lost, 



'i=:i>— J) cos, w 
=»(I-oos.») 



3— versin. li 



286. CoE. If the sides of the polygon be increased in num 
ber, the angle w diminishes ; and when the polygon becomes a 
circle, w, and consequently its sine, becomes indefinitely small. 
In this case, versin. vi, small in comparison with 2, may be re- 
jected, and 



But if sin. w is infinitely small, sin.' w is infinitely smaller, and 
the velocity lost 

When, therefore, a point or body is constrained to describe a 
curve, no velocity is lost by the reaction of the curve. 

287. Pitop. If a material point move through one side of a 
regular polygon with a uniform velocity, to find the direction 
and intensity of the impulse which must he given to the material 
point at each angle of the polygon in order that it may describe 
the entire polygon with tlie same uniform velocily, 

^ ^ Let ABC ... be the polygon, nnd let 

the material point describe AB with the 
velocity v in the unit of time. If, when 
at B, no other force act upon the point, 
, it will describe BD=AB in the same 
time. Join DC, and draw BN equal 
and parallel to DC. If, when at B, the* 
point receive an impulse in the direc- 
tion BN, such as to cause it to describe 
BN in the same time that it would describe ED, the point will 
describe »he diagona BC, the succeeding side of the polygon. 
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in the same lime. But since BC=BD, the velocily in BC is tlia 
same as that in AB, and tiie point will describe the two adjacent 
sides with the same uniform velocity. Now, since the trian- 
gle BCD is isosceles, BDC=ECD=CBN. But ABN=BDC ; 
.-. ABN=CBN, and EN bisects the angle ABC. Hence the 
direction of the impulse will pass through the center of the cir- 
cumscribing circle, and, if similar impulses be applied at each 
of the angles of the polygon, the point will describe the entire 
polygon, with the original velocity unchanged. 

To find the magnitude of the component force BN=/, let r 
he the radius of the circle ; and, since BN is perpendicular to 
tiie chord AC, 



and /=BN-^ 

But BC=AB is the space described in the unit of time, i 
therefore represented by v. Hence 



or, Ihe intensity of the impulse is equal to the square of the ve- 
locity in the polygon divided ly ihe radius of the circumscribing 
circle. 

288. CoR, The force which must continually urge a material 
point toward the center of a circle, in order that it may de- 
scribe the circumference with a uniform velocity, is equal to 
the square of the velocity divided by the radius. 

Since the reasoning in the proposition is independent of the 
number of sides in the polygon, the sides of the polygon may 
be increased in number, and the frequency of the impulse in- 
creased in the same ratio, without affecting the relation of the 
intensity of the impulse to the velocity in the polygon. But 
when the number of sides becomes infinite, or the polygon be- 
comes a circle, the impulses will no longer be successive, but 
an incessant action of the same intensity. 

The force is, therefore, a constant accelerating force, and 
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/=7- _ (79) 

If the mass of the body be taken into consideration, the 
moving force (Art. 225) will be 

F=mf=^. (80) 

It is obviously immaterial whether the body be retained in 
'is path by the reaction of a smooth curve, or by an inextens- 
ible cord without weight, by which it is connected with the 
center of the circle. F will be a, measure of the resistance of 
the curve in the one case, and of the tension of the cord in the 
other. 

289. Def. The force which constantly urges a body toward 
the center of its circular path is called a centripetal force. The 
tendency which the body has to recede from the center, in con- 
sequence of its inertia, or the resistance which it offers to a de- 
flection from a rectilinear path, the resistance being estimated 
in the direction of the radius, is called a centrifugal force. 

290. Prop. To discuss ike circumstances of the motion of a 
body constrained to move in a circle by the action of a central 
fire. 

1°. When the masses are equal, by (79), 

If r be constant, 

fccv'; 
or, when a body moves in the circumference of a cirde by 
means of a cord fixed at the center, the tension of the cord, or 
l/ie centrifugal force, will vary as the square of the velocity. 
2°. If u be constant, 

or, if equal boaies describe different circles with the same ve- 
locity, the centrifugal forces will be inversely as the radii of the 
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3". Let T :e \\i^ periodic time, or time of one recoitition. 
Then (37) «T=2»r, 

CO). =/r. 

■■■ f^^fT, (SI) 

or, iAe centrifugal force varies directly as the radius of the circle, 
and inversely as tile square of the periodic time. 
4°. If 1" a r', by substitution in (81), 

yr, when the squares of the periodic times are as the cubes ol 
the distances from the center, the centrifugal force will be in- 
versely as the square of the distance. 

5^ If w be the angle subtended by the arc described by the 
body in the unit of time, w is called the angular velocity. As- 
suming for the angular unit the angle whose arc is equal in 
length to the radius, v=r<^. Substituting this value of v in 

m, 

f=r^'; (82) 

or, the centrifugal force varies as the product of the radius and 
(he square of the angular velocity. 

G°. If in each of the above cases the masses be not the same, 
the centrifugal forces will vary directly as the masses in addi- 
tion to the other causes of variation. 

The foregoing principles admit of a very simple and satis- 
factory illustration by means of an instrument called the whirl- 
ing table. 

291. Piioi>. To find the relation of the centrifugal force in a 
di-cle to the force of gravity. 

Let h be the height due to the velocity v which the body 
has in the circle. By (53') v''=2gii. This value oU\ substi 
luted in (70), gives 

M 



./Google 



^r 

f 21 

or ■_—— , 

g r 

Hence trie centrifugal force is to the force ifgrxvily as twice 
the height due to the velocity in the circle is to the radius of the 
circle. 

Cor. iff=g, r=2h, 

or, in a circle whose radius is equal to twice the height due to 
the velocity in the circle, the centrifugal force is equal to the 
force of gravity. 

292. Prop. To find the centrifugal force at the equator. 

By (81), /=^. 

The equatorial radius R of the earth is 39S2.6 miles =20,922,528 
feet. 7r=3.14I5926. And, since the earth revolves on its axis 
in 0.997269 of a day, T=0.997269X8C400'^86164'. These 
values, suhstituted in the ahove, give 

/=0.in255feet. 

293. ScHOL. Since the force of gravity g at the equator has 
heen found to be 32.08954 feet, if G be the force of gravity on 
the supposition that the earth docs not revolve on its axis, then 

g=G-f. 
G=g+f. 
-32.08954+0.111253=32.200795, 
f ' 0.111255 1 , 

""* 6= 32.200795 =281) """•'y- f*^"' 

or the centrifugal force at the equator is — ^ the force of 

gravity. 

294. Pkop. To find the time in which the earth must fevolvS 
on its axis, in order that the centrifugal force at the equator 
may equal the force of gravity. 

Let T' be the required time, and/' the corresponding ceii 
trifugal force. From (79) we have 
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But in this case R=R', and/' is to become equal to G. 
••/■G-p:p. 

or T"=:?-T^— — T- 

a"'^ T' =^T nearly. 

Hence the eartli must revolve in— th of its present period. 

295. Piiop. The centrifugal force diminishes gravity at dif- 
ferent places on the earth's surface in the ratio of the square of 
the cosine of the latitude. 

Regarding the earth as a sphere, from 
which it differs but very little, let EF be 
the axis, AC=Il the equatorial radius, B 
any point whose latitude is the arc AB, 
measured by the angle ACB^^, and 
BG=R' the radius of the parallel of lati- 
tude passing through B. Let the centrif- 
uga! force at B, which acts in the direc- 
tion GB, be represented by BD. 

By (81), BD=i^. 

Resolving this in the direction of the vertical CZ, opposite to 
that m which gravity acts, and calling this component/', we 




But R'==R COS. (p. 



r, 4Tr'R 
'■J =-jr-cos.'(ft, (S4) 



m which the coefficient of cos.' is constant for all latitudes. 
Hence f a: cos.' <b. 



./Google 



/"' being tLe diminulici of gravity by tlie actio.nof tlie centrit 
ugal force. 

The latituiSe of MiddJefown being 41°.33'.10", the centrif- 
ugal force/', in a vertical direction at this place, will be found 
to be 

/= 0.062305. 
If this be added to the observed gravity g'=32.16208, we shall 
nave for the whole gravity, undiminished by the centrifugal 
force, 

G'=g-'+/' =32.224385. 

296. CoR. Resolving the centrifugal force at R in a dlrec 

lion perpendicular to the radius CB, we have 

4Tr=R 
f'=Gd=~iyi^-- COS, 4> sin. *, 

2tt^R . 
= sin. Zip. 

If, therefore, the matter of the earth were susceptible o! 
yielding to this component of the centrifugal force, it wouid 
necessarily cause the earth to deviate from a spherical form. 
The fluid portions of the surface are therefore urged toward 
the equatorial regions, thereby increasing the equatorial diame- 
ter and diminishing the polar. If the solid portion did not also 
partake of the same general form as the fluid, we should ex- 
pect to find vast equatorial oceans and polar continents, with 
polar mountains far exceeding the equatorial in height. But 
the actual distribution of the waters and mountains on the sur- 
face of the earth is widely different. The amount of deviation 
from a spherical form, which the earth must take from the ac 
tion of the forces developed by its motion, will depend in part 
on the law of variation of its density from the surface to the 
center. By measurement the equatorial diameter is found to 
exceed the polar about 26 miles. The ratio of the difference 
of the equatorial and polar radii to the equatorial radius, calleiJ 

the compression or dlipticity of the earth, is about ^---. 

297. Prop. To find -he centrifugal force of tki moon in its 
orbit. 
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Let R be the radius of the earth, nR the mean radius of the 
moon's orbit, aod P the periodic time of the moon in seconds. 
Then the velocity of the moon will be 

_27mR 
V -^. 

This, substituted in (79), gives, for the centrifugal force, 

/-- p^. (a) 

If the earth were an exact homogeneous sphere, the intensity 
of gravity would be the same at all points on the surface. Be- 
ing a spheroid, differing little from a sphere, the theory of at- 
traction of spheroids shows that it is necessary to use the in- 
tensity of gravity at a latitude f, of which the sine is the V|- ; 
whence 0=33°.15'.52". Supposing the compression of the 
earth to be 0.00334, in the latitude <6, 

R=20897947 feet. 

To find n, conceive two lines drawn Irom the center of the 
moon, one to the center of the earth, and the other tangent to 
the earth at the equator. The angle made by these lines at 
the center of the moon, and subtended by the equatorial radius 
of the earth, called the moon's equatorial horizontal parallax, 
is found by astronomical observations to be at a mean 57'.!". 
This angle, when subtended by the radius of the earth in the 

latitude of 35M5'.52", is fl-=56'.57".33. Now -— ^ sin 7r=- 
nil n 

from which we find n=G0.36I2. P=23605S5'. These values, 
substituted in (a), give 

/^ 0.00894. 

298. CoR. The moon is retained in its orbit by the gravity 

of the earth. For, since theinlensity of gravity is inverselv as 

the square of the distance from the earth's center, its intensity 

g' at the moon may he found by the proportion 



ff-.g'- 



■R''7t'R"' 



The intensity of gravity in the latitLide of 35='.I5'.52", i 
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diminished by ihc centrifugal force of (iie earth in its diurna. 
motion, is 

g=32.34538. 
Subslituiing fur n imd g their values, we find 
^'=0.00885. 
The difference between/ and g' is less than one ten thousandth 
of a foot, a difference which may be attributed to errors of ob- 
servation. 



5 III. PENDULUM. 

299. Def. a simple pendulum is a material point suspended 
by a right line, void of weight, and oscillating about a fixed 
point by the force of gravity. The path of the point is the arc 
of a vertical circle, of which the fixed extremity of the line is 
the center. 

300. Pkop. To Jind die force by tcldch the pendulum is urged 
in the direction of its path. . 

■ Let M be the material point suspend- 
ed from C by the line CM. When re- 
moved from its vertical direction CM 
to the inclined position CIH', gravity 
will cause the point to descend and de- 
scribe the arc M'M, Resolving the 
force of gravity g in the directions 
M'B and M'T, parallel and perpen- 
dicular to the radius CM', the com- 
ponent g cos. 0, in the direction of CM', 
3 counteracted by the fixed point C. The component g 

sin. 9, in the direction of the tangent M'T, will be the only 

effective force to produce motion. Hence the anceJerative 

force is 

f=gBm.e. 
LetCM=/, the length of the pendulum aiiif th( arcM'M^.i 

tile semi-arc of the vibration ; then s=I&. 




Willi 



■•■/= 
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But -when ilie 
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s is small compared 


witji I, 


the cube s.mi 


higher 


powers 


"7 


may be neglected, ar 


id 







M' 



or liie force varies as the distance from the lowest poinl 
measured on the arc. 

301. PitoF. When a body is urged toward afixedpoint by u 
force varying directly as its distance from that point, the times 
of descent to that point from all distan<.es will be the same. 

For the space described will obviously depend on the in- 
tensity of the force and the time of its action, or will be meas- 
ured by the product of the force by some function of the time. 

Hence s=f.'p(t). 

Since s varies as/, let s=nf, n being the constant ratio of the 
space to the force ; then, by substitution, 

» = «()! 
or the function of the time is the same whatever be the dis 

tance, and, in the case of the pendulum, n—-. {85). 

302. ScHOL. It will be shown hereafter that the time of de 
scent to the center of force, or the point toward which the 

force is directed, is always equal to ;j\/-i when ft Is the ac- 
celerating force. In the case of the pendulum, p=-t, and we 

shall have, for the time of dt.scent to the lowest point, or the 
time of a semi-vibration. 
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When the material point has reached its .owest p03 tioo, its 
momentum will cause it to rise on ihe other side of the vertical 
line ; and, since its velocity at the lowest point will be ihat due 
to the vertical height fallen through, and the force will require 
the same time to destroy the velocity that was required to 
generate it, the whole time of a vibration will be 



V n- 



(86) 

As the circumstances of the material point at the end of the 
time T are the same as at the commencement, it will then per- 
form another vibration in the same time, and so continuing, all 
its vibrations will be isochronal. 

It should be recollected that these results are obtained on 
the supposition that the arcs of vibration are small. 

303, Pkop. To discuss the circu/n stances of the vibration ot 
different pendulums. 

1°. Since in (86) tt is constant, 

or, the time of vibration of a pendulum varies directly as the 
square root of the length, and inversely as the square i-oot of the 
accelerating force. 

2°. If g be constant, which is the case in the same latitude, 
and at the same elevation above the surface of the earth. 

T a Vl; 
or, ilte time will vary as the square root of the length. 

3°. If I be constant, or the Jength of the pendulum remain 
Ihe same, then 

Vg 
or, the time of a vibration will vary inversely as the squaru root 
efthe intensity of gravity. 
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, If T be constant, since 



or, the lengths of pendulums vibrating in ike same time vary as 
the accelerating force. 

304. Cor. Hence the force of gravity in different latitudes, 
and at different elevations above the surface of tlie earth, will 
vary as the length of the pendulum vibrating seconds. If, 
therefore, the length of the seconds pendulum be ascertained at 
various places on the earth, we shall have the relative intensi- 
ties of gravity at those places. Since these intensities of grav- 
ity at different places are dependent upon the figure of the earth, 
they will serve to determine it. The pendulum, therefore, be- 
comes an instrument for ascertaining the form of the earth. 

305. Pkop. The lengths of pendulums at the same place are 
■mva-sely as the square of the number of vibrations performed 
by each in the same time. 

Let N and N' be the nuinber of vibrations performed by 
each respectively in the time H. Then the duration of a vibra- 
tion by each will be 

T=5„dT'=S. 



Hence 
Also, 



n fH I^ " 



(87) 



306. SciioL. To determine experimentally the length of the 
seconds pendulum, or a pendulum which will oscillate 86400 
times in a mean solar day, let a clock, the length / of whose 
pendulum is required, be regulated to vibrate seconds. Sus- 
pend in front of the clock a pendulum of known length l'{l'<_l), 
and observe the exact second when the two simuhaneously 
commence a vibration. As the vibration of /' will be moie 
rapid than that of I, count the number of retums to coincidence 
of vibration in a period of five or six hours ; and, finally, note 
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tlie exact second of the simultaneous termination of a vibra 
tion. If now to the -whole number of seconds N shown by the 
clocli, there be added twice the number of coincidences of 
vibration, we shall have the number N' of vibrations of /'. 
These values, substituted in (87), will give the 'ength /of the 
seconds pendulum. 

The length of the seconds pendulum in the latitude of New 
York has been determined to be equal to 
39'°-. 10163= 3^25847. 

307. Prop. To find the value of g, the measure of the inlensitij 
of gravity. 

From (86), we deduce 

Making T=l, and using the length of the seconds pendulum 

above, we find, for the value of ^in the latitude of New York, 

g= 385'\91 83= 32"-. 1 598. 

308. Prop. To find the correction in the length of a pendulum 
which gains or loses a known number of seconds in a day. 

Let / be the length of the seconds pendulum, ?i=86400, 
y-= ibe number of seconds gained or lost in a day, and x= the 
corresponding correction in the length. 

By Art. 305, and recollecting that a diminution of length 
corresponds to an increase in the number of vibrations, 

n' : (n+yy=l-x : /, 
ii'om which we deduce 



2ny-\-y'' 



■.h 



n'+Zny+y' 
', as small in cnmparison with '2ny, 

•iy+J 
I 



m 



•ay 

Hence, dlmdi' Iht kugth of the seconds p'ni!uhm by one plus 
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the ratio of the number of seconds in a day to twice the gair^ or 
loss, and ike quotient will he the correction in the length. 

X wili have the same sign as y, 

309. Prop. To determine the rate of clock when carried to a 
given height above the surface of the earth. 

Let N=86400, N'= the number of vibrations in a day when 
the clock is carried lo.the height h above the surface of the 
earlh, and r= the radius of the earth. The length of the pen- 
dulum remaining the same, 

^g ' ^g' N ' N'' 

11 
But g •■ £" — -; ; . , .,; ■ 

.-. N : N'=r+A : r, 
... r'N 



r+n 



h 
N— N', the loss in a day, is the rate of the clock. Hence, 
divide the number of seconds in a day by one plus the ratio of 
the radius of the earth to the height, and the quotient will be the 
rate. The quantities r and h must he in the same denomina- 
tion. 

310. Cor. If the loss in a day by a seconds pendulum be 
determined by observation, we may find the height to wliich 
it is carried, for (89) gives 

311. Def. a body suspended by a cord and performing 
revolutions in a horizontal circle is called a conical pendulum. 

312. Prop. To detennine the motion of a conical pendulum. 
Let /— the length of the cord AP, fixed at A and attached 

to the hod V at F,FC=r the radius of the circle which the body 
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describes with the uniform veloc- 
ity V, m= the mass of the body, 
and the angle PAC^O. Sines 
the body is in the same circum- 
stances at each point of its path, 
the forces acting upon it must be in 
equilibrium. These are the ten- 
sion t of the cord in the direction 

PA, the centrifugal force/=— , 

in the direction CP, and the 
'veight of the body mg downward. 
Resolving h'^rizontally and vertically, we liave 




t cos.6—mg~0. 
From (?)), we have the tension in the eord. 



w 
m 



Eliminating t f 



cos, 6' 
1 {,,) and (6), 



^ COS. 6' 
Tiie time I of performing one revolution ii 
2Trr 



„ //cos.e 

^ g 

313. Dr. Bowditch, in the second volume of his Iransiatiou' 
of the Mecanique Celeste, gives the following formula for com- 
putiiig the length / of the seconds pendulum in any latitude <p 

/=A-j-wsin.'^, 
in which A~39.01307in. and (J=0.20644in. 
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314. EXAMPLES. 

Ex. ]. The length of an inclined plane is 400 feet, its height 
250 feet: a body falls from rest from the top of the plane. 
What space will it fall through in 3| seconds^ in what lime will 
■t fall through 300 feet? and what velocity will it have when it 
arrives within 50 feet of the bottom of the plane ? 

Ex. 2. The angle of elevation of a plane is 25°.30'. A bodv, 
in falling from the top to the bottom, acquires a velocity of 450 
feet. What is the length of the plane ? 

Ex. 3. The length of a plane is 340 feet, and its elevation is 
■ 36°. Determine thai portion of it, equal to its height, which a 
body, in falling down the plane, describes in the same time it 
would fall freely through the height. 

Ex. 4. A body descending vertically draws an equal hod_v, 
35 feet in 2^ seconds, up a plane inclined 30" to tlie horizon 
by means of a string passing over a pulley at the top of the 
plane. Determine the force of gravity. 

Ex. 5. The time of descent of a body down an inclined 
plane is thrice that down its vertical height. What is the in- 
clination of the plane to the horizon? 

Ex. G. If a body be projected down a plane inclined at 30" 
to the horizon with a velocity equal to sths of that due to the 
vertical height of the plane, compare the time of descent 
down the plane with that of falling through its height. 

Ex. 7. A given weight P draws another given weight W 
up an inclined plane of known height and length, by means of 
a string parallel to the plane. When and where must P cease 
to act that W may just reach the top of the plane ? 

Ex. 8. Divide a given inclined plane into three parts such 
that the times of descent down them successively may he 
equal. 

Ex. 0. At the instant that a body begins to descend down a 
given inclined plane from the top, another body is projected 
upward from the bottom of the plane with a velocity equal tc 
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that acquired in falling down a similar inclined plane n lime, 
its length. Where will they meet? 

Ex. 10. A ball having descended lo tlie lowest point of a 
circle through an arc whose chord is a, impels an equal ball 
up an arc whose chord is b. Find e the modulus of elasticity 
of the halls. 

Ex. 11. Determine that point in the hypothenuse of a right 
angled triangle whose base is parallel to the horizon, from 
which the time of a body's descent in a straight line to the 
right angle may be the least possible. 

Ex. 12. Two bodies fail from two given points in the same 
vertical line down two straight lines to any point of a curve in 
the same time, all the lines being in the same vertical plane. 
Find the equation of the curve. 

Ex. 13. 193 oz. is so distributed at the extremities of a cord 
passing over a pulley, that the more loaded end will descend 
through 3 inches in one second. What is the weight at each 
end of the cord? 

Ex. 14. If an inelastic body be constrained lo move on the 
interior of a regular hexagon, describing the first side with a 
uniform velocity in one second, find the time of describing the 
last side. 

Ex. 15. A stone is whirled round horizontally by a string 
2 yards long. What is the time of one revolution, when 
the tension of the string is 4 limes the weight of the stone ? 

Ex. 16. What is the length of a pendidum which oscillates 
twice in one second? 

Ex. 17. A seconds pendulum, carried to the top of a mount- 
ain, lost 48.0 seconds in a day. What was the height of the 
mountain ? 

Ex. 18. The length of a pendulum vibrating sidereal sec- 
onds, being 38.926 inches, what is the length of the sidereal 
day? How much must it he lengthened that it may measure' 
mean solar time ? 
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CHAPTER VI. 




315. I'eop. When a rigid body, containing a fixed axis, u 
acted upon by a given force in a plane perpendicular to that 
axis, to determine its motion. 

Let the annexed figure be a section of the 
body by a plane perpendicular to the axis at 
C, and the given force F act at B, in the direc- 
tion AB, at a given distance from C. If v be 
the velocity which (he force P can impart to a 
mass M when free, 

F-Mr. 

When the force acts on the body, each parti- 
cle is constrained to move in a circle whose center is in the 
axis through C. If w be the angle made by the body from the 
action of the force in a unit of time, the linear velocity of any 
particle m will be rw, and its momentum f=mrbi. The mo"- 
ment of this force, in reference to the axis through C, is 
rf^mr^i^. The moment of any other particle will have the 
same form, and hence 

rf+r'f'+, &c., =mr'w+m')-"«+, &c., 
'^'" 2;.r/"=S.m)-'(J=u2mr', 

since <,} is the same for each particle. 

But the moment of F is j-F-Mu.CB, and, as the former is b 
measure of the effect of the latter, 

w2.mr'=Mii.CB. 
Mu.CB 

_ Thus, if the body consisted of two particles m and m' at the 
distances r and r from the axis, and the force F would impar' 
to m, when free, the velocity v, then the angular velocity 
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and ihci linear velocity cf m will be 



If the Iwo particles 
the axis, then mr^=-m 



i equal, and al equal distances Iroiij 



Con. If the body were in molioii before the force acted on 
it, then the change of angular velocity will be given by (91). 

316. Def. 7'/te moment of inertia of a rigid body about an 
axis is the sum of the products of the mass of each particle by 
the square of the distance of that particle from the axis. 

Thus, if m be the mass of a particle of a rigid body, r its 
distance from a fixed straight line, S.mi-^ is the moment of in- 
ertia of the body about that line. Thedelinition given above 
is to be regarded as a verbal enunciation of this analytical ex- 
pression, which has required nomenclature by the frequency 
of its occurrence in dynamical investigations. 

317. Peop. The moment of inertia of a body about any fixed, 
axis exceeds its moment of inertia about a parallel axis passing 
the center of gravity, by the product of the mass into the square 
of the distance between the axes. 

Let m be a particle of the body, and let the 
plane mCG, passing through m, cut the two 
axes at C and G. Through the axis at G 
pass a plane perpendicular to CG, intersect- 
ing the plane of the figure in AB. Let* 
mC=r,mG=r„aTidCG=h. DrawmFper- 
pendicular and mB parallel to AB. Then 

according as the angle mGC shall be obtuse or acute. Hence 
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r'=2.mr;+;i'Sn±242.ni.GD. 
iVovv, siiico Iho plane through the axis at G passes throu.rl, 
the center of gravity, by (29), ° 

I'.in.GD=I.»i.P»,=o. 

M being the whole mass of the body. 

318. SoiioL. Assuming k, such that Mh^~l.mrl wc have 
2.m-"=M(i"+4-). 

Mi- is the moment of inertia of a body about an Mis through 
.he center of gravity, and 1VI(7,H4') is the moment of inertia 
about a parallel axis at a distance It from the former. The 
moment of inertia about ony axis will, therefore, bo easily de- 
termined when the moment of inertia about an axis through 



-, the determ- 



the center of gravity is known. Since 4==— 
IVl 

ination of* will, in general, require the aid of the inteiTal cal- 
culus. " 

The length Ve+h' is called the radio of gyratwn about 
the axis considered, and, similarly, i is called the radius of 
gyration about an axis through the center of gravity. Since 
i is the least value of Jk'+h\ it is sometimes called the piin- 
cipal radius of gyration. 

319. Paop. If ahody onillatc aloul a fued horizonlal axis 
nolpasstng through its center of grmily, there is apoint in the 
nglit hne, drawn from the center afgraoily perpendicular to the 
axis, whose motion is the same as it mould be if the whole mass 
were collected at that point and allowed to vitrate as a pendulum 
about the Jived axis. 

Let the horizontal axis he perpendicular to 
the plane of the iigure at C, G be the center 
of gravity, CA be horizontal, and GA vertical. 
Then, if M be the mass of the body, and v the 
velocity which gravity can impart to the body 
if free in each instant of lime, the moment of 
N 
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gravity will be Mu.CA. By Art. 315, Cor., tAe change of an- 
gular velocity produced in each instant of time is 
_ Uv.C\ 
S.mr' ' 
Produce CG to some point and draw OB vertically, meeting 
CA in B. Now, if the whole mass of the body were collected 
at 0, the moment of inertia of the body would be M.CO^ and 
the change of angular velocity in the same instant of lime 
would be 

,_ Mp.CB 
"~M.CO'' 
But the position of the point being arbitrary, CO, and there- 
fore CB, will vary at pleasure. We may, therefore, put 
S.rar' : M.CO'-CA : CB=CG : CO, (./) 

which gives 

CA _ CB 
X.mr'~M.CO" 

that is, the change of angular velocity is the same in the two 
cases, and, therefore, the motion from rest will be the same. 
S20. Con. The point maybe found from (a), which elves 
P„_ ^-"r' _ M(t'+;.-) 
M.CG^ M,4 

= !•+-■ (»« 

321. Diir, The point is called the center of nscillation of 
the body with respect to the axis through C, It is thus do- 
fined : when a rigid body moves about a fixed horizontal axis 
under the action of gravity, in the straight line drawn through 
the center of gravity perpendicular to the axis, a point can be 
found such that, if the mass of the body were collected there 
and hung by a thread from the axis, the angular motion of the 
point would, under the same initial circumstances, be the same 
with that of the body, and this point is called the center of 
oscillation of the body with respect to the axis. 
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322. Cou. Her.ce, when a body makes mall oscillations 
abont a lined horizontal axis, it is only necessary t> calculate 
the value of the expression lt+j^=l, and the time of a small 
oscillation will be ^\/-, (86). 

323. Dsp. A body of any form suspended from a fixed axis, 
abont which it oscillates by the force of gravity, is called a 
compound pendnhm. 

324. Paop. The cenla; of oscillation and sumnsion are eon- 
veriible. 

Let h' be the distance of the center of oscillation from the 
center of gravity, when 4 is the distance of the axis from the 
center of gravity. Then, by ('92), 



so that if A' be the distance from the center of gravity to the 
aiis, /. will he the distance from the center of gravity to thij 
center of oscillation, and a body will oscillate in the same time 
about an axis, through the center of oscillation, as it oscillate, 
about the original axis, the extent of vibration being the same. 

325. Cor. 1. If in a straight line through the center of gravity 
perpendicnla, to the axis of motion, points be taken at distances 
4 and 4' from the center of gravity, and on opposite sides of it, 
then the length of the equivalent simple pendulum is 4+4' ; so 
that the time of vibration about the axes through each of these 
two points is the same, and the length of the equivalent simple 
pendulum is in each case the distance between the two axes 
tach of these points is the center of oscillation in reference to 
the other as a center of suspension. 

326. Cor. 2. From (03), we have 

44'=*'; 
or, (4« principal rudius of gyration is a ,man proponimal /.,■ 
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tween the distances of the centers of oscillation and sus]>c.hsjc.u 
from the center of gravity. 

327. Cor. 3. Since h : Vk'+h'= V!c+k' ■.k+-^= CO, vm'm- 

h 

fer that the distances of the centers of gravity, of gyration, and of 
oscillation from ike axis of motion, are continued proportionals. 

328. ScaoL. The convertibility of the centers of oscillation 
and suspension was employed by Captain Kater in finding the 
length of a simple pendulum vibrating seconds, and consequent- 
ly the force of gravity at the place of observation. 

A bar of brass one inch and a half wide and one eighth of an 
inch thick was pierced by two holes, through which triangular 
wedges of steel, called knife edges, were inserted, so that the 
pendulum could vibrate on the edge of either of these as an axis, 
resting on two fixed horizontal plates of agate, between which 
the bar was suspended. The axes were about 39 inches apart. 
Weighls were attached to the bar and I'endered capable of 
small motions by screws, by which means the position of the 
center of gravity of the bar could be changed. These weights 
were so adjusted by trial that the time of a small vibration 
through an angle of about 1° was the same when either knife 
edge was the axis, so that each gave the center of oscillation 
belonging to the other. The distance of the knife edges was ob- 
tained by placing the pendulum so that the edges were viewed 
by two fixed microscopes, each furnished with a micrometer of 
ascertained value, and afterward placing a scale of known ac- 
curacy in a similar position under the same microscopes. This 
method, combined with that referred to in Ai-t. 306, served to 
determine the length of the seconds pendulum, and thence the 
force of gravity. 

329. The relation of the simple to the compound pendulum 
will be illustrated by one or two examples in which the prin^ 
cipal radius of gyration is supposed to have been previously 
determined. 

Ex. ]. A material straight line vibrates about an axis per- 
pendicular to its length : required the length of the isochronal, 
simple pendulum. 
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Let 2a be the length of the line, and h the distance of the 
point of suspension from its center of gravity, which is its mid- 
dle point. The radius of gyration of a straight line about an 
axis through Its center of gravity, perpendicular to its length, 

'^ Vs' . ''^'"'^^ ^^^ radius of gyration is a mean proportional 
betweea the distances of the centers of oscillation and of sua- 
pension from the center of gravity (93), 

h 3h' 

and {Art. 325), l=h+h'=h+^ 

'ill 

r. Let the point of suspension be at the extremily of tlie 
line, in which case h=a. 

Then h'=-\a, 

that is, the center of oscillation is two thirds of ils length below 
the axis of motion. 
2° Let h~\a; then 

'"I'l /=f.2fl, 

the same as before. Hence the time of a small vibration is 
the same, whether the line he suspended from one extremity, 
or from a point one third of its length from the extremity. 
This also illustrates the convertibility of the centers of oscilla- 
tion and of suspension. 

or, when the center of suspension is three eighths of its lengln 
from one end, the center of oscillation is one sixth of its length 
below the other end. 

4°. If7i=-.0, /i'^cc, 

an-^ /=(»; 

or, when the center of suspension is at the center of gravity, 
the length of the equivalent simple pendulum is infinite, and 
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therefore the time of one vibration is infiiute. Thia is obvious, 
also, from the fact that, when the line is suspended from the 
center of gravity, no motion can result from the action of 
gravity. 

Ex. 9. A sphere being made to oscillate about a given axis : 
required the length of the equivalent simple pendulum. 

Let r be the radius of the sphere, and /* the distance of the 
axis of motion from its center. The principal radius of gyra- 
tion of a sphere is ry/l. 

Hence h'——;-. 

5/1 

1°. Let h=?; or the spnere vibrate about an axis tangent to 

ils surface. Then 

and l=r+?,r; 

or, the center of oscillation is two fifths of the radius distant 

from the center of the sphere. 



3°. IfA-lOr, 


"'=25' 


and 


'="•''+£■ 


3=. Uk^ir, 


h'=Sr, 


and 


l=2r+p 


or, the center of 


oscillation is witlioiu [he sphere and at a dis- 


tance r from the 


surface. 



330. Since {Art. 316) the expression for the r 
ertia of a system consisting of a finite number of points is S.mr'. 
?7i being the portion of the mass which is at the distance r from* 
the axis of rotation ; when the number of points becomes in- 
definite, the espression will evidently become /rVM, rfM be. 
ing an element of the mass at the distance r. 

Hence {Art. 318), MA'=/rWM. {a) 
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We shall now illustrate the method of deleniiiniiig M/i' in a 
few simple cases. 

Ex. I. To find the moment of inertia of a straight lino re 
volving about an axis perpendicular to it at any point of it. 

Let the axis be at a distance a from one end and h from the 
other, and let r be any distance from the axis ; since the thick- 
ness and density of the line are supposed to be uniform, eacl 
may '■■i taken =1. 

Hence {a) ia+h)ie=fr'dr=^^+c, 

and tliB integral being taken between the limits —a and +'). 

If a=6, or the axis be at the center of gravity, we have, foi 
»he principal radius of gyration, 



f= 


= V3' 




!«•= 


Ma\ 


_3 



and 

whatever he tlie thickness and density of the line. 

Ex. 2. To find the moment of inertia of the circuraferenco 
of a circle about an axis perpendicular to its plane through its 
center. 

In this case M=2Trr, and since all the points are at the same 
distance from the axis, r is constant. 

.-. M/£'=/rVM=</yM=27:r=, 
and k~r. 

Ex. 8. To find the moment of inertia of a circle about an 
axis through the center perpendicular to its plane. 

Putting a= the radius of the circle, its area will be Tra", and 
at a distance r from the axis the area will be ^r". Hence, in 
this case, dM=2TTrdr and 'Mh'~T;a''k'=2'^/r'dr=l~>-'=l'^a', 
when ?■—«, and 
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Ex. 4. To find the moment of ineilia of ihe circumferencf 
of'a circle about a diameter. 

Takiug the proposed diameter for the axis of ;r, the distance 
of any point (x, y) from the axis of rotation is y. 

From the equation of the circle, y''=a^~~x'', we find 

■ ^ y 

.'. r'clM=y^dM=aydx, 
ana Mk'=^2-rrak''=afydx=^aX area of circle==-a\ 

■■ ~ V'2' 

Ex. 5. IV find the moment of inertia of a sphere about a 
diameter. 

Let the axis of rotation be the axis of x, and conceive the 
sphere to be generatsd by a circle of variable radius, y, wliose 
center moves along tiie axis. By Ex. 3 the moment of this 
generating circle is i77y\ Hence the whole moment will be 
the sum of the moments of the generating circle in all ils post 
tions. 

.-. Mk' = ^7rfy'dx. 

But y'=a'~x\ .: Mk'-=i7rf{a'~xydx, 

and this integral, taken between the limits +a and —a, is 

But M==4ra'. .-. k=aVj. 
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CHAPTER VII. 
3Si. T„B melhods employed in the prececliog chapleta to 
determme (he motion of a body are partial in their application 
and hmited to the .implest case,. When the force is variable 
or the motion of a body is due to the action of several forces' 
varying, m direction as well as in intensity, with the varvin" 
position of the body, some more general method is required" 
Wo now proceed to show, to a limited extent, how the circum- 
stance, of the motion of a body or point, in such cases, may be 
determined. In order to this the fundamental formute will 
need some modification and extension. 

' 332 By Art. 214, variable velocity at any instant is meas- 
ured by the limit of the ratio of the space to the time, that is 
trom the natm-e of the differential coefficient, it is the ditTeren- 
tiaUoefficieot of the space regarded as a function of the timo 

ds 

In like manner, it appears from An. 2S3, that the force, when 
variable, ,s measured at any instant by the differential coeffi. 
eiont o( the velocity regarded as a function of the time Hence 



[VIII.] 



dv 

From [VII.], by differentiation, we obtain 

dt~dt'' 
d's 

••• *=5F- fix. I 

From [VII.] and [VIII.] we obtain, by eliminating ,S, 
vdl>=<|^ds. [X.J 
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333. If a free point at rest is acled on by a single force, or 
forces whose resultant is equivalent to a single force, the mo- 
lian must be entirely in the direction of that force, and may at 
once be determined from [VII.] and [VIII.]. But in order 
that we may integrate these expressions, the law of variation 
of the force must be given as a function, either of the space, 
time, or velocity; and as the intensity of a variable force 
would depend on the position of the body, the force is natu- 
rally and generally given as a function of the distance of the 
body from some fixed point. 

In order that we may obtain an exact expression for the 
value of the force at any variable distance, its value at some 
given distance must be known. This given distance is most 
conveniently assumed as the unit of distance, and if ft be the 
intensity of the force at this unit of distance, it is usually called 
the absolute force. 

If, then, the force be given to vary as the n"" power of the 
distance x from the fixed point, we have 

'p=lix\ (94) 

We shall first consider the case of a constant force, for the 
purpose of showing with what facility the calculus enables us to 
determine the relations of the time, space, and velocity, although 
these relations have already been deduced in chapter III. 
'' 334. Pkop. To determine (he space described by a point acted 
on by a constant force in terms of the time, the velocity of the 
point in the direction of the force at the commencement of the 
time being given. 

The velocity due to the action of the force in the time t is, 
by [III.], 

where ^ represents the velocity generated by the force in Ihe 
unit of time. 

If «i be the given velocity, or the velocity when the time 
commences, we have, for the whole velocity, as in (59), 
v—v,±<pt. 
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Substituting this value of v m [VIL], we fiave 
ds=v ^dt±4)tdt, 
and, integrating, 

in wiiich c is an arbitrary constant depending on the position 
of the point when i=Q. 

If the space be reckoned from the position of the point when 
(=0, then c=^0, and 

s=v^t±\,pt\ (60). 
rf the point move from rest, r,=0, and 

s=l<pt\ (54). 
Ail the other relations are readily deduced from these. 
335. Phop, To determine generally the velocity of a particle 
moving in a right line to or from a fixed point by the action of 
a variable force. 

By [X.], vdv=(pds ; 

or, measuring the line on the axis of x, 
vdv^^dx. 
Hence, by integration, 

v-'=2f<pdx+c ; (95) 

and if the force varies as some function of the distance x, the 
integration may in genera! be effected. 

If the motion is toward the fised point, dx will be negative ; 
if from it, positive. 

To determine the conslant, we must know the velocity at 
some given point. 

''^336. Prop. To determine generally the time of the motion. 
Prom [TIL] we have at once 

'=/?+'■■ (»») 

and since v is determined by (95) in terms of x, the integra- 
tion may in general be effected. 

To determine c, we must know the position of the particle 
at some given time. 
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337. Pkop. To determine the' velocity of a parLide atlraded 
to afixedpoinl hy a force varying directly as the distance of the 
particle from thatpoint. 

Assuming the axis of x in the direction of ilie motion, m-\^ 
the origin at the center offeree, by (94) we have 

the sign being negative, because the force which is directed to 
the origin tends to diminish the distance x. 

Substituting this value of ^ in (95), and integrating, we get 

V'=C—IJX^. 

If a bo Ihc distance of the particle from the origin when thc 
motion commences, when x=a. v=Q. Hence 

"lit' v'=ii(d'-x-'}, 07) 

from which it appears that x can not pass the limits ±o. 

338. Cob. Since the force by which a material point, at 
liberty to move along a perforation from the surface to the 
center of the earth, varies directly as the distance from the 
center, (97) will serve to determine the velocity of the particle 
at any distance x from the center. 

In this case, if a=r, the radius of the earlh, and g the force 
of gravity at the surface, /^ will be found from the proportion 

Hence -D'^-Cr'—x') 

As this velocity must be spent before the particle stops, if we 
make v=0, we get x=r, or the particle will go to the opposite 
point of the earth's surface. 

339. Prop. To find the lime when the farce varies directly as 
tile distance. 

From [Vn.], we have dl=— 



integrate this, ]et x=a sin. Q, whence a"- 
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Vft «c 



Ileucc e= ^ii{t~c), 

aii<J 3;=(ii. sin. Vii(i—c). 

Supi^iose the lime to commence when the ]: 
origin, or a;=:0; then 



0=~«.sin. v'/.t-c 





.-. (=-=.0. 


i!x=a, si 


n.O^I, and 0=1- or |-, &c.. 


ond 


V,. Vp 


from the eoi 


nmeiicement of the motion. 


Ifj:=-a, 


tin. 0= - 1, and 6={» or J.7, &c., 


and 


Vp • Vp' 



(«) 



T=.^^, (08) 

imd this is true whether a be largo or small. Compare irt 
302. 

Cor. I. When a particle is attracted lo a fixed point by a 
force varying directly as the distance, the time of descent to 
that point will bo the same for all distances. 

CoK. 2. The time of descent to the center of the eaitli. in 
which case ,ii— -, is 
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=21'.5".8. 
Cue. 3. Let S be the center of forcD, AS=a 
the distance of the particle at the commence- 
ment of motion, P the position of the particle al 
any instant, and ( the time of describing PS— a;. 
On AS describe a quadrant, and draw PQ per- 
pendicLilar to AS. Then 

.: QSB=eandQB=«.S. 
By (87), f= V^. v'^^^^= VlI.VQ <z PQ, 

■//i V,tt " vel. atS ^ 
When the Darlicio is at A, arc BQ, becomes BA = i77a, 
and '.^T'=— ^ 

340. Prop. To dtiermine the velocity when a particle is at- 
tracted by a force varying inversely as the square of the distance. 

In this case (04), ^= fix-\ 

j.nd [X], vdD=—iix~'-dx. 

Integrating, «'= 2^-'+c. 
If r;=0 when x=a, c=~2fta~'. 

.: v'=2iL{x-'-a-'')=2,i'~. (99) 

341. Con. Since the intensity of gravity above the earth's 
surface varies directly as the mass of the bodv, and inverse- 
ly as the square of its distance from the center, (99) wiil 
give the velocity of a body faihng from any height to the 
snrface. When the body arrives at the surface x^r, and 
since /I : g=~-r; ■ —,. h=gr\ Hence 

v^=2gr.^^^. 
!fc = 0D, v^ V2gr=G.9i28 miles. 
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•rom which it appears that the velocity can nevei equal seven 
miles, and if a body be projected upward with the above ve- 
locity, supposing no resistance from the air. it would never i-f- 
turn. 

If we make x=0 in (99), 

T!=co ; 
or the velocity at the center would be infinite if the same law 
offeree continued. 

342. Prof. To find the time when the force varies inurseh 
as (he square of the distance. 

We have, from [VII.], 

—dx ~dx 

dt=— 



ViuJJ -J, 



By adding ^adx. to the numerator, and then subtracting^ the 
same quantity from it, we have 






.dx~xdx 



2iiJ i(«^"~a^')'-^versin.- 



When /— 0, x^a, and versin." 



'=©'!(- 



\2iiJ i'."-<'--^")"+g('^-^'eism.-'~J j . {100) 
Con. I. If a:=0, we have 



8/. " • 
or the square of the time of falling to the center varies as the 
cube of the distance. 

Cob. 2. On AS^a describe a semicircle, and draw PQ per- 
pendicular to AS. Then PQ= ^/ax-'F\ arc AQS = ^™, arc 

SQ^SC.A SCQ=^ versin.--. 
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Ilencc die time througii AP is, by (100), 
(= (1^) >Q+ arc AQS- arc QS) 

If SQ be produced to meet in R a tangent at A^ 






. by (90), v=0y.Ali^AR. 
Wlien P coincides witli S, AR is infinite. 

343. Peop, To find the velocity and time when the force varus 
mverselt/ as the cube of the distance. 



In this cose, 


<p^- fix-', 




■nd [X], 

Integrating, 

But when x=a, v=0; 


vd\i=~ii:c~'dx. 




and 


"'- K^~'~a-% 




r)r 


.- Va-'-x' 
^ ax 


(101) 


By [VII.], 


, ~dx. « -xdx 
V Vji Va'—x' 




Integrating, 


t^-?^.Va'-af+c. 




\Vhenx=a, (=0; 


.: c=0, 




and 


,=^.v«--.-. 


(103) 


Ux=Q, 
the time to the center 


)f force. 




CcK. (See FiV., ^r( 




T- 
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§ il. CL'KVILIWEAR MOTION OF A FREE POINT. 

344. If several forces in diiTerent directions in tlie samo 
plane act anlmuathj on a material point, it will have a result- 
ing motion at any instant, whose direction and rate must be de- 
termined by the relations belvreen the directions and intensi- 
ties ol the forces which act upon il. The motion may or may 
not be rectilinear, and, in order to investigate the circnmstances 
of the resulting motion generally, we shall employ the method 
of resolution to two rectangul.ar ales, as in Statics, using X 
and Y, instead of I.X and Z.Y, to denote the sums of the re- 
solved forces. 

345. Pnop. 71 daamine,generalhj, the motion of a. mint act. 
cd upon by any numtier of Jorea in the same plane. 

Resolve the forces in the direction of two rectangular axes, 
and let X and Y represent the sums of the resolved forces in 
each axis, s and y being the co-ordinates of the position of the 
pomt. The point may be regarded as acted upon by the two 
forces X and Y, independently of each other. Hence, by [IX.], 

W' ^=w (">■■>) 

If A tepresent any small element of the path of the point, by 
[VII.], ^ will represent the velocity of the point in its path. 
Hence, if a and U represent the angle, which ds makes with 
the aies, the velocities in the direction of the axes (30) are 
ds dx ds (Jo 

S-="-«=S'2-'=°^-'5=i- (104) 

Such are the general equations by which the motion cf a 
point in a plane may be determined. 

340 If the velocity is given, we must, by resolution, obtain 

he velocity in each axis, and thence, by dilTerentiation, the 

lorce in each axis, and, by composition, the resultant force 

may be determined. 

If the forces are given, we may, by integration, find the ve 
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locity in eacli axis, and thence, by composition, the velocity oi 
the point in its (rath. 

If the path is required, each of equations (103) must under- 
go two integrations, at each of which operations a constant 
must be introduced. The constants introduced at the first in- 
tegration will depend on the velocity of the point when the 
time commences, or at some given time ; those introduced at 
the second integration will depend on the position of the point. 
We thus have two equations involving the co-ordinates x and 
y and the time (, and, by elimination of (, an equation between 
the co-ordinates will be obtained, which is the equation of the 
path of the point. 

347. Pitop. To determine the velocity nf a point in its path. 
The velocity may be found as above indicated, but the fal- 
lowing is the preferable method. 

Multiply the first of equations (103) by 2dx, the second by 
•idy, and, adding the results, we have 

The first member of this equation is the dlfierential of 
dx^+dy''^ds''_^ ^ 
~~d{' ~^~^' 
Therefore, integrating, we find 

v'=2f{^dx+Yd>j)-\-c. (105) 

348. CoR. If this expression X(/a:+Y(^^ is integrable, the ve- 
locity may be found, provided we can correct the integral, or 
know the velocity at some given point. 

Thus, if the expression is a differential of the co-ordinates 
of the position of the point, so that its integral is a function of 
these co-ord in rites, or 

and if 71, is the velocity at the point whose co-ordinates arc a 
and b, so that 

v\=2f{a,h)-\-c; 
then o'-v\=2f{x, i/)-2f(a, h). 

Hence it appears that the velocity acquired by the particle 
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in pcissing from one point {a, h) to any other (x, y) is ihc 
some, whatever be the curve described between these points, 
Kmce the change of velocity is independent of the co-ordinates' 
of any intermediate point. 

349. Prof. The expression Xdx+Ydy is alivays inte'^rabk 
whenever the forces are directed to fixed centers, and their iniens. 
ity is a function of the distance from those centers. 
Let F, F, . . . be two forces directed to fixed centers, 
" a,h,a^,h,hQ the co-ordinates of the centers, 

x,y.... be the co-ordinates of any position of the 
particle, 

'■'''i ■ ■ t-e the distances of the particle from tiieeen^ 
ters, 
a,(i,a„(i^ be the angles which r and ?-, malje with 
the axes. 
Resolving F parallel to each axis, we have for the com- 
ponents 

F.cos. a, F cos. /3. 

But cos. a=^— - and cos. 13=^^. 

Hence the components are 

The other forces may be resolved similarly. 
Therefore the expression 

Xdj:+YJy=F (^^^dx+'^) 

Bat .■•=(j:_„).+(j,_i,)., 

iind, by diflercntintion. dr=^^^dj;+^^di/. 

Similarly, J,-,=^d^+'Jzhd,,. 

.: Xifc+Y<Jj,= F<i,'+F,*-,. ' 
Ind Slice, by hypothesis, each ft;ce F k a funclion af the dis- 
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taiice 7-, eacli of the terms of the second momber of the equa- 
tion is an exact differential, and therefore the first is a.^o. 

In the same manner, the reasoninj; may be extended to any 
number of centers of force. 

350. Prop. To determine the motion of a point acted upon by 
a force directed to a fixed center. 

Assuming the fixed point as the origin of co-ordinates, let F 
be the force, whether a single one or the resultant of several, 
and r the distance of any position of the particle from the cen- 
ter, called the radius vector. 

Multiply the first of equations (103) by y, and the seconii 
bv X, and subtract the former from the latter. This gives 

^^/ =xY-i/X. (100) 

Resolving F in the direction of ilie axis, we 

lave X=F^. Y=fK 

Multiplying the first by y, and the second 
py X, and taldng the difference, we get 

Therefore the first member of (lOG) is zero, and since it is the 

,^ , „xdy~7/dx , . . , . 

Iifferential of — ^—r^ — , by integration we obtam 

at '' ° 

''y—yd ^x ^xdy — ydx _ 
~de ^ It ^ '^' 
nr xdy-ydx=cdt. (107) 

Let 6j be ihe angle made by r with the axis of x ; then 
x^r COS. w, {a) 

y=r sin. oj; {h) 

also, (7a;=cos. ui/r— r.sin. oi.rfu, (c) 

dy—sm. i^dr-\-r cos, u.du>. {d) 

Multiplying (c) by Qj), and {d) by {a), and subtracting, we 
get 

xdy-~ydx=rd(^~cdt. 



/= 
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But |rV<j is the differential of the area of a plane curve re- 
.erred to polar co-ordinates. Hence llie ratio of the element 
of the area to the element of the time is constant, and the area 
described by the radms.vector in any time is proportional to the 
time. 

By integrating lrd<^=lcdt, we have for the area described 
in any time 

A=^c;, (109) 

and if (=1, we have c^2A, 

or the constant c h tu-ice the area described in the unit oi 
time. 

351. Prop. Conversely, if a material point describe by Us 
radius vector around a fixed center areas proportional to the 
times, the force is directed to that point. 

When the radius vector describes areas proportional to ■■"'■> 
times, we have (107) 

xdy—ydx 

■ •^. ~C. F\^ 

Differentiating, ue get I \^-^ 

di' ^ M \ 

. (106) a:Y-yX=(l, 

»»il X : Y=i : ,j. 

Hence the forces X and Y, which are parallel respectively 
to the co-ordinates x and y of the point P, are proportional to 
these co-ordinates, and the rosultanl PR of X and Y most late 
the direction of PS, which is the hypolhenuse of the right-an- 
gled triangle PIMS, in whie6 PlM=y and SM=i 



^ ^.w ^..i.j, ,,, niueii ±iyi=y anO DlH=:X. 

As an application of the general equations of motion of a free 
point (103), we may take the following cases. 

352. Puor. To determine the motion ofafcdM mom?igfrom 
the action of an impulsive force. 

Since, after the action of the impulse, the point is abandoned 
to Itself, there are no accelerating forces acting on the point, 
and we hnvs ^inq\ 



and we have (103) 

S=x=o,g'.y.„. 
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214 , dyna:ii]c^. 

I . ■■ '^^ ^'1 

mlegratm", —-—v,,-i-=v„; la\ 

u, and v^ being constants, added to complete the integral. 

Compounding these velocities {Art. 230), we have for the 
resLiIfant velocity 

'd.v'+di)' 



.^v/^ 



The velocity is therefore uniform, 
Itilegrating equations (a), 

llio constants Sj and s^ being the co-ordinates of the poiutwlieii 
the time commences. 

Eliminating t from equations (b), we have 



the equation of a straight line. 

Hence the path of the point is a straight line and the motion 
uniform, which accords with the first law of motion. 

353. Prop. To determine the mol ion of a project He acted upon 
hy gravity regarded as a constant force. 

In this case, taking the axis of .-c horizontal and that of y vei- 
lical, (103) give 

Multiplying by dt, and integrating, 
tb:_ di/ 
dt^'"" 'dt^'''~^^- 
Multiplying by dt, and inlegrating again, we have 

x=v,t+S„ jj=v^t-yt'+s„. (a) 

But if the point of projection be at the origin of co-ordinales. 
and t be reckoned from the commencement of motion, s, and* 
will each be zero. Putting v^=av,, s,=U, s^~0, and elimi-* 
nating t from the equations («), we get 



Compare this with { 
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351. Peop. To deiermlna the velocity nf a point moving on a 
^iven curve. 

If a point is constrained to move on a curve, the reaction of 
.he curve will be a new force normal to the curve, and may 
be resolved in the direction of the axes and combined with the 
other components, as in Statics, A}-t. 77. 

Let N be this normal force, a and fi the angles which the 
normal makes with the axes, and X and Y the sums of the 
components of all the other forces in the direction of the axes. 

Resolving N in the same directions, we shall have from (103) 



(rx 



;^-X+N c 



But cos, G— sin. P;m=+— -, sl 
he motion in the direction iV, : 
. - -n -^^ 




.■.S^x«.| (») 

IMiilli plying (a) by 2±c, and (b) by 2(/y, and adding 

2dxd''x+2dyd''y 

-^^^-^-^=2(K.dx+Yd2f). 

The first member is the differcntinl of 
dx'+di/'^ds-_ „ 
dl' ^~d('~^ ' 
Whence, integrating, 

v' - %f(K.dx + Ydij) + c. (110) 

Cob. 1. Since this result is exactly the same as that obtained 
fyr unres'.i'ained motion (105), we may conclude. 
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1°. Thai, if no accelei'ating force act ai: the point, or X— 
find Y=0, its velocity will remain constant, and be not at all 
retarded by the action of the curve. See Art. 284. 

2°. If any accelerating forces do act on tfie point, the veloc 
i'ty is independent of the curve on which it is constrained to 
move. See Art. 286. 

Con. 2, If the accelerating forces are al! parallel, they may 
be assLimed parallel to the axis of .r, and in this case (liO) be 
conies 

v'=2f1dx-\-c. (Ill) 

CoE. 3. If in this last case the force, or resultant of the forces, 
is constant, and equal to/, we have 

where the upper or lower sign is to be used according as the 
force tends to increase or diminish x. 

If the distance of the point from the origin, x=a, when n— 0, 
c-2/«, and 

v-'=2f{a-x); (112) 

and since only the ordinates on the axis of x are involved, the 
velocity of the point on the curve depends not on the curve de- 
scribed, but on the difference of the ordinates on the axis of 3:. 

355. Pnop. To find the time of motion of a point on a givei. 
curve. 

In all cases [VII.]. dl=—. 

Hence, when the nature of the curve And the velocity at any 
point of it is known, the value of u being found from (110) anc" 
substituted in that of dt, the time may be found by integration 
Cor. If the forces act in parallel lines, and their resultant n 
constant, by (112) 

dt= , =. (113) 



350. Vrov. To fnd the reaction of the 
Multiplying (a). Art. 354, by ■^, one 
ing the Jatfer from the former, we get 
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as as audi 



Eliminating dt by ihe equation, i 



^dx ^-!ij ^ ■Jy d\r-<h d'ii 
dsdt 
_ds 
"dt' 
y'^'J , I dyd''x~dxd-y 
ds ' ' ds' 

But if () be the radius of the osculating circle, 
ds' 
diid''x—dxd'y 

— Y COS. /3— X COS. *!H — ' 
P 
The first two forms of this valne of N are equal and opptK 
site to the forces X and Y resolved in the direction of the nor- 
mal. They give, therefore, the pressure on the curve due tc 

the action of these forces, while the other term — is tiie rcac- 

f> 
tion of the curve or pressure due to the motion. 

Otherwise. If we suppose no accelerating forces to act on 
the point, (hen X and Y are each equal to zero in («) and (i), 
An. 354. Hence 

Jdx'+df\ _ {d-xr-^id-'yy 

\ ds' J dt* 

or, eliminating d£ by the equation dl= — , 

ds'' 
But the coefficient of V is the reciprocal of the radias of 
cnrvalure when s is the independent variable. 

.-. N-^ (114) 

Compare this with (79). 

As an application of the formulcc >f constrained motion, wc , 
may take the following i-.ases; 
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357. Prop. To determine the motion of a hodij descending by 
the force of gravity down the arc of a vertical circle. 

r. To find the velocity. Formula (1 12) applies to this case, 

. __, and if A=SA be the height from which the 

i\- A / body at P descends, and x any distance from 

X^ y^ the lowest point onSA,the axis ofjr.wehavi: 

" v= V2g{h-z). 

When x=0, we have for the velocity at the lowest point, 

vvliich is the snme as that due to the vertical height /(. 
2°. To find the time, we have from (113) 
ds 



dt= 



X) 

The equation of the c 





^■^^{h- 


ciuclc 


is 


f= 


-■2ax~ 


dxf= 


{a—x 


lax- 



^.dx'+dy''=dx-'{l+^~^^ 



2ax- 
. ds= 



This, taiien negative, because the arc is a decreafii 
tion of [he time, and substituted in the above, gives 
dx 



dl= ;=.■ 



■>f'J.g ^{k-x)i^iax--x:') 

^ ^2^ ' ^/~{hx-x') {2a- x) ' 

a_ (2a—x)-idx 

~~ V2g' Vhx-x" 
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Expanding (I— -j by the binomial theorem, wc have 

—x"d.K 
Tluis tlie terms to be integrated are of the form ■ 

^hx-x' 
the exponents n being natural numbers beginning with 0. Per- 
forming the operations and taking the integral between the 
limits x~h and x~0, we find 

-iv1.-a)'.(i;)-a-DXi)VGi=)xi.)v. 

If A be small, the first term will give an approximale value 
for the time, viz.. 



'v/J 



Otkerwhe. If in {n) x be rejected as small in comparis' 
with 2a, the erpjalion reduces to 





/« dx 
"' W}W»x-x- 




,-...-^/|.versi.-^+c. 


But i=^0 wher 


1 1= J ; 




.-. .=iVf 


and 


<=JV'|(-v»-.in.-f). 


and when 3:— 0, 


'=i'\/i (S=o(s<i))- 



35s. Prop. To determine the motion of a body descending by 
gravity down the inverted arc of a cycloid whose base is hori- 
xontal and axis vertical. 

The cycloid being inverted, let the origin be at l!ie icwesi 
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point, the axis of -c being vertical, and that of y horizontal 
Let tlie axis AB^2u, AM=3r, PM=?/, and AP^s. 

g The velocity, as in the preceding propo. 



h being the abscissa of the point K from 
which the boay begins to descend. 

The differential equation of the curve, referred to the vertex 
iis the origin, is 



d^^^df^dx--^ {}^^. + '^W 



.: ds=dx\/ -^. 

Subsliliiting this value of (7s with its proper sign in [VIL], 

we find 

/«" dx 
dt^~\/ -.—===. 
V g Vhx—x 

hi , . 2x\ 

Inteffratinp, (=\/ — .(-— versm. -;-]i 

° ° V ^ ^ /i /' 

and therefore for the time of descent to the lowest point, where 



'-'s/r^T <"=> 



CoR. The time ( being independent of the abscissa h, will be 
ihe same, from whatever point in the curve the body begins to 
descend ; ia this respect difTering from the motion in circulai 
arcs. On account of this remarkable property the cycloid is 
called tautochronal. 

359. SciioL. The property of tautochronism which attaches 
to the cycloid was supposed to give peculiar advantages to a 
pendulum made to oscillate in this curve. The method of ac- 
complishing this is naturally suggested by the property of the 
nvolutes; and as an evolute of a cycloid is another equ.il cy- 
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cloid, wi, Iiave only to take two equal semicycloids and plact 
the eslremities of their bases contiguous in 
the same hori?:ontal line as in the figure. 
If we then suspend a body at the point S, : 
common to the two semicycloids, by a flexi- 
ble string equal in length to either semicy- 
cloid, or, which is the same thing, to twice ■'^ 

ihe axis, and make it oscillate between the two, it will generate 
the involute, or another equal cycloid. 

The constant change, however, in the center of motion 
arising from the contact of the string with the two curves or 
checks, which changes a!so the relative velocity of the different 
parts of the vibrating body, renders this contrivance, although 
beautiful in theory, yet useless in practice ; independently of 
the difficulty of obtaining a string sufficiently flexible, and of 
ensuring accuracy in the plates. 

Vibrations, therefore, in small circular arcs, which are at the 
same lime also most natural, have been adhered to in practice, 
and it has been shown (Art. 302 and 300) that, as long as the 
arc is small, these vibrations have all the advantages of the 
vibrations in cyclolda! arcs. 

§ IV. MOTION OF A POINT ACTED UPON BV A CENTKAI. FORCK 

360. The case of a point revolving in an orbit by the action 
of a force tending to a fixed center is of sufllcient importance 
to justify a distinct discussion, especially as the formulfe are 
suscepUble of considerable simplification, when the force is 
given as a function of the distance from the center. The fun- 
damental equations 

are components of the force in two rectangular directions 
But when the force is directed to or from a fixed center, and 
is given in functions of the distance of the particle from that 
center, it is most natural and convenient to introduce polar co- 
ordinates. 
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222 . DYNAMICS. 

3G1. Pkop. To transform the expressions foi the force from 
rsciangiilar to polar co-ordinates. 

Suppose the origin to be at S, the center of 
\^ force, and let r=SP, the radius vector or dia- 
^,r-^\ tance of the particle, and (j— PSX, the angle 
^ "^ " V^ made by r with axis of .^■. 

1 Then X=-Fcos.w, Y=-FBin.6,, 
the signs being negative because the force Is supposed to bo 
attractive, or act toward the center in opposition to X and Y. 
Multiplying the first by sin. w, and the second by cos. w, and 
subtracting, we have 

X sin. w-Y COS. <^=0. (a) 

Similfirly, multiplying the first by cos. oi, and the second tn 
sin. w, and adding, we get 

Xcos.w+Ysln. w = -F. {b) 

But X and 1/ being the co-oi-dlnatcs of the position of the 
particle 

z—r COS. (■>, y~r sin. u. 
Differentiating each twice, wc obtain 
cfx—d'r.cos. u—2dr.d(j>.s\n. w— J■i7w^cos.a)— j-rf'w.sln, (•>, 
(/'y=^V. sin. u-\-2dr.du>.ZQS.u~rdu>'.sm, u-'rrd' i^.cos.oi. 

By dividing these expressions by dt\ the values of X and Y 
will be obtained (103), and if we substitute these values in («) 
and Qf), we get 

dr d(o d^<^ 

„-,.__+F=0, (117) 

which are two polar equations to determine the motion. 

362. CoK. 1. The radius vector of a point revolving ahoul <i 
center of force describes equal areas in equal times. 
For, multiplying (116) by rdt, wo obtain 
-, _, d<o d'lo r'dij 

^•■"■■■irr''-iu='"-"'^- 
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CKNTRAL FORCES. 223 

In!.grM,„g, — =c, (118) 

But ^/vWw is tlie area described by the I'adius vector in thu 
time t, and it varies ns t. 

3G3. Cor. 2. TAe angular velocity of the radius vector varies 
inversely as the square of the distance of the particle. 

(119) 
But ^ is the angular velocity of r, and it varies inversely 



364. Prop. To delermine the velocilij (f the particle in its 
orbit. 

Multiply {!1C) by rdu, and (117) hy dr, and add the results. 
This gives 

, d'r , d<->^ (?'u) „ 

dr dl' dl' ' 

, /dr' (fw"\ „ 

Therefore, integrating, we have 

dr^+r''dt^'' „ 

^^. +2fFdr=c: (120) 

^"' "^rfF^— rfT^- (Sec ^...307, 4=) 

-. i>'=c'-2/-Ff?r. (121) 

CoH, Since the value of w depends only on the distance oi 
the particle from the center, the velocity of the particle will be 
the same at any two points equally distant from the center, and 
the velocity acquired in passing from one point to another will 
be the same, whatever be the path or curve between them, if 
the law of force remain the same. 

3G5. Prop. To find the li?ne of describing any portion of I lie 
iirbit. 
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By (119), ^~^, 

whicli, Eubstitutefl in (120), gives 

~-{-p+2fFdr=c'. (122) 

In this expression we linvc ibe relntion of r to ;, iodcpeudeni 
of the orbit. 

366. Pitop. To find ike equation of the orbit. 

Substituting in (122) for de its value ^^, obtained froir 

(!18), we get 

or, to give the equation a more convenient form, put r=-, from 

which we find dr^ ;-. These vaiues of r and dr, substituted 

in (123), give 

When the law of force is given, we can obtain from this ex- 
pression, by integration, the relation between u and w, or the 
polar equation of the orbit ; or, if the relation between ii and w 
is given, the law offeree may be determined. 

3G7. ScHOL. A familiarity with the geometrical representa- 
tives of the terms and factors in the foregoing formula will 
conduce to facility in their application. 

In the annexed figure let the 
center of force be at S, the origin 
of co-ordinates, SP=r the radius 
vector of the particle at P, VP—ds 
an clement of its path coinciding 
with the tangent PT, (j=PST the 
made by Ihe radius vector with the axis of x, P'SP=(/w 
Ihe angle described by the radius vector in the indefinitely 
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small time dt, and mV =dr the increment or decrement of the 
radius vector in the same time. Let the arc Vm be descrihed 
with S as a center, and radius SP, and ilie arc nn' with the 
radius S)i=l. Then, 

1°. Since S« : ^V=nn' : Vm or I : r^-di^ : Vm, 
Vm^rdo). 

2". The araa of the sector SPm is 

3=. If the point P' be indefinitely near to P, VI" and Vm may 

be considered straight lines, and the triangle VmV a. plane 

lectilinear triangle, right-angled at m. Hence 

FP'=Pm'+Fm', 

ds'—r'ds^'+dr''. 

4°. If Sp—p be a perpendicular on the tangent, wlicn tiie 

triangle PwP' is in its nascent or evanescent stale, the angle 

Pr'm=;!pS and the triangle VF'm is similar to pVS. Hence 

PP' : Vm^VS : Sp, or ds : rd^=r : p. ■■.p='^, and [VIL], 
7-W(J j-W(J , , , 



^vdt- ■ 


• W 


dt ' 


OJ (1 


i^), twice 


til. 


e ai 


.-ea di 


the unit ( 


jflime. 












Also, 




/=- 




rVw' 










dr'+r'd'^'' 




5'. Since 


Sp 


:pT:TS'- 


=Vm 


: mV : P'P 


=r 


rfi. 


:*; 






. Sp 
■■ SP" 


I'm 


rdu 


P, 










Pp 

ps- 


Pm 


dr 


P, 







, pS mV rdu 

■md Af^=-— .^-_=tan. P. 

pi' mi" dr 

G". If the force F be resolved in the di-ection of the curves 
«e shall have 

5=-Pcos.P=-fJ: 
dt ds 

P 
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^26 DYNAMICS. 

Multiplying both sides by 2ds, and integrating, we have 

ds'' 

-^=:v'=c'-2fl<dr, OS before (121). 

By reference to (117), we see tliat the first term lias tha 
form of the differential expression [IS.] of a force in the diree- 
.. J. ., , rd<-)' r'du' „ rd^ 

tion ot r; the second term -j:r=— 3ir. BLit--r- la the arc of 

«i rdl' dt 

a circle of radius r, divided by the time. It is, therefore, the 

linear velocity u, of a body in a circle. Hence -y^- —-'~f. 

the centrifugal force in a circle. .-. (] 17) becomes — 4-=f-F, 

^ ' dt' -^ 

F being the force by which the point describes any orbit, and 
/ the centrifugal force in a circle whose radius is r, the dis- 



forces at any time, is that by which the radius vector Is in- 
creased or diminished, and is called the paracentric force. In 

like manner, the intecral of -r- or -i- is the velocity of ap 
° dt' dt ■' ' 

proach or recession from the center, and is called the para 
centric velocity. The paracentric force is the difference he 
tween the centrifugal and centripetal forces, 
!■ 1 S' rf?(J°_l r'<i'u' _c' 

■ ' '"'^^ dt' "?■"' de ~r'' 

■■■ f=-,- (125) 

Cor. 2. The quantity by which c' is multiplied in (123) is, 
hy (4°), equal to -r.. Hence 



Differentiating,^) being variable. 
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an expression most useful in finding the Jaw of force by whicE 
a given orbit may be described. 

Cor. 3. bince u'=— -^— 

dl dr p'dt p" 

"^'^^ 3^'"^" *^''*^'''^ ^'^ curvature ihrough tlie pole, nnd (if i' 
be constant) is (55) the space through which a body must fall 
to acquire the velocity 1). Hence the velocity of a body at any 
point of ils orbit is equal to that acquired by falling through 
one fourth the chord of curvature through the pole. 

Application of the preceding formula; to the motions of the 
planets. 

368. Observation has eslablished three facts respecting the 
motions of the planets, which, from their discoverer, are called 
Kepler's Laws, 

1°. The areas described hy the radius vector of a planet an 
proportional to the times. 

2". The orbit of a planet is an ellipse of which the center cf 
tile sun is one of the foci. 

3°. Tile squares of the times of revolution of the different 
planets are proportional to the cubes of their mean distances 
from the sun, or the semi-major axes of their orbits. 

These laws relate only to the center of inertia of eacii phmel, 
and conclusions from them must be limited to the motion of 
that point : in other words, to the motion of translation of the 
planets. 

369. PjtoF. The accelerating force by lohich a planet describes, 
its orbit is directed to the center of the su7i. 

For, by the first of Kepler's laws, the areas described bv 
the radius rector are proportional to the times, and when this 
is the case, by Art. 351, the force must be directed to the point 
about which this equable description of areas takes place. 
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3'70. Pitor. The force hy which a planet describes its orbu 
varies inversely as tlie square of its distance from the center. 

By the second law the orbit is an ellipse. The equation of 
iin ellipse referred to the focus as a pole is. 

in which a is the semi-major axis, called the mean distance, and 
e the eccentricity. The angle 6 is an angle 
^ made by a fixed line, through the focus with 
the major axis, reckoned from the lower 
apsis, or least distance, and called the longi- 
tude of the perihelion, the lower apsis being called \\\& perihel- 
ion, and the higher the aphelion. The angle o;— 6, which ex- 
presses the angular distance from the perihelion, is called the 
true anomaly. 

Putting r=~ in the above equation, we get 



m 





1 


+e COS. 
' a(l- 




■O) 


Differeiitiatiiig 


in reference 


'. to t 










= -' 


s.sin. 


(u- 


-8) 




"(I 


— e' 


) • 


Differentiating 


, again. 










Adding (ft) to 


d-u 
d'. 


' — 


1^ 


I 


-6) 
) ■ 




d<^' 




"^ 


r~e 


0' 


Differentiating 


(134), 


■'m 




F 





du' 



+ !1 = - 



The coefficient of -^ being constant, the force varies inverse 
Iv as the square of the distance. 
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Hctice the coefficient of -j is Ihe intensify of the force at ths 

unit of distance, or the absolute force. 

- 371. Prof. The intensity/ of the force is the same for all iht 
planets at the same distance. 

Tlie quantity c (109) is twice the area described in the unit 
of time. If, therefore, T be the time of one revolution of a 
planet, cT will be twice the area of the ellipse described bv 
the radius vector. 

But the area of an ellipse is 77«t=7T«Vl-e'. 

and -^^J^^ 

«(l-0 T" ■ 

Similarly, if a', e', e', T' express the sanie quantities in any 
other orbit, we shall have 



a'{l~e-) 
By Kepler's third law, 

T- : T"=: 



ail-e') a'H-e'-'Y 
Hence the force does not vary from one planet to another 
except in consequence of change of distance. 

372. Peop. To find the velocity of a planet at any point in iti 
9rhil. 

By (121), «-=c'-2/F&-. 

Substituting in tliis the yalno of P (129), we liavo 

■'= , 2c' /'dr 

' '" «(!-<.•)■/ F- 

Integrating, i.'=c'+_?^.l. 

a(l — e ) r 

To determine c', we must Itnow tlie velocity at some gircn 
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distance, or at what distance and with what velocity the planet 
was originally projected into space. 

Let u, be this primitive velocity, and r, the correspond in ;i 
distance. 

Then y^^^'^ d" .._ 
a(l-G')r, 
_^_ ^^ 2c'__ \_ 

Otherwise. From Art. 307, Cor. 3, we have 



2a- 



(131) 



Con, 1. Hence the velocity is greatest when r is least 
perihelion, and least at aphelion, where r is the greatest. 

CoH. 2, If a body move in a circle whose radius is r, ■■ 
ing its velocity, the central force is 

iftheforceis the same as that which retains the planet in its 



= 2a-r : a. 
That is, the square of the velocity in the ellipse is to the squarj 
of the velocity in the circle as the distance of the planet from 
the unoccupied focus is to the semi-major axis. 

Cor. 3. If )-, —perihelion distance, and r^ =aphe!ion disiance 

■!,e,,ifi„ (131) .■=r„ .■=-^-.?!^' =^_.;i, („)' 
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CENTRAL F0KCK3, 231 

or, the velocity at the extremity of the minor axis is a mean 
proportional between ihe velocities at the perihelion and 
aphelion. 

373. Pncp, To determine the orbit which a hodij will describe 
ii-hen the force varies inversely as the square of the distance. 

I? It be the force at the unit of distance, then 
i' =——liu . 

This, SLibstitiitod in (12-1), gives 



which is the difierential equation of the orhil. 
To integrate this, we find 







e'+2,..-.'„-- 


P\itu^x+-,, and b''= 


= i(cV--+rt, and ,ve lia 






VH'-z'' 


or, integrating, 




.: z = b COS. (.0^6) ; 


nr, replacing the 


I a uc 


ofz, 
»=-';+Soos.(»-0). 



which is the equation of a conic section referiftd ;o tiie Ibcuh. 
Hence the orbit which a body will describe when the force 
varies inversely as the square of the distance is a conic section. 
To determine the constants, and therefore the dimensions 
and form of the orbit, some other circumstances must be given 
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Suppose W3 know u, the mitial velocity or velocity of pro- 
jectioa into space, p the distance of the planet from flie sun, 
and V the angle made by the direction of projcclion witti thp 
distance. 

By Art. 307, 3°, sin. V=— . 

H»„co(118), c=~=f.-^f— =,.,., i,.^. („) 

By (121), v-=c-~2fFdr=c'+?^. 

, . 2(' 

Comparing (132) with (128), we see tlial 

.(.-eO=^and.^^.W+,T. 



l,inr-i>{v^,-^Jt) 



(d) 



Cor. From (c) it appears that the semi-major sixis a depends 
only on the distance p and the velocity of projection w,, and 
is independent of the angle of projection is. Hence, in what- 
ever direction the body is projected, the major axis of the orhii 
will be the same. 

The orbit will be an ellipse, hyperbola, or parabola, accord- 
ing as the value of e is less than, greater than, or equal to unitv, 
or [d) according as 



■s negative, positive, or equal to zero. 

Or, since (99), t,'^^^{l-^) , if «==co, «'=^. Therefore 
when a body is attracted from an infinite distance to a centpi 
of force vphich varies inversely as the square of the distance 
the square of the velocity at any distance p is 
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Hence tiie orbit will be an ellipse, parabola, or hyperbola, av 
cording as the velocity of projection is less than, equal to, or 
greater than, that acquired from an infinite distance. 

374. Pkop. To find the time nj describing any portion of tin- 
orbit. 

Substituting the value of F=^ in (122), we get 
dr'' c^ 2^ 

The values of the constants found in terms of the elements 
of the orbit in the preceding proposition are 

ft 
c'= — ai:d c'=/w(l— C-), 

Substituting these values, and multiplying by ■ — , we obtam 
a i-'dr' , 

-.^+(»-.)-«-.'=o. 
Hence dl= (-)''. ^ [i^,^. 

In order to integrate this expression, let {a->-)=(!cz, then 

Integrating, t=^ ( — j ^cQs.-'x—e{l~z')^\+Ic. 

When x=l, or r=o;—«e, and the body is at thenenrer apsis, 
then (|=A=the time at the perihelion. 

Hence the time through any portion of the arc froin ihc 
I'crihelion is 



'.=(f)'i- 



(133) 
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If s=— It »■=«+««, and the body is at the furthet apKis, i 
ivhicli case t — t^ is the time of half a revolution, and 



Also, if T be Ihe periodic lime, 



or the square of tlie periodic time varies as the cube of the 
mean distance. 

375. ScHoi.. The quantity y. which enters into the results ol 
Ihe preceding investigations is the value of the accelerating 
force at the unit of distance from the center of force. Now 
the iitlractive forces of the snn and planets vary direclly as 
their masses, and if M be the number of units of mass of the 
sun, and m the same of any planet, and if we assume for the 
unit of force the altraction of a unit of mass at a unit of dis- 
tance, M will express Ihe attractive force of the sun at the unii 
of distance, and m that of any planel ; and the whole force by 
which they will lend to approach each other, or the whole force 
which the sun, regarded as fixed, exerts on the planet at the 
unit of distance is M+m=/t; and for any other distance r 
M-|-m_f( 

The intensity of the solar and planetary attractions may be 
expressed in terms of terrestrial gravity. For this, let r^ be 
the radius of the earth, and m, its mass, and since the forces 
are directly as the masses, and inversely as the squares of the 
distances, we have 

m, M Mr? 



the fourth term being the attractive force of the sun at any dis, 

tance r. Similarly, the attractive force of the planet is '-g; 

hence their joint influence is - — ^ — .—^g=~.—Lg^ \^ whict 
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—^.ff is that wliich was assumed above for tlie uiiil of furee, or 
the altraction of the unit of mass at the unit of distance. 



JiJx. 1. Required the velocity and time when a materiiil 
)artic]e is attracted to a fixed point by a force varying in- 
■ersely as the square root of the distance. 



=2;.' («'-»')• 



i=3^i(»'+2«') («'-»')•. 



Ex. 2 Find tlie velocify and periodic time of a body re- 
volving in a circle at a distance of n radii from the carth'a 
center. 

Ex. 3. Find the least velocity with which a body must be 
projcc'ed from the moon in the direction of a line joining the 
center of ihe earth and moon, so that it may reach the earfh. 

Ex. 4. Given the velocity, distance, and direction of pro- 
jection, when the force is attractive and varies as the distance, 
to find the orbit. 

Ex. 5. A body is projected in a direction which makes an 
angle of 60° with the distance, with a velocity which is to the 
velocity from infinity as 1 iV'S : the force varying inversely 
as the square of the distance. Find the major-axis, the posi- 
tion of the apsis, the eccentricity, and the periodic time. 

Ex. 6. A body is projected at a given distance from the 
center of force with a given velocity, and in a direction per- 
pendiculor to the distance, when the force is repulsive and 
varies inversely as the cube of the distance. Find the palh of 
the body. 
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irDEOSTATICS. 



CHAPTER I. 

377. MATTER esisls in the various slates of solid, fluid, and 
aeriform. In solid bodies the homogeneous inlegranl particles 
oohere firmly, and do not admit of interchange of position 
Ihe homogeneous integrant conslituenls of fluids possess less 
cohesion, and change their position among each other on the 
application of a moderate force. 

Fluids diflisr from each other in the degree of cohesion of 
their constituent parts and the facility with which thoy will 
yield to the action of an impressed force. 

378. A perfect Jlmdh one in which the cohesion of the con- 
stituent particles is so feeble that the least force is capable of 
efiecling a separation and causing motion among each other 
■n all directions. Perfect fluids are the only ones which will 
be made the subject of investigation. 

Fluids are divided into two classes, iucj^frcdhk or Ihuid 
and compressible or aeriform. 

379. IncompressiiU fluids are those which retain the same 
volunie under a variable pressure. They may he made to take 
an infimte variety in form, which form they will retain when 
acted upon by no external pressure nor accelerating force 
Ut this class water may bo regarded as the type. 

■ 380. CompressiUe fluid,, of which atmospheric air is the 
type, change at once in form or volume wilh every variation- 
of pressure which they sustain, and return again to the same 
form and volume when the same circumstances of pressure and 
temperature are restored. 
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PRINCIPLE OF EQDALITY OF FKCSSUEE. 

3S1. Piior, A force or pressure applied to a given portion of 
tils surface of a fluid is transmitted, undiminished in intensity, 
to every other equal portion of the surface. 

A force impressed on a solid is effective only in the direc- 
tion of its action, and is sustained by an equal force impressed 
in an opposite direction. Applied to a fluid the force is effect- 
ive in every direction, and can be sustained only by forces ap- 
plied to every point in the si]rfa.ce of the fluid. 

Let the annexed firture 
represent a section ol a 
vessel filled \Mth i fluid 
vrithout vpeight In this 
case, supposing, the pie s 
ure of the atmo phere le 
moved aKo the suiface ct 
the fluid would be subject 
to nopressuie nnd would 
retain its lorm li the sides of 
the vessel ■were iemo\ed 

Let an apeituieofagi\ 
en size, as one square inch, 
be made in either side, AB, 
and a piston be accurately fitted to it, and supposed to move 
without friction. Now, since the particles are without friction, 
a force P, of one pound, applied to this piston, will act upon 
tho stratum of particles in contact with its base, and this stra- 
tum upon the nest, and so on. The force will therefore be 
transmitted to the opposite side, EF, and will cause motion in 
the equal piston P',, unless counterpoised by an opposite force 
of one pound. If this counterpoise be applied, then, since the 
particles move freely among each other without resistance 
from friction or cohesion, the particles in the direction of the 
applied forces will act on those lying without, and will commu- 
nicate motion to them, unless resisted. A motion will therefore 
be communicated to any equal piston P',', unless sustained by a 
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pressare of one pound. Hence both pistons P; and P;' will 
sustain the same pressure by the action of P^. 

Further, if the pistons P', and P'; were contiguous, or one 
of them twice the size of P^, then it is obvious that a force of 
two pounds would be necessary to preserve the equihbrium ; 
or, if the base of the piston P, be four times that of P,, then a 
lorce of four pounds would be necessary to keep P^ at rest; 
and if the base of one piston be n times that of the other, the 
pressure on the former will be n times that on the latter, or a 
force of one pound will produce a pressure of n pounds, where 
n may be the ratio less one, of the whole surface of the vessel 
to the base of the piston. 

CoR. 1. The pressures P, and P„ on any two portions A, 
and A„ of the surface will be proportional to their areas, or 
P. A„ 

pT^aT^"- (130 



Also, the non 


:nal pressure^ on a unit o 
P> P. 


f surface 


will be 




TrxrP- 




(135) 



Cor. 2. Every stratum of particles in i!ie interior, of the 
same dimensions as the base of the piston, wherever situated 
aud however inchned, is subject to a pressure equal to that ap- 
plied to the piston ; and since the fluid is without weight, every 
particle presses and is pressed equally in every direction. 

CoR. 3. If all the pistons except P and P' be firmly fixed, 
and P be forced in, since the fluid is incompressible, whatever 
fluid is displaced by P will be forced into the l ube f. If h and 
A' be the spaces through which the pistons :;nve, a and a' the 
areas of their bases, then 

But P and P' bping the equilibrating pressures on these areas, 

«^P 

W P'' 
hence hV=h'V, or hV~h'V'^0, 

or the principle of virtual velocities applies to fluids in eqiiilib- 
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EPACEg OF 



SUnFACES OF EOUILIERIUM. 

382. Pkop. The free surf ace of a fluid subjected to the action 
of an accelerating force is, when in equilibrium, perpcndiciilaj 
to the direction of the force. 

A liquid void of gravity will take and retain any form im 
pressed upon it; but wlien subject to tlie action of an acceler- 
ating force, a containing vessel will be necessary in order to 
]Dreserve a coherent mass. 

Let ABCD be the section of a vcs- 
Eel containing a fluid subject to the ac- 
- tion of gravity, the base DC being hori- 
zontal. If any portion of the free sur- 
face, as ahc, have a direction not per- 
pendicular to the direction of gravity, 
this force may be resolved into tvi'o 
components, one of which is parallel to this s 
the particles are free to move in that direction as down an in- 
clined plane, they will yield to this component. But whenever 
every portion of the surface is perpendicular to the direction 
of gravity this force will have no component in the direction 
of the surface, and every portion of it will be urged vertically 
downward with equal intensity. 

Cob. Hence the surfaces of fluids at rest, and acted on only 
by gravity, are horizontal. But since the directions of gravity, 
acting on particles remote from each other, are convergent to 
the center of the earth nearly, the surfaces of large masses of 
fluid are not plane, but curved, and conform to the general 
figure of the earth. 

383. Prop. If a vessel containing a f,uid be moved horizontal- 
ly with a constant accelerating force, the surface will take the 
position of an inclined plane. 

Let the vessel ABCD containing a fluid bo moved horizon- 
tally with a uniformly accelerating force P. Then any ele- 
ment, h, of the surface, whose weight is w, and mass ~ (22). 
will be urged by its weight lo in the direction kg, and by its 
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inertia P-- in tlie direction M, and 
therefore by their resultant in the 
p direction lio. As the same is true 
of every element of the surface, the 
whole surface (Art. 382) will be per- 
pendicular lo Ao. 
Let the angle of Inolination to the horizon H!M=I. Then 
since HIM=o7.-^, 




tan. o/(s-=tan. 1=—=-, 
w g 

SSi. PitoF. If a vessel containing ajluid be made to revolve 

iniformbj about a vertical axis, tlie surface of thejlaid will take 

1 of a paraboloid of revolution. 

, Let the vessel ABCD revolve uni 

forraly about the vertical axis XX,. 

Any element Ic of the surface will be 

■ urged horizontally by a centrifugal force 

directed from the axis, and vertically 

downward by gravity. Let w be the 

angular velocity of the fluid, w the weight 

A of the element k, and y its distance AM 

Jrom the axis. Then (82) we have, for (ho centrifugal force 1' 

of this element, 




Being urged vertically downward by its weight v>, the surface 
of tiie element will be perpendicular to the resultant AR=R 
of these two forces. If this resultant be produced to meet the 
axis in N, we have 

zRA-=^ANM, 
, Rs- AM 
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.-. the subtiormni MN— ^,= a constanl, a property of the 
parabola. Hence the surface is a paraboloid of revolution. 



NOHMAL PRESHUItES ON IMMEESED SL'RFACES- 

385. Peop. The pressure on the horizonlal base of a vessel 
containivg an incompressible Jluid is proportional to Us depth 
below the surface of the Jluid, and independent of the form of the 
vessel. 

Let HO be the free surface of the fluid in 
the vessel ABCD, whose base DC is horizon- 
tal, and suppose the fluid divided into hori- 
iiontal strata of small but equal thickness. 

Let fl,, a^,a^, &c., denote the successive 
strata, 

■A„, Aj, Aj, the units of sLirfacc in eaeli, 

I\, Pi, Pj, the whole pressure on each. 

Pa' P,, Pa' tiie pressure on a unit of eacli, 
a the common thickness of the strata, and p the density of the 
fluid. Since the thickness of each stratum is supposed indef- 
initely small, the upper and lower surfaces of each may be re- 
garded as equal. 

Now the weight of a, is M),=^paA„ (24), 
" " " " «3 i^ u>s~gpaA,, 




The pressure on a, is V ^, 
P 
on a unit of«; is—^=p^ (135), 



P,=P„+w,=P,+^pflA, 

A; 

isP^ = P,+K,^=p'+gpaA, 
P. P. gpaA, 



on a unit of o is -r-^- 



on ( 



-m a unit of a^ is 
on n,^, i8 P„=P„ 



-=v^+- 



'P^^P,+gf-'J-p,+gP-iet. 



-P„-i+^(3aA„_, 
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on a uuil jf ^/„+. is ^^=^H ^ or77„=;-„+irp.„a. 

But na=h is the depth of «^^.i below the surface of the fluid, 
and if the upper surface of (j,,^., represent the surface of the 
base, A the number of units in the base, then the pressure p on 
a unit of the base will be 

and the whole pressure on the base 

V=Ap=Ap „+gphA.=V ^+gpkAa:b. (13S) 

Cor. 1. Since hA. is equal to a prism whose base is A and 
iieight h, and gphA is its weight, if we disregard P„, which 
may represent the pressure of the atmosphere on the surface 
of the fluid, we have, for the pressure of the fluid on the base 
of the vessel, the weight of- a column of the Jluid whose base is 
'.hat of the vessel, and height the height of the surf ace of the fluid 
above the base. It is obviously immaterial whether the surface 
pressed is that of the base of the vessel or a horizontal surface 
of an immersed solid. 

CoK. 2. Since a cubic foot of waler weighs 1000 07.. = G2.:> 
lbs., we have, for the pressure on the base of any vessel con- 
taining water, 

P-G2.5 /(A lbs., (137) 

where h is the height in feet of the surface of the water above 
the base, and A the number of square feet in the base. 

Cor. 3. The pressure on every portion of ar horizontal stra 
lum of the fluid will be the same, and smce this pressure is 
transmitted equally in every direction, the pressure on every 
element of the sides of the vessel having the same depth will 
be equal to that on the surface of the stratum. If the sides of 
the vessel are inclined, this pressure will be the normal press 
ure on the sides at that depth. Let the annexed figures, A, 
B, C, D, represent vessels of different forms and capacities 
with equal bases. Then the pressures on the base of each 
will be equal when filled to a common height, and the points 
a, h, c, e, g, h, k, I, m, having a common depth, will be equally 
pressed normally to the surfaces. In B the horizontal surface 
df oi' the vessel will experience the same pressure verticalh 
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upward as that to wliich the stratum/^ of the fluid is subjea. 
Moreover, the stratum/^ being ia equilibi-iiim, must be press- 
ed equally upward and downward. The downward pressure 
is equal to the area of the section fg into the depth A of the 
section below the surface of the fluid in the vertical branch. 
But the upward pressure is due to the pressure of the fluid in 
the inclined branch ; and since the area of the section fg is 
common to the measures of both pressures, the vertical heights 
of the fluid in both branches are necessarily equal. 

386. Pnop. The normal pressure on any plane surface in- 
dimd to tlie horizon is proportional to the depth of its center 
of gravity beloio the surface ofihejluid. 

Let h be any indefinitely small element of the immersed slii 
face, X its depth, and p the pressure it susiains. Bv the pre- 
ceding proposition, 

and since the pressure is the same in every direction, p will be 
the pressure norma! to this element, whatever be ils position 
or inclination. The expression for the normal pressure en 
every other element will bo of the same form. Hence iho 
whole normal pressure P will be 

V=-2gpxk=gp^xk. 

Let X be the depth of the center of gravity of the Immersed 
surface below the surface of the fluid, and A its area. The;i 
(29), Ai=Sar7c; 

.-. V=gpkxxx. (I3S) 

Cor, Since gpAx is the weight of a prism of the fluid whosi, 
base is A and altitude x, the normal pressure on any immersed 
surface inclined to the horizon, or on any side of the contain- 
ing vessel, is equal to the weight of a fluid prism whose htLzo 
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is the sLirfiice pressed, and height the depth of its center oi 
gravity below the fluid surface, or, if the fluid be water, 
P=62.5 AS lbs. (139) 

387. Pkof. To find the pressure on any immersed surface or 
side of a vessel in a given direction. 

jj ;; Let P be the normal pressure on 

the intjined side, CDFE=A of the 
vessel CBE, and let it be required 
to determioe the horizontal and 
vertical pressures on A. Let a be 
the angle which the side A makes 
with a vertical plane, and (i its in- 
clination to the horizon. Then, 
-Fioce PAl\^o and VA.V^^(i, resolving P horizonlally and 
vertically, we have 

P, =P COS. a=gpxh. COS. a, 
and Pj^P COS. p=spx A cos. 0. 

But CDHG=A, is tho projection of the side A on a vertical 
plane, and EFHG^Aj is the projection of the same siJe on a 
horizontal plane. 

Therefore, Aj=A cos. a and A^^A cos. p, 
and 'P,=gpA^x and ¥^=gpA^^. 

Hence the horizontal pressure on A is equal tn the weight 
of a prismatic volume of the fluid whose base is the vertical 
projection of A and height the depth of its center of gravity; 
and vertical pressure, a volume whose base is the horizontal 
projection, and height the depth of the center of gravity of A. 
And generally the pressure on any immersed surface in a given 
direction is equal to the weight of a prismatic column of the 
fluid whose base is the projection of the surface on a plane per- 
pendicular to the given direction, and height the depth of the 
center of gravity of the surface below the surface of the fluid. • 

3S8. Peop, To find the resultant pressure ofafiuidonike in- 
terior surface of the containing vessel. 

Let ABCD be a section of a vessel of any form filled with 
a fluid. When the sides of the vessel are curved, the norma' 
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resultant of these thrci 
lultant r 



pressures on the elements of the 
surface will not be parallel. But jx 
we may resolve the normal press- 
ure on each element into vertical 
and horizontal components, and 
each horizontal component into 
two others parallel to two rectan- 
gular axes. We shall then have 
to find the resultants of three sets , 
of parallel forces, and, finally, the i 
sultants. We may, however, determine the 
simply, as follows : 

1°. The resultant of the horizontal pressures. 

Let HK be the intersection of a vertical plane by t!ie piano 
ABCD produced, and let k be the vertical projection of any 
element A, on this plane. Now the normal pressure on the 
element A, of depth a,k,=h is hk„ and the horizontal press- 
ure {Art 387) is hh. The horizontal pressure on each ele- 
ment being of the same form, the whole horizontal pressure 
perpendicular to HK of the surface convex toward HK will 
be S.M. But to every element A, of the surface convex to- 
ward HK there is a corresponding element k^ of the surface 
concave toward HK, the projection k of which is the same. 
Hence the horizontal pressure on A, is ~lik, and the pressure 
on the whole surface concave toward HK is —Shk. The re 
Bulfant, therefore, of all the horizontal pressures perpendicular 
to KH is SM—SM^O. Since the same is true on vi-hatcver 
side of the vessel the pkne HK be drawn, the resultant of all 
the horizontal pressures will be zero. 

2°. The resultant of the vertical pressures. 

The pressure on the element k^ vertically downward is the 
weight of a filament of the fluid whose base is k, and height 
a,k^. The pressure on k' vei'tically upward is equal to the 
weight of a filament of the fluid whose base is k' and height 
a,k'. The resultant of the pressures on the corresponding ele- 
ments k' and /(, is therefore equal to the weight of the fila- 
ment cf fluid k'k,. In the same manner, the resultant of the 
•erlical ^vessures on any two corresponding elements will bo 
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the weight of the filament of fluid whose bases are these elw 
inents. The resultant of all the vertical pressures will then 
obviously be the sum of the weights of these filaments, or the 
weight of the fluid. 

Hence the resultant of all the partial pressures on the in- 
ferior surface of the vessel is equal to the weight of the fluid, 
directed vertically downward, and will pass through the cen- 
ter of all the parallel vertical pressures (Ai-t. 44), or the center 
of gravity of the fluid (Art. 94). 

Cor. Since the horizontal pressures balance, there will be 
no resultant pressure to cause motion in 
\ / the vessel horizontally. If, however, 

\ /an aperture be made on one side of the 

\ / vessel, the pressure on this portion of 

-*-\ L^ the vessel will be removed, and the 

\ f^^ pressure on the corresponding opposite 

■■' portion will tend to produce motion in 
that direction, and if the vessel be free lo move, motion will 
actually ensue. 

389. Prop. To find the resultant pressure on any solid iin- 
msrsedin afiuid, and its point of application. 

1". The horizontal pressure on siny element of the immersed 
(7 a solid is the same as that on the 

vertical projection of the element 
{Art. 387), and the entire press- 
ure on each of the opposite sur- 
faces of the solid will be equal to 
that on their vertical projections. 
But the projections of any two oji- 
posite surfaces on the same vertical plane are equal. Hence 
the horizontal pressures on any two opposite surfaces are equ;ii, 
and the resultant of the horizontal components of the pressurca 
in every direction is zero. 

2°. The vertical downward pressure ji' on any element k 
of the upper surface is equal to the weight of a filament of the 
fluid ak' whose base is k' and altitude ak'=h', or if k be the 
horizontal transverse section of the filament through the cen 
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ter of gravity of i', p'=gph'k. But the sum of all the filamenta 
vesting on the upper surface of the solid is equal to the volumG 
V of the fluid vertically above the solid, and the whole down- 
ward pressure F' is the weight of this volume, or 
V'='S,.p'=gp^.h'li=gpy . 

In the same manner, the vertical upward pressure p i on tlur 
corresponding element A, of the lower surface is equal to the 
weight of a filament ah, of fluid whose base is A, and height 
ah,=k^,OTp^=gph,k. Butthe sum of all these filaments is 
the volume V, of the solid and fluid above the upper surface, 
and the whole upward pressure P, is the weight of this volume 
of fluid, or 

l\=^j:p ^=gpS.k^k^gp\ ,. 

Now h,~h'~h is the length of the filament k'k, of the soiia 
p^—p'=p its weight, and Y,— V'=V is ihe volume of the 
solid. 

Therefore, the difference P of the upward and downward 
oressure is 

P-^P,-F=S.;j,-2.;/-=£.jo, 
and V=gp^.htk-gp^.h'k=gpVtli^gp\ \ 

.: V=gpY=Sp, (MO) 

or the resultant pressure is vertically upward, and equal to the 
v.-eight of a mass of the fluid of the same volume as tiie solid. 

3°, To find the point of application of this resultant. Lei 
the distance of the point of application of p—hk from the ver- 
tical plane IIK be x, and the distance of the point of applica- 
tion of the resultant P be x. Then, since the moment of the 
resultant equals the sum of the moments of the components, 
Vx^l.px, 
_ Z.px_l.px 
and ■^~T~^2:^' ^ ' 

But (29) the point thus determined is the center of gravity 
of the displaced fluid. 

Hence the resultant of all the pressures on the immersed 
solid is equal to the weight of the displaced fluid, acts vertical- 
ly upward, «nd its point of app'^cation is the center of gravitj 
of the displaced fluid. 
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390. Prop. To find the conditions of equiUbnum if an im 
mersed solid. 

The conditions of equilibrium involve a consideration of the 
weight of the body. Let V be its volume, and o its density. 
Its weigfit will be^ffV. The body will be urged downward 
by a force equal to gcY applied at its center of gravity, and 
by Art. 389 it is urged upward by a force equal to gpY', since 
the volumes of the solid and displaced iiuid are equal. 

In order to equilibrium,- then, 1". These forces must be equal ; 
and, 2°. Their lines of direction coincident. 
The first condition gives 

g^V=gpV, 
or o~p ; 

that is, their densities must be the same. 

Cor. 1. If (T be not equal to p, the body will ascend or de- 
scend by a force equal to g(p-o)Y, according as p-o is posi- 
tive or negative. If p>o, the body will rise to the surface, and 
be but partially submerged. Let V , be the displaced fluid, or 
the part of the solid immersed when the equilibrium is restored 
Then 

gpV^=:.gaY, (142) 

and V : V,=p : cr; 

or the whole volume of the solid is to the part immersed as the 
density of the fluid is to the density of the solid. 

Cos. 2. If the centers of gravity of the solid and displaced 
fluid be not in the same vertical line, the body will be acted 
upon by two parallel forces in opposite directions, and will 
cause the body to turn round. The point of application of tlie 
resultant of these forces may be found by Art. 29. 

391. Dbf. The section of a floating body made by a plane 
coincident with the surface of the fluid is called the plane of 
flotation. The line joining the centers of gravity of the solid 
and of the displaced fluid is called ihe axis n 'flotation. 



392. Peop. To find the depth of flotation when the vnlumn 
and density of the hody are known. 
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Let V be the volume of the body, o its density, V, the volume 

of the displaced fluid, and p the density of the fluid. Then (142) 

gaM=gp-V„ 

and V,==-V. 

p 

Now whenever V, can be determined in terms of the depth 
of flotation x, this expression will sufEce to determine x. 

If the solid be a right cylinder whose axis a is vertical, and 
the radius of whose base is r, we have 

and V=Tr/-'«; 



If the body be a right cone with the axis vertical and vertex 
downward, let r be the radius of the base, and a the altitude 

Then the radius of the plane of flotation is -x. Hence 



^'<A 



If the vertex of the cone be upward. 



»v/.- 



393. Pitop. To find ike positions of equilibrium of a rigki 
triangular prism when the axis is horizontal. 

Whenever a body can be conceived to be generated by the 
motion of a plane surface perpendicular to itself, and the body 
floats with its axis horizonfaj, it is evident that, in whatever 
position it be turned, its center of gravity and that of the part 
immersed will lie in the same vertical section; and, further, 
that the center of gravity of the body will be at the center of 
gravity of the section, and the center of gravity of the im- 
mersed part at the center of gravity of its section. Also, the 
ratio of the part immersed to the whole mass is the same as 
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ilie ! atio of their sections. We can therefore limit the investi 
gation to the positions of equihbriura of one of the generating 
KOfitions. 

Let ABC, Fig. 1, be i 
generating section when 
only one angle is im- 
mersed, and Fig. 2 when 
two angles are immersed. 
LetAB=-c,AC=t,BC=«. 
AQ,=x,AP=j/,andlet<;be 
C the ratio of the density of 
the solid to that of the fiuid. 
11 Fig. 1, 
■xy sin. A_x(/ 
ABC i&csin. A be' 




Now from (142) we havi 
AQP 






W 



In Fig 



_ BQVC _ ABC-Aq7 _ hc-xi/ 
"" ABC ~ ABC " he ' 

.: xy^bc{l-o). (6) 

Since (h) is derived directly from (a), by changing a into 
I — a, we raay examine the case o{ Fig. I, and deduce that of 
Fig. 2 from the result, by changing (7 into 1—a. 

Bisect BC in M, and QP in m. Join AiVI and Am. Take 
MM'=plA and wjot'^ahiA. M' and m' are the centers of 
gravity of ABC and AQP. Join Mm and M'm'. It is obvious 
that the center of gravity of BQPC is in the line M'm' produced. 
Now the second condition of equilibrium requires that M'm' 
should be vertical, and since Mm is parallel to M'm', Mm is 
perpendicular to QP and MQ=MP. Let AM^fi, MAQ-0, 
and MAP=i^. Then 

MQ.'=^.v'+h'-2hx cos. 0, 
and MP'=i/' i-h'—2hy cos. i^. 

Hence x'—if—^lu CQS.0-\-21iy cos. 'p=Q. (c) 

Substituting in (c) the value of y from (a), and reducing, 
a:'— 2A cos. B.x'+2ahch cos. 16.2 — cr'oV'=0, (rf) 
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and changing u Into 1—a, we have for Fig. 2, 

x' ~2h COS. e.x' +2(1 ~o)bck COS. 4>.x- (I -ay-bV='-0. (e) 

The values of a; deduced from (d) and (e), and the correspond 
mg values of y from (a) and (p), will give the positions of equi 
hbrium required. 

Now, since the degree of the equation is even and the abso- 
ute term is negative, there are at least two possible roots, one 
positive and the other negative. The other two roofs may be 
real or imaginary. If real, Descartes' rule of signs indicalcs 
that three will be positive and one negative. Hence, since ll: 
values of a: and y, which arc applicable to the question, 
, necessarily positive, equations {d) and (e) indicate no moi 
than three positions of equilibrium. The values of a: must also 
be less than b, and when subtituted in (a) and {b) give for y 
values iess than c. 

Let us take the case of an equilateral triangle. 

Then 0=^—30, a=b~c, and fr^-b cos. 9~c cos. 0. 

These values, substituted in (d), give 

or (x"—aa')ix-'^§aa:+tja')=-0. (/) 

This equation is satisfied by putting 
x'--aa'^0; 
whence ^ =<! "/^t 

the negative value of a; being inapplicable. 

Since ff<l, we have X'^a, and the value of x indicates an 
actual position of equilibrium. But from (a) we have 



or one side of the triangle is parallel to the surface of the fluid. 
Equation (/) is also satisiied by making 

whence x =^\3± V'J-l<i'^\. {g) 

Now, in order that these values of.r may iie real, we musi 
have 

IC(7<3 or 16fT=9. 
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or o can not be greater than ^. 

But if v'9-16(7>l, then x>a, whicli is inconsistent wilii tliC' 
supposition that only one angle is immersed. The greatest 
value, therefore, which V9-16a can have is unity, and in this 
case the second angle will lie in t!ie surface of the fluid. 

Putting \/'9-l6o— 1, 

we get f=-, 

for the least value a can have when one angle only is ini 
mersed. The limits of it for this ease are, therefore, 

I*~i" ig) we cnange a nito I— (t, we get 

From which it may be shown that the limits of the value ol 
" for this case are 



Since equations {d) and (e) may have three real positive 
roots each, there may be three positions of equilibrium for 
every single angle immersed, and three for every two angles 
immersed, and therefore eighteen in the whole. But in the 
particular form considered above these are not all possible, 

except <}=-, ill which case x^a or y=a; that is, either the 

angle B or C lies in the surface of the fluid. This would ren- 
der sis of the positions pertaining to Fig. ] the same as six of 
those pertaining to Fig. 2, making hut twelve really different 

oiu-s. II' n>- and rT<— . ihere will be nine positions witli 
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one angle immersed and tlu'ee with two immeracd ; if o<- 

7 7 

and fT>-— , nine of the I.ittei- and three of the former ; if ok^^ 

or o>--;, there will be only three of each. 



394. Def. 'Y.\\b csnter of pressure \a any immersed sni'face 
is the point of application of the resultant of all the pressures 
upon it. It is therefore that point in an immersed surface or 
side of a vessel containing a fluid, to which, if a force equal 
and opposite to the resultant of ail the pressures noon it be 
applied, this force would keep the surface at rest. 

395. Prop, To find the center of pressure on any immersed 
plane smface. 

Let the immersed surface ^ 

be the inclined side AE of 
the vessel ABE supposed to 
be filled with a fluid. Let x 
and y be the co-ordinates of 
any element k referred to 
the rectangular ases AY and 
AX, and hh=h the vertical 
distance of the element be- 
low the surface of the fluid. 
Then the normal pressure/* on k will be 
p=gphk. 

The pressure on each element will be of the same form, and 
their sum or resultant It will be 

The moment of each partial pressure, in reference to the 
plane through AY perpendicular to AX {Art. 46), will be px, 
and the moment of each, in reference to the plane through AX 
perpend iculaj- to AY, will he py. Hence, if x and y are the 
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co-ordinates of the point of application C of the 
we have (Art. 43) 

R~S..p, Ux—Spx, R^=S.joy. 
if 6 be the inclination of the side of the vessel < 
surface to tlie surface of the fluid, we have 

h^x sin. 0. 
Hence p=gpxk sin. 0, 

and 1^=1. gpxk sin. 0=^psin. O.X.xli, 

Rx='S.gpx'k sin. 6~gp sin. 6.S.x''k, 
Ry—'L.gpyxk sin. 0—gp sin. O.E.xijk. 

■'■ ^^S.xk' 

, _ '2.xiik 

and y~ — •--. 

^ S.xk 

When the tipper boundary is below tne surface of the iiuid 
and at a distance « from it, then, since the pressures p are 
limited to the immersed surface, k~(a+T} sin. 0, and we shah 
have 

2(a,.-+»-)t 

^ ^a+z)yk 

Further, if the axis of .ir is so taken that it will bisect everj 
horizontal line of the immersed surface, the pressures on oppo" 
site sides of this axis will obvioiisiy be equal, and the cente- 
of pressure will lie in this axis or 57=0. 

It will be observed that the numerator ol(14;i) is ilie mo 
ment of inertia of the surface, and that the denominator is the 
statical moment. Hence the denominator is equal to the area 
pi' the surface multipiied by the depth of its center of gravity 
(29). HencMj, if A be the area and a:, this depth, 
_ S.x'k 

_ S.xyk 
3PR. Peop. To find the center of pressure of a rcctanguiaj 
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surface veHlcally immersed, and having one side in the surfac 
of the fluid. 

Let YY , be the line of intersection 
of ihe immersed surface ABCD with y,- 
the surface of the fluid, and conceive 
ABCD divided into n rectangles by 
horizontal lines, n being a very largo 
number. Let AB=h and AD=/(, 
and draw OX bisecting the rectangle. 
The center of pressure is obviousiy 
in OX and y=(i. To find x, we have, since the height of each 

small rectangle is ~, for the area of each. 



The distances of these rectangles from the surface are 



their squares. 
Hence 



But when n is very large, the sum of the mlh powers of Ehn 
natural numbers 1, 2, 3, &c., to n is — — . 

.'. 2.a;'A=-^.^=.|&/i=. 
Also, A^, =hh.\h=\W. 

- W 
•'• ^ — 7775 =V'' 

or the center of pressure is two thirds the height of ihe rect- 
angle below the surface of the fluid. 

397. Pbop, To find the center of pressure when the immersed 
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surface is a triangle, hav'.ng one side horizontal and the oppusii' 
vnrlex in the surface. 

Let BDC be the triangle, k its height, 
and b its base, and suppose the triangle di- 
vided as before into n horizontal divisions. 
The heights of the successive divisions 
h 



3k 




the depthi 



- &e. 



Their areas, considering the horizontal sides of the success- 
■ve trapezoids as differing insensibly from each other, arc 

k -— k -~ i -— At 

' n" ^ tl" ^ ri" 
Multiplying these by the squares of their depths, and fakint; 
their sum, we have 

^ „ hh\2'hh' 2'hh' ^ n'hh' 



t(1'+2M-3'+, &c «'), 



Hence 



A^i&ft, and a;^— fA. 



If now BE be drawn bisecting the base, the center of press- 
ure will be in BE, and at a distance from the surface BO^^BE. 

398. Prop. To find the center ofpressitre when the lase of the 
triangle lies in the surface. 

In this case the heights of the sucosssivt divisions of tiie tri- 
angle ADB {Fig., Art. 307) are -; 
the lengths, b — , b -, b ■, &c.; 
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the depths. 



CENTER o 

h 2h 



which, multiplied by the squares of the depths, and their sura 
taken, give 



h'n' hh'n* ,,^ ,,, 



.■md h.x.~U'h.\h=lh]i'. 



Draw DF bisecting AB, and take FO'=^.^FD. 0' is the cen- 
ter of pressure of DAB. 

399. Pkop. To find the center of pressure when a rectangle is 
immersed vertically, having a side parallel to the surface of the 
fluid and at a given distance helow it. 

Let a be the distance of EF, the upper 

aide of EFCD from AB the surface of the 

fluid, and conceive the rectangle divided 

as before into n divisions whose heights 

k , Wi ,, , , , 

are — , and areas — . Using (145), and 

recltoning x from EF, the origin of the 

surfaces, the depths are 

h Zk 3A 
«+-, «+—, a+~,&c. 



=— r(I+2+3+....m)+— (r+2H3'-l-...n°) 



= ^aWi'+ ^hh'. 
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\n(l 



l.(a + z)k = Ax,-- 



JabU'+lbh' _^ 2h+3a 



JIO. 



Hence 







~ abk+lbh' 

'' fi+2a "'"''"" '"'rf'- 
in which <^=AD— 

400. Pflor. To determine the conditions of equiUhrium of 
Jtuiih nf different density. 

) When fluids of different densities whicli 
do not mis or unite chemically are contain- 
ed in the same vessel they will arrange them- 
selves in the order of their densities, the most 
H^^^^^Slt <JEinse taking the lowest position. This is ob- 
vious from the ready displacement of their 
parficles and Art. 390, Cor. 1. 

The limiting surfaces of each will likewise be liorizontal ; 
for, in order to equilibrium, any horizontal stratum must sus- 
tain in every part of it the same pressure. But if the common 
surface, as EF, of two of them be inclined, then a horizontal 
stratum, as HR, will sustain at different points, as and 0', 
superincumbent columns of fluid of different weights, and the 
equilibrium will not subsist. 
— [B 401. Prof. In communicativg tubes, the 

heights at which jliiids nf different densities 
will stand above their common base when in 
equilibrium, are inversely as their densities. 
In the bent tube AED, lot one fluid oc- 
cupy the portion AR, and the other the por- 
^ tion RED, the fluids having the commci; 
base IIR. Let /( be the height of the fluid 
in AR above HR, and p its density, h' the 
height of the surface CD above HR, p' its 
density, and let the common base nR=A. 
The pressure of the fluid in AR on A is 
gphk, and that of the fluid in RED on the 
same base gp'h'A. In equilibrium these 
pressures will be equal. 
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EXAMPLES. 

Therefore g('hA=gp'k'A 

and A^P; 



(149) 



402 EXAMPLES. 

Ex. I. A cubical vessel, each side of wliiciiis ten feet square, 
IS filled with water, and a tube thirty-two feet long is fitted to 
an aperture in it, whose area is one square inch. If the tube 
be vertical, of the same diameter as the aperture, and filled 
wiih water, what is the pressure on the interior surAice of the 
vessel, neglecting the weight of the water it conlains ? 

Since the weight of a cubic foot of water is 1000 o?.., the 
weight of one cubic Inch is ^^=-5787 02., and the weight 
of 3^X12=384 cubic inches is 384X. 5787=222.2208 oz, = 
13.8888 lbs. This is the pressure on the aperture, or one 
square inch of the surface of the water in the vessel. 

The number of square inches in the interior surface of the 
vessel is 6X lO'X 144=86,400. 

Then, Art. 381, the pressures being in the ratio of the are.-is 
pressed, the whole pressure on the interior surface will be 
■P=13.8S8SX8C399=^1,200,000 lbs. nearly. 
Ex. 2 What is the pressure on the bottom of the vessel in 
Ex. 1 when the weight of the water in the vessel is taken into 
account ; 1°, without the vertical tube, and 2", with if. 

1°. The base of the vessel is 100 square feet, and its depth 
10 feet. Hence, Arl. 3S5, 
P, = 10X100X62.5=02,500 lbs.=thc weight of the water. 
2°. The pressure transmitted to each square inch of the base 
by the water in the tube is 13.8888 lbs. Hence the whole 
transmitted pressure Pj = 13.8888X 10'Xl44 = 200,000 lbs. 
nearly, and the entire pressure on the base is P=262,500 lbs. 
Ex. 3. What is the pressure on each vertical side of the ves- 
sel -without the tube? 

The depth of the center of gravity of each side of the vessel 
Is 5 feet. Hence, AtI. 386, 

p3=5XlO=X62.5=3l,250[bs., 
c<juai one half the pressure on the base. 
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Thus we have the whole pressure on the interkr surface of 
llie vessel, including that produced by the water in the tube, 
P+Pi+4P3 = 1,200,000 
+ 62,500 
+ 125,000 
= 1,387,500 lbs. 
Ex. 4, Requii-ed the pressure on the base of a conical ves- 
sel filled with water, the radius of the base being j-=5 feet, and 
the altitude a=10 feet. 
By (137), P=G2.5AA lbs., in which h=a, and A=nr\ 

.: P=62.57rr'«=62.5X3.1416X25X 10=49,087.5 Ibe. 
Ex. 5. Required the normal pressure on the concave surface 
of the cone of jEa:. 4. 

The slant height of the cone is Vd'+r\ and the concave 

surface is 2~r — ~ . The vertical depth ol the center of 

gravity of the concave surface is — . 
Hciice(137), P.=G2.5X--Trr/"^+V 

=(t2.5X|X10X3.HIGX5VT25=73,175.1Ibs. 

Ex. 6. Required the vertical pressure on the concave sur- 
face of the same cone. 

Since the normal to the side of the cone makes the same an- 
gle -with the axis of the cone that the side of the cone makes 
with the base, the cosine of the inclination of the normal to the 



Hence the vertical pressure {Art. 387) 

P„=P. -:=z==62.5X%anrVa'+r'.-~=^^^G2.5X^--^r\ 

Va'+r' Va'+r' 

= |P(£a;. 4)^32,725 lbs. 

Ex. 7. Required the resultant of all the pressures on the 

terior surface of the same cone. 

By Art. 388, the resultant of the horizontal pressures is ze 
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and the resultant of the vertical pressures is equal to the ex- 
cess of the downward pressure over the upward pressure. 

.-. R=P {Ex. 4)-T, {Ex. 0) = 1C,362.5 lbs., 
and this is the weight of the water in the cone. 

Ex. 8. A rectangular parallelogram, whose sides a and b are 
26 feet and 14 feet respectively, is immersed in water with 
the side b in the surface, and is inclined to the surface at an 
angle ^— 56°.35'. Required the pressures P, and P^ on the 
parts into which the parallelogram isdivided by its diagonal. 
Ans. Pi= 82286.5 lbs. 
p3 = ]64573.0lbs. 
£:x. 9. When a=30 feet, 6=20 feet, and ii=59°.3&, re- 
quired the pressures on the equal parts into which the paral- 
lelogram is divided by a line parallel to the horizon, 

Ans. P, ^1213321 lbs. 
P^ =363998 lbs. 
Ex. 10. When the parallelogram oi Ex. 9 is vertical, how 
far from the surface must the dividing line be drawn that the 
pressures on the two parts may be equal ? 

Ans. a;=31.213 feet. 
Ex. 11. A sphere 10 feet in diameter is filled with water. 
Required the entire pressure on the interior surface, and the 
weight of the water. 

Ex. 12. A vessel in the form of a paraboloid, with vertex 
downward, is filled with water, and revolves uniformly on its 
axis. Required the time of one revolution when the angular 
velocity is just sufficient to empty it. 

Ex. 13. The concave surface of a cylinder filled with fluid 
is divided by horizontal sections into n annuli in such a man- 
ner that the pressure on each annulus is equal to the pressure 
on the base. Given the radius of the cylinder. Required 'As 
height, and the breadth of the mth annulus. 

Ex. 14. A regular tetrahedron, with one face horizontal, is 
filled with water. Compare the pressures on the base, and oq 
*he other sides with the weight of the water. 
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Ex. 15. An irjn vessel 40 feet long, every transverse sec- 
tion of which is an isosceles triangle whose base is 16 feet and 
altitude 20 feet, floats with its vertex downward. If a cubic 
foot of iron weighs 487.5 lbs., required the depth to which the 
vessel will sink when the sides and ends are one quarter of an 
incli thick nnd there is no deck, 

j^ Ex. IC. An embankment of brick-work, 

of which ABC is a section, weighs 120 
lbs. to the cubic foot. Its height AB is 
14 feet, and its base EC is 6 feet. Find 
whether or not the embankment will he 
overthrown by the pressure of wafer on 
the surface AB, 
^^ B Draw AN bisecting CB, and take 

NG=|NA. G will be the center of gravity of the section 
and the weight W will act at G. Take AM=|AB, and M 
will be the center of pressure {Art. 306). The resultant P of 
the pressure of tiie water will act at M and will pass through 
G. , The moment of P to turn the embankment over C will be 
P.CO, while the moment of W to resist the overturn will be 
W.CD. If P.CO>W.CD, the embankment will be overturned. 
Since the embankment is uniform throughout its length, as 
also, the pressure on it, we may determine the stability by 
taking one foot in length. 

Now W=lX14X6XiXI20=5040 lbs., 

and P=lXl4X7X62.5=6125lbs., 

0C=BM=ixi4and CD^=xC=4. 
.-. W.CD=20160, 
and P.CO=285S3J. 

The latter being greater than the former, the embankmeni 
will be overturned. 

Ex. 17. A wall of masonry, a section of which is a rectan- 
gle, is 10 feet high, 3 feet thick, and each cubic foot weighs 
100 lbs. Find the greatest height of water It will sustain' 
without being overturned. 

Ex. 18. If the height of the wall he 8 feet, its thickness 6 
feet, and each cubic foot weigh 180 lbs., find whether it wil.' 
sfmd or fall when the water is on a level with the top. 
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CHAPTER II. 



403, Def. The specific gravity of a body is the ratio of the 
weight of the body to the weight of an equal volume of some 
other body taken as the standard of comparison, and whose 
specific gravity, therefore, is taken as the unit. 

Water is generally employed as the standard of comparison 
for sohds and liquids, and atmospheric air for aeriform fluids. 

Cor. If V, p, ff, and w be the volume, density, specific gravity, 
and weight respectively of one body, and v„ p,, ff,, w^ the 
same of another body; then, since v—v,. 

or the ratio of the specific gravities of two bodies is equal to 
that of their densities. 

404. Pkop. To find the specific gravitij of a buihj more dense 
than water. 

If the body be immersed in water it will descend {Cor., Art. 
390). Let w be the absolute weight of the body, and w, its 
weight or the force with which it will descend when immersed 
in water. Then the loss of weight in water is w—w^, and this 
is equal to the upward pressure of the water, or to the weight 
of a volume of water equal to that of the solid. Henco 
w absolute weight 
wj— If, loss of weight * 

The absolute weight as well as the loss of weight is ascer- 
tained by the hydrostatic balance, which differs from the or- 
dinary balance only in having a hook appended beneath one 
of the scale pans, to which the body may be suspended by a 
fine thread and allowed to sink in avessel of water beneath ii. 
Thebndy is first placed in the scale pan and counterpoised t_v 
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a weight w, and then suspended lo the hook, and when im 
mei-sed in. the water its counterpoise w, again determined. 

405. Prop. To find the specific gravity of a body less dem: 
than water. 

Since the body A is less dense than water, it will not de- 
scend in the water by its own gravity. Let a more dense 
body B be attaciied to it, and call the compound body C. 
Let w ^absolute weight of A, 

'"' == " " " B, and wi'^^its weight in water 

wj"=; " " " c^ and «;','= " ■' " '■ 

Then wi'— m',=[os3 of weight of B. 

w"-w'i= » " « « C, 
and iw"-m'{)~{w'~w\)=\oss of weight of A, the upward 
pressure of the water on A, and therefore equal to the weight 
of a volume of water (he same as that of A. 

But w"r.m'-^w, 

and, by substitution, 

iio"-vs'0~{u>'-w\)=w'+m-w'i-'w'+w\ = w+'w\~-w';. 

Hence, add to the absolute weight of the body the difference 
of the weights of the more dense and compound bodies in 
water, and divide the absolute weight of the body by the sum. 

406. Phop. To find the specific gravity of a liquid. 

Let a body whose weight is w be weighed both in water 
and in the liquid, the weight in the former being w,,and in the 
latter w^. Then wi— w, and w— id^ are the weights of equal 
volumes of the two liquids. Hence 

or, if an emply bottle whose weight is w, weighs when filleii 
with water w,, and when f.IIed with the liquid w^, then 
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407. P«op. To find the weights of the constituents in a me- 
chanical composition when tlie specific gravities of tlte compound 
and constituents are known. 

Let w, !^,, MI3 be the weights of the compound and constitu- 
ents respectively. 

^! ^i> "a their respective specific gravities, 
V, Uj, v^ their volumes. 
In all merely mechanical combinations, 

v=v,+v^ (a), and iv=w,+to^ {b). 
But V-- 



)r, since their densities are as their specific gravities (150), 



Substituting In succession the values of w, and if3,obtiiineti 
from (b), we have 

408. Hydrometer. Instruments for determining the specific 
gravity of iiuids are called Hydrometers or Areometers. They 
are made of glass, brass, &c., and are of two kinds: one in 
which the weight is constant, the other in which the volume is 
constant. In its simplest form the areometer consists of a hol- 
low globe, one of whose jiianieters is prolonged in a flat 01 
cylindrical stem of uniform size, and to the other extremity is 
attached a smaller globe loaded with mercury or shot, that it 
may float in a vertical position. 

r. Areometer of a constant weight. 

The annexed figure may represent this form of the instru 
ment. To graduate the stem, suppose it to sink in distilled 
water, at a given temperature, to a point s, and let the distance 
sr be divided into any number of equal parts, and continued 
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upward from s. When immersed in another fluid 
suppose it to sink to t, distant from s,x divisions. Let 

V be the volume of the portions immersed in water, 

V the volume included between any two divisions of 
the stem, and o the specific gravity of the second fluid. 
Then p and p, being the densities of this fluid and 
water, the weight of the water displaced hy the in- 
strument will be gp,Y, the weight of the other fluid 
displaced will be gp(V~vx), and, since each is equal 
to the weight of the instrument, 

gP,y=gp{Y-vx). 

V 
-^P_ V 7 

" "^ P, V-ur~V_ ; ^"^ 

If - be previously known, and x be observed, we can ds- 
v., -mine the value of 

V G 



Substituting in (a) this value of—, and putting for x, 1, 3, ;t 
&;c., the corresponding values of o for each division of the scale 
will be known. These may be .marked on the instrument, or 
the divisions may be. numbered, and a table of their values 
formed to accompany, the instrument. 

CoR. From (a) we have 



4(-J)- 



Giving to o a small increment (fir, the corresponding incremenl 

of a: is 

x'—x~ax= -.-j.flo; 

that is, for any small increment of the specific gravity of the 
fluid the corresponding change in the depth of immersion of 

V 1 
ihe instrument varies as — .—, which may be considei ed a meas. 

tire of the susceptibility of the instrument. 
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2°. Areometer of a constant voluinc. 

The principal obstacle to the use of the areometer of ;j. con- 
stant weight is the inconvenience and difnculty of calculating 
and marking against the different. divisions of the stem of each 
instrument a different scale of specific gravity, and construct- 
ing the stem of that perfectly uniform thickness which is nec- 
essary to the accuracy of the observations. 

To obviate these difficulties, Fahrenheit conceived the idea 
of sinking the instrument always to the same depth by means 
of weights to be placed in a cup at the end of the stem. 

Let W be the weight of the instrument, w, and w the weights 
respectively necessary to sink it to the same point 
a of the stem in water, and in the fluid whose ^^ 
specific gravity a is required, V the constant 
volume of the portion immersed, />, and p the 
densities of the water and the fluid. Then 
gpY^W+w andgp.Y^W+w,. 

p, W-l-i(i[' 

Cor. Difierentiating, we get 

dw=(W-\-w,)d^=gP,Ydo; 
that is, for any given small variation do in the 
specific gravity of the fluid, the variation of vj is as V, or the 
susceptibility of the instrument is as the volume of the portion 
immersed. 

409. Nicholson^s Hydromete?: This is a modification of the 
preceding, to adapt it to the determination 
of the specific gravity of solids as well as 
liquids. For this purpose, a metallic basket 
is attached to the lower extremity, in which 
the body may be placed, and its weight in 
water ascertained. The basket admits of 
reversa!, so that the body may be retained 
under. water wlien specifically lighter. 

Let w be the weight in C necessary to 
sink the instrument to/. Replacing w by 
(he body, int ir , be the weight which must 
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tie added to sink the instrument to the same depth/. Removini 
the body to the basket beneath, let w^ be the weight in C reo'- 
uisite to sink the instrument a third time to/. 

Calling W the weight of the instrument, W. that of the 
water displaced by it when immersed to /, V tlie volume of 
the body, p its density, that of wafer being p,. 

Then W+w=W., («) 

g-pV+W+H)j=W„ (h) 

and £-pV+W+M.,^W,+^p,V. (c) 

Subtracting («) from {b), and (J) from (c), 



410. EXAMpLEa. 

Ex. 1. A piece of wood weighs 12 lbs., and when annexed 
to 22 lbs. of lead, and immersed in water, the whole weighs 
6 lbs. The specific gravity of lead being 11, required that of 
the wood. 

The specific gravity oi lead being 11, if v be its volume, 
lli^=32 or v=2. But this is the volume of wafer displaced 
by the lead, and the specific gravity of water being 1, its 
weight will be 2. Therefore the loss of weight in Wiiter is 
3 !bs., ajid the actual weight in water 20 lbs. 

Hence, Art. 405, w=\2, w'l=8, and w', =20. 



w+w',—w'^ 12+20—8 2' 
■Ex. 2. A diamond ring weighs 69^ grains, and when weigh- 
ed in water 64i grains. The specific gravity of gold being 16^. 
and that of diamond 3^, what is the weight of the diamond ? 

Let V, v' be the volumes of the gold and diamond respective-* 
ly, and A the weight ofa unit of volume of water. Then vX la 
the weight ofa volume of wafer equal in bulk fo the gold, and 
"-ivX the weight of the gold. In the same manner, ^v'X is the 
weight of the diamond. Hence 
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GQi=YvX+iv% (a) 

and 641=^=JdX+|u'A-(^+j!')a. (6) 

Subtracting (ft) from (a), we have 

•. from («), mi=S''i5-Xv')+iXv', 

139=165-26At>', 

ov tlie weight of the diamond is three and a half grains. 

Ex. 3. A body A weighs 10 grains in water, and a body B 
weighs 14 grains in air, and A and B connected together weigh 
7 grains in water. The specific gravity of aii- being .0013, 
required the specific gravity of B, and the number of grains 
of water equal to it in bulk. 

Let X', A" be the number of grains in the volumes of water 
equal to the volumes of A and B respectively, and o', a" their 
specific gravities. Then, by the conditions of the question, 

, {(T'-l)X'-lO, («) 

(o"-.0013)A"=14. (b) 

(a'^l)X'+{o'--i)l"=7. (c) 

From (a), {b), and (c), we have 

14(l-o")=3K-.0013). 
.-. a"=.8237. 
Hence, also, from (b), 

14 14 

X"= =——^17.023 grams. 

o"-.0013 .8224 ^ 

Ex. 4. "When 73 parts by weight of sulphuric acid, the spe 
cific gravity of which is 1.8485, are mixed with 27 parts of 
water, the resulting dilute acid has a specific gravity equal to 
1.6331. Required the amount of condensation which takes 
place by the mixture. 

Let X' be the number of parts by weight in a quantity of 
water equal in volume to that of the sulphuric acid, and X" in 
a quantity of water equal in volume to that of the mixturo. 

Then 1.8485A'=73, 

or A'=39.49I5. 
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iiiid l.e32U"-=73+27=]00 

or ;i."=61.2707. 

Now the condensation of the mixture will be expressed by the 
ratio of the diminution of the volume of water and acid, when 
mixed, to their united volume before mixture. 

Hence condensation—— — ~ — 

A'+27 

5.2208 

Ex. 5. Two fluids, the volumes of which are v and v', and 

specific gravities a and o>, on being mixed, contract -Ih part of 

the sura of their volumes by mutual penetration. Required 
the specific gravity of the mixture. 

Let a" be the specific gravity of the mixture ; then ihe sum 
of their weight before and after mixture will be equal. 

Hence (vn+v'a')X=(l~'^^(v+v'y?., 

which gives a"=^^^ ^^±^ 

Ex. 6. A body whose weight in a vacuum is 73.39 grams 
loses 24.43 grains by immersion in water. Required its spe- 
cific gravity. ^„j_ ^^3_ 

Ex. 7. Required the specific gravity of a body which weighs 
liT, grains in a vacuum, and 44 grains in water. 

Atis. "=3.0952. 
Ex. 8. An areometer sinks to a certain depth in a fluid whose 
specific gravity is .8, and when loaded with 60 grains it sinks 
to tiie same depth in water. What is the weight of the in- 
strument ? Ans. w=2'i0 grains. 

Ex. 9. A compound of gold and silver weighing w;=JO lbs. 
has a specific gi-avity o=14, that of gold being o'=19.3, and' 
that of silver being ii"=10.5. Required the weight w' and lo' 
of the gold and ailver in the compouno 

Ans. w'=5.483, 
Hi"=4.5]7 
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CHAPTER Hi. 

COMFRl'SSIDLE OK AEKIFORM FMJICa, 

411. Prop. To find the tension, of the atmosphere 
compressible fiuid. 

Let a glass tube AB, open at one end and 
closed at the other, be filled with mei'cury. 
Retain the mercury in the tube by the press- 
ure of the finger, let it be inverted and the 
open end immersed beneath the surface of the 
mercury in the vessel CDFE. It will now be 
found that a column of mercury, as BL, will 
occupy a portion of the tube, while the re- 
maining portion AL will be void. This col- 
umn of mercury is sustained in the tube by the 
pressure of the atmosphere on the surface of, 
the mercury in the cistern CF, and as there is 
no pressure on the mercury at L, the equihb- 
rium is due to the equality of pressures of the 
atmosphere and mercury on the common base 
B {Art. 401), If we now suppose the cistern 
covered, so as to separate the air without from 
that within the cistern, the pressure of the ex- 
ternal air can not be communicated to that 
within, and the mercurial column must be sustained by the e:;- 
pansive force or tension of the inclosed air, and be <i measure 
of it. 

If the tension of any other elastic fluid inclosed in a vessel 
be required, let the tube I from the cistern CEFD be fitted to 
an aperture in the vessel, and a communication be thus estab- 
lished between the inclosed fluid and the mercury in the cis- 
tern. The mercury in the tube will then rise or fall till c.n 
equilibrium takes pbce between the expansive force of the fluid 
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and the weight of the mercurial column. The height at whicn 
tne mercury stands in the tube above the surface of mercury 
in the cistern is ascertained by a graduated scale attached to 
the tube. 

412, ScnoL. The mean pressure of the atmosphere at or 
near the level of the sea is generally employed in mechanics 
as the unit of pressure, and other expansive forces are com 
pared with this and expressed in atmospheres. It has been 
ascertained by the barometer that the mean pressure of the 
atmosphere, at a temperature of 50°, is equivalent to a column 
of mercury 30 inches in height ; or, the specific gravity of mer- 
cury being 13.598, to a column of water 13.598X2.5 feet— 34 
feet ; or, the specific gravity of air, at a temperature of 50°, 

being g-~, to a column of air of uniform density, 27,540 feet 

—5.3 miles in height. 

The tension is also measured by the pressure of the atmos- 
phere on a unit of surface. Now 30 cubic inches of mercury 

is equal to 13.598X30 cubic inches of water =407.94 X ■ 

cubic feet of water=0.23007xl000 02. = M.75 lbs. on the 
square inch. 

The instrument above described involves the essential parts 
of a barometer, a more particular description of which belongs 
to Physics. Generally, instruments employed to determine the 
tension of elastic fluids are called w 



413. PfiOF. To show that the tension of an aeriform Jluid is 
inversely as lis volume. 

Let AB be a vertical tube which communicates with the 
cylindrical vessel DEO^Hj, closed at the top, and mercury be 
carefully introduced into the tube, so as to fill the horizontal 
part H,0,BC, and leave the an- in DO, of the same density 
as the exterior air. The inclosed air will then have a tension* 
of one atmosphere. Take DH^^iDH,, DH^^-J-DH,, &c., 
and draw the lines U^O^R^, H3O3R3, &;c. Now if mercury 
be poured into the tube AB until it stands at H^Oj, in the 
cylinder, it will be found to stand in the tube at the height 
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LjRj—SOinc-.hesaboveHjO^jor, when the air 
in the cyliniier is reduced to half its volume, ;ts 
tension or expansive forre is two atmospheres. 
When the mercury rises in the cylinder to the 
height H3O3, it will he found to stand at the 
height L 3R 3 = CO inches above H 3O ^ ; or, when 
ihe air is reduced to one third of its volume, it 
has a tension of three atmospheres, or, general- 
ly, the tension is inversely as the volume. The 
(ruth of the law has been tested experimentally 
as far as 26 atmospheres, and for all fractions 
of an atmosphere. 

If V and V be the volumes of a given mnss i 
of air, p and p' the corresponding tensions or i 
pressures on a unit of surface, then 



This law is called the law of Mario 
414. Coii. Let p and p' be the de 
corresponding to the volumes V ; 
density is inversely as the volume, 

p' V p' 
or the elastic force is dirccth 



(isr 



le, from the discoverer 
nslties of any mass of an 
ind v. Tlien, since the 



(158) 



s the density, 

415. Prop. To estimate the effect of heat on the. volume and 
tension of atmospheric air. 

When air is inclosed in a vessel and heat is applied, its elastic 
force is increased, as may be shown by the method indicated 
in Art. 411, and by the same method the increase in the ten- 
sion for a given increase of temperature may be ascertained. 
Experiment indicates that the tension of a given volume of 
dry air increases, by being heated from the freezing to the 
boiling point, 0.367 of its original value, and therefore, if the 
!i;nsion remains the same, the volume will increase 3C.7 pet 
cent. Let V be the increment of volume, the tension remain- 
ing the same, fo>- one degree of Fahrenheit's ihermometer; ther 
S 
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274 11 Y D r. o s T A T 1 c s, 

v=0,002030, and for an increase of t degrees of tempers In roj 
the increase of volume will be r(=0.002039(. 

If now V„ be the original volume of a given mass of air, and 
it be heated i, degrees, the tension remaining the same, the 
new volume Vj will be 

V,=(H-vi,)V„; 
ind when henled t^ degrees the corresponding volume will be 

V,_ l+W| _l +0.C0230af, 
" Vj^l+Wa^l+O.OOSSOOf^' ^^^"-^ 

But the densities p, and Pj are inversely as the ".'kimes. 

IT P, V^ l+v(. 

Hence — ===i— ■ ^. 

Pa V, l+v(, 

If, also, a change take place in the tensions at the same time, 
let;)„bethe tension at 32°, ;i, the tension at 32°+i,,and^3 that 
at ^2°+t„. Then, since the tension is inversely as the volume, 

V,=={I + t.i,)^V„andV„=.(l+v;,}-^V„. 

in which &, and &j represent the measures of the tensions ;>, 
ind jo,, or the corresponding heights of the barometer. 

416, Prop. To find the densily of the air at different lempera- 
tures and under different pressures. 

By accurate experiments the weight of a cubic foot of air at 
a temperature of 32°, when the barometer stands at 30 inches, 
is found lobe p=0.081 12 lbs. avoirdupois. Hence, for the tem- 
perature Sa'+f". 

_ p _ 0.08112 
''''"l+j't~l+0.00203gi ^'''^' 

If, also, the barometer, instead of &=30 inches, should stand 
at some other height, as h^ inches, the density will be express- 
ed by 

P b,_ 0.08112 ?<,_ 0.002704;. 
'' ~ 1 +vt' b ~ I +0.00204("30~ 1 +0.00204i " '^^^^ 
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Whenever tlie elasllcify ol the air Is expressed by the pres.^- 
ure^=H.75 lbs. on the square inch, instead of the barometric 
height h, the density for any other tension;?, -will be 



0.0S112 



Q.Q055; j, 



(IfiS) 



'^' l+vt p 1+0.00204M4.75 1+0.001 

The density of steam is five eigliths of ihe density of atmos- 
pheric air for the same temperature ant! tension. Therefore 
we have, for steam, 



_ 0.00344/) 1 
~l+0.00204( 



lbs. 



417. Peoi'. To determine the height corresponding to a gioen 
density of the atmosphere, and, conversely, ihe density in terms 
of the height. 

Since tiie density of Ihe atmosphere at the surface of the 
earth is due to the pressure of the superincumbent portions o 
it, the density must decrease as the height increases. 

Let HOBA be a vertical column of ah' whose ,^ ^^ 

base AB is one square foot. Conceive it divided 
into portions of equal weights lo, and heights x„, a:,, 
x^, &c., beginning at AB, so small that the den- 
sity of each may be regarded as uniform. Then 
^0+^1+^2' ^'^- ■ ■ ■ a:„=S,.x=h is the height of 
the wth stratum. Let p„ be the tension of the 
lowest stratum, and p., that of the Mth, p„ and p,. 
their densities respectively. Then the weigiit of 
ihe Mth stratum is 

But the tension of the (n— l)th stratum is p„-\-ii; and :he 
height, therefore, 
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2'IC 



-tl 



\n like manner, ■-„-!— ■ , . ■ 

Po p„+2io 



° " " Co ' P.. + nU) Pa' Po 

Now, in ths exponentiiil scries, 

when y is vcrv small, we have 

or !/=^/.e=/.(l+!/}=2.30258L.(l+!/), (S) 

in which I denotes the Naperian logarithm, and L the comisK-n 

logarithm of a number. 

If in (l»), for 1/, wo put — , wo get 

^■=m-^^)=;.(i^)=/.(p.+»)-;./..- 

,•, from (a), wc have 

^■.=-^it(i'.+«>)-'-i>.i- 

Now, siibELLtuting^„+w successively (or p,„ we obtain 

.iv.,=^!;.(p.+2«o-'.(?.+»)!, 

.r._,=^!i(r.+ 3»)-;.(/).+2»)!, 



T.=.f._.=^l(.(^+n.B)-/.Cp.+ («-l)»)!. 

By tailing the sum of these equations, the tevms in tiie' 
brackets will all cancel, except l.(p„-\-nw)=!.p, in the last 
and Ip,, in the first, and we shall have 

S.x=4=^.iip.-/.p.!=^'.|f. (184) 
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COMFKESSIBLE on AERIIORM 

To find p„ when /( is given, we have 

P" Po 

r i_i— oi-o 



lierice p,.=^p^.e "' , (165) 

■where e— 2.71828, the base of the Naperiaii system of loga- 
rithms. 

418. SciiOL. Formula (164) may be adapted to the determ- 
ination of heights by the barometer. To this end let b^ and /j„ 
be the lieights of the barometrical columns at the lower and 



Ihat p „ expresses the weight or pressure of a column of the at- 
mosphere on a unit of surface as one square foot, and — must 

Pi 
express the height of this column on the supposition that its 
density is uuiform. Now a cubic foot of air at 32° weighs 
0.08112 lbs., and a cubic foot of water at the same temperature 
weighs 62.37917 lbs., and therefore the specific gravity of 



0.08112" 

a homogeneous atmosphere at a temperature of 33° is 34x76Ji 
^26146 feet. 

.-. 2.30358-^=2.30258x26146=00204 feet! 

It is here assumed, however, that the lower station is at or 
near the level of the sea, and no account is taken of the varia- 
tion of gravity at different elevations. From numerous obser- 
vations made at different elevations above the sea, and at known 
^iiflerences of height, this coefficient is found to he 60345 fed 
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at a temperature of 32". But the actual temperature of the su 
at both the lower and upper stations will, in general, tSfler from 
the standard temperature of the formula, and, since the density 
of air varies uniformly with the temperature, we may use tlie 
mean of the temperatures (if the air at the two stations. Let 
r„ and („ be the indications of Fahrenheit's thermometer; tlien 
the mean temperature will be i{l, +Q, and the deviation I from 
the standard will be 

The expansion of dry air is 0.00204 for a change of 1=; but 
when the atmosphere contains vapor, it is found, by comparing 
the rates of expansion of vapor and of dry air, and assuming a 
certain mean humidity for the air, that the rale is expressed by 
0.00222. Incorporating this correction in (a), and using the 
coefficient determined by observation, we have 

/i= 00345 (H-.002220L.^. (166) 

It is furtlier obvious that a change in the length of the mer- 
curial column wil! be produced by a change of temperature of 
the mercury. Let t„ and r„ be the temperatures of the mer- 
cury, as shown by a thermometer attached to the cistern of the 
barometer; then, since mercury espands at the rate of 0.0001 
for each degree, 

&„=fc;,(l + .0001)(r„~T„), 
where bi is the observed height of the barometer at the uppur 
station. Using this value of b,„ the difference of elevation be- 
tween two stations or the height of a mountain may be determ- 
ined with considerable accuracy. 

In the determination of the constant coefficient, the variation 
of o-ravity at different elevations is allowed for in the assump- 
. tion that this coefficient is that which belongs to the mean 
height above the sea at which observations are usually made* 
and to the latitude of 45". When the latitude differs from this, 
it will be necessary to multiply the result by 

(1+.002837 COS. S-A), 
6 being the latitude at which the observations are made. 
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CU5IPEH3SIBLE Olt AElUrOIlM FLUIDS. ■-ili) 

419. EXAMPLES. 

Ex. 1. A cylindrical tube 40 inclies long is half filled with 
mei-cuiy, and then inverted in a vessel of mercury. How 
high will the mercury stand in the lube, the pressure of the ex- 
ternal air being equivalent to 30 inches? 

Let / be the length of the tube, a the length of the portior. 
occupied by the air before it was inverted, h the height of mer- 
cury due to the pressure of the external air, x the height of the 
mercury after the tube is inverted, and A' the column of mev' 
cury equivalent to the tension of the air in the tube. 
Then (157), ha=k'{l-x). 

But h=h'+x or h'=h—x. 

.: ha-^{h~x) jl-x ), 
whence we get x=^{l+h)±iV(l-xy+4:ah. 

Using the data of the question, 1=40, a=20, and /i=30, we gei 

x=\0 or 60. 
The first value is that which pertains to the specific question. 
Ex. 3. A tube 30 inches long, closed at one end and open at 
the other, was caused to descend in the sea with the open end 
downward until the inclosed air occupied only one inch of the 
tube. How far did it descend? 

Ex. 3. A spherical alr-buLble having risen from a depth of 
1000 feet in water, was one inch in diameter when it reached 
the surface. What was its diameter at the bottom ? 

Ex. 4. Required the equation of the curve described by the 
extremities of a horizontal diameter of the air-bubble of Ex. 3, 
supposing its center to move in a vertical line. 

Ex. 5. What number of degrees must a given volume of air 
he heated to double its elasticity? 

Ex. G. The following barometrical observations were made 
at the White Rocks, on the bank of the Connecticut River 
dome two miles below the city of Middletown : 

Fsromclor. De^ Ther. At Ther. 

At the base, J,=30.09in. („=83.0 t„=84.5 
On the summit, !>'.. =29.65 in. )!„ =85.0 r. =83.5 
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Hence t^i{t„ + Q-32^=52'' and l+.00222i=l.I1544. 
Also, T^~T,~r and ;',.=J;,{I+.0001Xl}==20.653ia 

.-. A=60345X1.11544.XL^^^. 
29.603 
30.09 log. 2.4784223 

29.653 a.c. " 8.5279314 

0.006353G log. 7.S0301&fl 
1. 11544 " 0.0474462 
60345. " 4.7806413 

427.07 feet " aiesTToTi. 

Ex, 7. The following obsei-vatlons were made by Humboldf 
at the Mountain of Quindiu, New Grenada, in (at. 5°: 

At the level of the Pacific, 30.03c'in. 77'.54' 77^54 
On the summit, 20.0713 05=.75 (iS°.00 

Required the height of the mountain. 

Ans. 11500 fee! nearlv. 
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HYDEODIHAIICS. 



420. Pkop. The velocity of afiaid in a tube of variable di- 
ameter, kept constantly/ full, is in different transverse sections in- 
versely as the areas of the sections. 

Since the tube is supposed constantly full, and the fluid in- 
compressible, the same quantity of fluid must pass thi'ough 
every section in a unit of time. But admitting the fluid to have 
the same velocity in every part of the same section, the quan- 
tity wbich flows through any section in a unit of time will be 
the product of the area of the section by the velocity. If, 
therefore, h and k' be the areas of any two sections, and v and 
v' the velocities at each respectively, 

hv=k'v', 
and v:v'=k':li. (iG7) 

In reality, the velocity is diminished by the sides of the tube, 
and is therefore in any section least near the sides of the tube 
and greatest near the central portions. 

421, Prop. The velocity with wMch a fluid issues fro7n a small 
orifice in the bottom of a vessel kept constantly full, is equal to 
that acquired by a body falling freely through the height of the 
fluid above the orifice. 

Let j5F represent a very small orifice in ^ _ lm b 

the bottom of the vessel ABCD, filled with a ~ 
fluid to the level of AB, GF a stratum whose 
thickness FH=A' is indefinitely small, and 
FM=/i the whole height of the column ver- 
tically above the orifice. 

If now the stratum GF fall by its own 
weight through IIF=A', the velocity will be """ 
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»S« lEYDRODYKAMIca. 

V= V2gh'. 

iiut if the stratum be urged by its own vvcjgiit and tlie weight 
of the column LH, calling the force in this case g'. the velocity 
V- will be 

D'= V2g'/i'. 
But the forces g and g' are as the weights of the columns 
GF and LF, or as their heights h' and k. Hence 

^=- or fr'=ih 
g A'^'^ h'- 

Substituting this value of ^' in that of v'. we have 

v'=^V2gli, (168) 

which is the velocity of a body falling freely througli the 
height k. 

Cor. If the orifice be made in the side of the vessel, and a 
tube be inserted so as to direct the current obliquely, horizon- 
talhj, or vertically upward, the velocity of efflux will be the 
same, since the pressure of fluids is the same in every direc- 
tion. 

In the first case, its path will be a parabola whose equation 
IS (64). 

In the second case, the angle of elevation «=0, which re- 
duces the equation to 

a:"— 4 Ay, 
the equation of a parabola whose axis is vertical and origin of 
co-ordinates at the vertex or orifice. 

In the last case, if all obstructions are removed, the fluid will 
rise to the height of the surface of the fluid in the vessel. 

422. Prop. To determine the horizontal distance to which a 
fluid will spout from an orifice in the vertical side of a vessel. 

Let the vessel ABCD be filled to the level AB. If the fluid 
issue horizontally from the orifice O, the equation of its path fs 

x'=4hy, 
m which //=0B, the height of the fluid above the orifice, is the 
Impetus or height due to the velocity. 

To determine the range, let y— OC = a. Hence 
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3;^CP=2VAy=2VA«=2.0M, 
or the horizontal distance is j^ jj 
equal to twice the ordinate at 
the orifice, in a semicircle whose 
diameter is the vertical distance 
from the surface of the fluid to 
the horizontal plane. 

Colt. When the orifice is at 
the middle of BC, the range is a 
maximum, and at equal dis- ^ 
lances above and below the mid- 
dle the range will be the same. 

423. Tnop. To find the quantity of fluid discharged in a 
given time from a small vrifice in the bottom of a vessel when 
the fluid is maintaini'd at the same constant height. 

Let h be the constant height of the fluid in the vessel, t the 
friven time, ^i: the area of the orifice, and Q the quantity. 

Then Cl=kvt=itV2gh. (169) 

If the orifice hs circular, and r its radius, then k=nr'', and 

Cl=TT Vlg.tr' VJi^ 

=25.195.irV/^. 

The time being in seconds, and r and h in feet, Q, will he ;n 

cubic feet. If the weight "VV be required, 

W=G2.5Q. 

Cor. 1. The time required for the efflux of a given quantity h 



Q, 



Cor.: 



e I and g 



■■■'V2gh 
T- are constant in (169), 
QarlcVTi. 

Hence the quantify discharged in the same time from orincea 
diflering in size and distance from the surface, varies as thf 
size of the orifice and square root of its depth. 

If the orifices are the same, Qoc-Z/i. In order, therefore, 
that the discharge from one orifice maybe twice that from an- 
other, its depth must be four times as great. 
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424. Peop. To determine the time in which a cylindrical ves- 
sel filled with water will empty itself by a small orifice in its 
base. 

The velocity of efflux at any instant is v= V^i, h being the 
height of the fluid in the vessel. But since the velocities v antl 
1)', at the orifice and at any transverse section of the vessel, arc 
inversely as their areas, h and h' (1G7), 

v'=Y,v=pV2g/i'X.Vh. 

The surface of the fluid, therefore, in the vessel descends with 
a velocity proportional to the square root of the space over 
which it must pass, and the circumstances of its motion are 
precisely the same as those of a body projected vertically up- 
ward. But the velocity of a body projected upward is such 
that if it continued uniformly it would move over twice the 
apace through which it must move in the same lime to acquire 
or expend that velocity. Hence the time of descent of the 
surface of the fluid to the base is twice that required for the 
descent of the same superficial stratum when the vessel is kept 
lull. In the latter case, if Q be the whole quantity of v/ater 
:n tlie vessel {109), 

hV2gh 

Therefore, in the former, 

2Q 
i= -t— (170) 

kV2gh ^ ' 

If )■' be the radius of a Iranvorse section of the vessel, r thai 
of the orifice, 

Q=Trr'Vi and /:=~r'. 



■125. ScuoL. The preceding deductions are founded on tlie 
hypothesis that the fluid particles descend in straight lines to 
the orifice, and ah issue with a velocity due to the height of 
the fluid surface. Experiment shows that this is true only of 
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(hose vertically above the center of the orifice, that those sit- 
uated about the centra! line of particles, take a curvilinear course 
33 they approach the orifice, being turned inward toward tbia 
line or spirally around it, and this deviation from a vertical 
rectilinear path is the greater the more remote they are from 
the central line. This deviation will necessarily occasion a 
diminution of vertical velocity, and therefore a diminution of to- 
tal discharge. The oblique direction of the exterior particles 
gives to the vein of issuing fluid, when the orifice is circular, 
the form nearly of a conic frustum, whose larger base is the 
area of the orifice. This diminution of a section of the issuing 
fluid is called the contraction of the vein, and the vein itsell! 
from the orifice to the smallest section, ibe vena contracia, or 
conlracled vein. 

The results of most experiments agree in making the length 
of the contracted vein, when the orifice is circular and hori- 
zontal, equal to the radius of the orifice. There is a greater 
discrepancy in the results of experiments for determining the 
ratio of the diameters of the two ends of the contracted vein. 
When water flows through orifices in thin plates it is found to 
be about 0.8. The ratio of the areas of the two ends, called 
the coefficient of contraction, is therefore 0.C4. 

The actual discharge is found by experiment to differ sligljt ■ 
ly from the theoretical for other causes. The ratio of the 
former to the latter is found to be about 0,97, and is called the 
coefiicient of velocity. The product of the coefllcients of ve- 
locity and contraction, called the coefficient of efilux, is 0.C2. 

Hence, for the actual velocity of discharge through orifices 
in thin plates, we have 

t!i=0.62i)=0.G3V2g7i, 
isnd for the quantity in a unit of time (109), 

When the orifice or pipe through which the discharge is inaaa 

has the length and form of the vena contracta, the velocltv 

will be ■u, = 0.97D=0.97v'2i«. 

and thequantity Q,^kv^^QmkV2g[i, 

h being the smallest section of the conlracled veil . 
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By the use of cyiindrica! or conical adjutages, the quaniitj 
of the discharge is increased. More seems to be gained by 
the adhesion of the fluid particles to the sides of the tube, in 
preventing the contraction of the vein, than is lost by the fric- 
lion. The discharge is greater when the adjutage is conical 
■ind the krger end is the discharging orifice. 

420. Pkop. To determine the quanlUy of wate.v which will 
flow from a rectangular aperture. 

1°. When one side of the aperture coincides vvitii the sur- 
face of the water. 

.^ Let h be its height and b its breadth, and 

conceive the aperture to be divided horizon- 
tally into a very large number n of equal di- 
visions so narrow that the velocity of the 
fluid in every part of each may be regarded 
as the same. The larger n is, the more near- 
ly will the hypothesis be satisfied. 

The depth of these successive divisions be- 



low the 



irface will be 



h 2k Sh 



The velocities in each will be 



/ h / 2h / 3/i , 
V^^n' V^S~' \/^S-< &c. 



and since the areas of these divisions are each b~, the quanti- 
ties discharged by each in a unit of time will be (169) 
bk /~Tt hh /~2h bh /'"sh „ 
liy^^'iC I^V^^IT' l^V^S^' '^^■' 
and their sura, or the whole quantity Q discharget), will be 
„ bhV2gh 111 1 

nVn 

■ ' ■ . J*' J 

But l =+2-+3H, &c. . . . n^^-i =^|n5. 
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DISCHARGE FROM 



AR APEETUKES, 



Or. ift)=- 



be the mean velocity. 



2°. When the upper side of the recfangLilar aperture is not 
coincident with the surface of the fluid. 

Let its depth EL=A,, and the distance EG=h, as before. 
Then the quantity which issues from the aperture LH will be 
equal to the quantity which would issue from EH, diminished 
by the quantity which would issue from EK, or 



q=lbV2gh'- 
snd if q,-=h(h-h,)v. 



lbV2ghl = ?jbV2g{h--/ii); 



427. Prop. To determine the quanlitij of water which wilt 

flow from a triangular aperture. 
1°. When the vertex of the triangle is in the surface. 
Let the base GR^b, and the height HF=A, ^ ^ 

Ltnd let the triangle be divided into n parts, as 

before, of equal but very small heights. The 

altitudes of these elements are each -, and the 



lengths, begin 



f at the vertex of the trian- 



ing them as parallelograms, which we may do, since n is in- 
definitely large, are 

/( h 2b h 3b h „ 



Hence the discharges through each ore 

bh /~h 2bh /"SA 3bh /~3h „ 
— V^- ^-V2^— . ~^\/2g-~, &.C.., 
n V °n n V " n n v " n 

and the whole discharge will be 
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AI30, 






■a Vj+1/ ' 



bliV2gh~ibV2gh'. 



m 



= iV2j7i. 



:^ 






t 


\ 


/ 


\ 





2'. V/hcii the base of the tilangie is in tiio surface. 
In this case the quantity which will flow through EFG wil 
equal the discharge through EFGH minus that through FGII 
or (^=^hhV2gk~ibkV'2gh-=jSbkV2^i, 

and v=jjV2gli. 

E K L M F Cor. If ihe aperture be a. trapezoid, aii 

EFGH, whose upper base EF=&i lies in 
the surface, lower base HG=Z)j,, and alti- 
tude KH— A, we may find the discharge by 
regarding the aperture as made up of ibc 
rectangle KHGM, and the two triangles 
EKH and MGF. Hence 

Q=iJ,A%/2p+3'3(&,-J,)Va^=-r5(S5,+3&,)/iV2p. 

Also, through the triangle HOG, whose base HG=Jj, and 

depth of vertex LO=Ai, the quantity of the discharge will be 

in a similar manner, rectilinear orifices of other forms may 
be divided into triangles, trapeziums, &c., and the discharge 
determined. 

428. Prop. To determine the velocity with which an clastii 
Jluid will issue from a small orijice into an unlimited void when 
urged by Us own weight. 

By reference to Art. 421, it will bo seen that the result there 
obtained is independent of the density of the fluid, and wiH 
therefore be true of all fluids, whatever be their density. For 
the forces g and g' are as the weights of the stratum at the 
orifice, and of the column vertically above it ; that is, 
g : 5-'=K! : w'=gk : gh'=h : //'. 
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MOTION OF FLU 1)3 IN LONG PIPES. ^SiJ 

Consequently, v— V2gh' 

expresses the veiocily with which every fluid of unilorm deiis 

ity will issue from a small orifice. 

Cor. The velocity with which air will rush into a vacuum 
is that which a heavy body would acquire in falling from the 
height of a homogeneous atmosphere. The height of a homo- 
geneous atmosphere (Art. 418), when the temperature is 32° 
and the barometer stands at 30 in., is A'=26146 feet, whicii 
gives 11=1297 feci. But for a temperature of 60° the !iei§lu 
k, will be (159) 

in which ;=60=— 33°=2S°, and the value of !■ for a mean slafe 
of humidity of the air will be 0.00222 instead of 0.002039 
(Art. 412). 

.-. u= V2^= ■/2^/i'(l+0.00222x28} 

^ V'2X32J^X26140X(l+0.00222X2"8):^133iJ feet 

MOTION OF FLUIDS IN L0\0 PIPES, 

429. The subject of the conveyance of water in pipes is one 
of considerable practical importance. But the motion of fluids 
in long pipes is so much affected by adhesion and friction in 
the interior, by the resistance occasioned by curvature, and by 
the disengagement of air, which remaining stationary when 
the pipes are laid along a level surface, or collecting in the 
higher portions of them, where they are curved, opposes the 
flow of the fluid, that theoretical results are of little practical 
value; besides, investigations conducted on hypotheses in- 
volving all the causes which affect the motion of the fluid are 
too difficult for an elementary work. 

The* experiments of Bossut, in 1779, are those whicli are 
usually relied on for information on this subject. Water was al- 
lowed to flow through pipes whose diameters were l\ in. and 
2 in., and lengths from 30 to ISO feet. They were chiefly of 
tin, and inserted in the side of a reservoir filled to a constant 
height, either one foot or two feet above the center of the pipe 
The following principles were established : 

1°. The discharges In given times with pipes of the same 
T 
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length, and wiih the same head of v 
the squares of the diameters. 

2°. For pipes of difFerent lengths and of the same diameter, 
the discharge was inversely proportional to the square roots 
of the lengths. 

To determine the supply which may be expected irom a 
pipe of given dimensions, it was found that a pipe 30 feet long 
and II inch in diameter would discharge at its extremity about 
one half of that which would issue from a simple orifice, or 
short pipe of the same diameter. 

Couplet, in 1730, found that a pipe of stone or iron, 600 fath- 
oms in length and 12 inches m diameter, with a head of 12 feci 
of water, discharged y^th, and a pipe of the same diameter and 
3340 fathoms in length, with a head of 20 feet, discharged j\lh 
of that which would have been obtained from a simple orifice 

To determine the quantity which flows through a section of 
a natural stream, it is usual to measure the breadth and the 
depth at different points of a transverse section, and find the 
area of the section. The velocity at various points of the set: ■ 
lion is measured by the hydraulic quadrant, or rheometer oi 
some kind. The mean velocity, multiplied by the area, gives 
the quantity which flows through the section in a second. 

430. Prop. To determine generally the velocity with which a 
fluid will issue from an orifice of any size in the bottom of -i 
cylindrical vessel, 

A We shall adopt the usual hypothesis of a 

division of the fluid into thin laminaj, and thai 
in their descent their parallelism is preserved. 
Let the distance of the lamina pp'qq' from 
the surface A be x, and K the area of its 
surface. Then, if dx be its thickness and p 
its density, pKdx will be its mass, and gpKd:r. , 
its weight, or the force with which it wilj' 
descend if free. Now ihe resistance with 
which it meets in its descent is the difference 
of pressures on its lower and upper surfaces. 
Let^ represent Ihe pressure on a unit of (In, 
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upper surface by the water above it ; then p+dp will bo the up- 
ward pressure on a unit of the lower surface, or the resistance 
of the water below it, and the diiTerence —dp, multiplied by 
K, will be the resistance experienced by the whole lamina. 
Hence the moving force will be 

gpK.dx—K.dp, 
and the acceleration, [VI.] and [IS.], 

_gpK.dx—K.dp ^gpdx—dp _d-x 
pKdx ~ pdx ~ dt ' 
Let V be the velocity of discharge at B, k the area of a sec- 
tion of the issuing fluid, and dt the element of lime in which 
the surface K descends a distance equal to dx. Then (10") 
we have 

T' -, , , ^^ ^T 
i\.dx=hvdt or ~r=iF- W 

dt K "■ ' 

By diflerentiation, regarding dl as constant, wc get 

d''x^Mvi 

'dF~Kdt' 

Mv _gpdx—ap 

' ' 'Kir' pdx ■ 

pkdv dx 
"IT'rft" 



-^P=-K^-^r 



Hence Qj) gpdx—dp^p^.vdi: 

k' v" ^ 
Integrating, gpx-p=p^,.~-^C. 

Letnow 3:=A=AB and S^K; then 

g(,k-p~p--{-C ; 

acd subtracting the preceding from this, we have 
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2a2. H Y D R O D Y N A M I C 3. 

■ lik be very small, D—V2g-(A—J:) nearly; and irihe vtase! be 
kept constantly full, x=0 and v= V2gh (168). 

If A=K, ti= a, or t!ie velocity must be infinite. From which 
we infer that a section of the issuing fluid can never be equal 
to a section of the vessel. If a cylindrical tube be vertical and 
filled with a fluid, the portion of the fluid at the lower extremi- 
ty, being urged by the pressure of all above it, will neces- 
sarily have a greater velocity than those portions which are 
higher, and therefore (167) a section of the issuing fiutld is nec- 
essarily less than a section of the tube. 

431. Pr.op, To delermine the time in which a cylindrical vcs 
ssl will exhaust itself by a small orifice in the base. 



Since k is very small, we have v= V2g(h~x) for the vcloc- 
ily at the end of the lime t when the surface of the fluid has 
descended through the space x. Lot this velocity be sup- 
posed constant during the indefinilely small time dt. Then 
thu quantity discharged in this time will be 
(?Q = hdt V2g{h--x) = Kdx, 
ill- being the descent of the surface in the time dt. 
K 



Hence 




<h-- 


= =^.(A-.v; 


r^j.,:. 


hilegratii 


iS^ 


;= 




-.)i+c. 


iri=o, I 


=0, 


an J C = 


l,V2g 


VJ=^:), 



(172) 

and when .c — h, or the whole Is discharged, 

_2KV7i_ 2KA__ 2Q . 

^~kV2g^kV'2gh~k V2^i ' 
The time is therefore twice as great as that which is required 
to discharge the same quantity when the vessel is kept con- 
stantly full. 
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E X A Ji r L E s. 293 

432. Piiop, To determine the quantity which will issue from 
an aperture of any size and form in the side of a prismalii 
vessel. 

Let the Fig., Art. 430, represent one face of the vessel, ana 
DCE the apertui-e. 

The element of the area of the orifice will now he ydj:. 
.: dq,=iydx^/2g(h,+:r), 
in which A,— AC, x~Cin, and y~mn. 

This, integrated between the limits a;=0, and .t=/j— /i,=Uii 
will give the quantity discharged in the time t. 

If the aperture be rectangular, y=a constant— &. Then 
<iq.=ht V2g{h,+x)dx, 
and Q.= -^btV2g{h,+x)^+C, 

and, between the limits above named, 

if the orifice extend to the top of the vessel, then h,—0,ani: 
Ci= |i( Va^.A^- Ihht -/^ifi, 

which is the velocity due to the depth oi Ihe center of pressure 
of the aperture below the surface of the fluid. 

In the foregoing the vessel is supposed to be kept constant- 
ly full, or the surface of the fiuld lo be very large compared 
with the aperture. 

433. EXAMPLES. 

Kx. I, A vessel, formed by the revolution of a aemi-cubical 
parabola about its axis, which is vertical, is filled with a fluid 
till the radius of its surface is equal to its distance from the 
vertex ; to find the lime in which the fluid will be discliorged 
through a small hole at the vertex. 

The equation of the semi-cubical parabola is ay''=x\ 

Hence (167) kvdt^-Kdx, 

, /^ — 'i, = , -"x^dx 
or k V2gxdi= — TTi/dx= ■. 
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ka V2g 
Tiikiiig ilic integral between the limits x=(i and !:=;a we. 
have 

fmVlIg"' Ik^/'g' 
Ex. 2. To find the time in which a paraboloid of levolution 
whose altitude is h and parameter p, full of fluid, will empty 
itself through a small orifice at its vertex, its axis being vertical. 

Ans. t=- — i-z=. 
3!iV2g 
Ex. ;;. A conical vessel, the radius of whose base is r and 
altitude h, is filled with a fluid. Required the time in which 
the surface of the fluid will descend through half its altitude, 
the orifice being at the vertex and the axis vertical. 

Ans. f~- ^^-^ — i. 

Ex. 4. Find the times in which a fluid contained in a vessel, 
formed by the revolution of the curve whose equation is y'—a'x 
about the axis of i, will descend through equal distances k . 
supposing a small orifice at the vertex, and the axis vertical. 

kV2g- 
Ex. 5. The horizontal section of a cylindrical vessel is 100 
square inches, its altitude is 30 inches, and it has an orifice 
whose section is one tenth of a square inch. In what time, if 
filled with a fluid, will it empty itself, allowing for the contrac 
tionof the vein? 

Anx. (=iraO'.5. 
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MAHIOTTL'S FLASK. 
433. This piece of apparatus was devised to illustrate sevt 
successive positions of equilibrium of air and 
waler, and variations in the velocity of dis- 
charge. In the annexed section of this flask, 
A, B, C are apertures so small that when open 
and wafer is issuing the air can not enter, and 
the reverse. The apertures at first are all 
closed, the vessel is filled with water, and the 
lube DF is inserted at M and filled with water 
to the height U. 

1°. Let the aperture B be opened. 

If Abe the height of a columnof water equiva- 
lent to one atmosphere, and x represent, in every 
case, the difference of level between the surface 
of the water in the lube and the open orifice, then the pressure 
of the aiv inward at B on a unit of surface will be li, while the 
pressure outward on a unit of surface will be that due to the 
pressure of the air on the surface at D, together with the press- 
ure of the column of water DE— 3:, or the outward pressui^e at 
B is k+x. Therefore the pressure outward is greater, than 
the pressure inward by the difference h+x—h=x, and the 
water will issue with a decreasing velocity due to x, or 
o=^/2gx. This discharge will continue til! x vanishes and 
ihe water in the tube descends to E, on a level with B, when 
ihe equilibrium is restored. 

2". Let B be now closed and A be opened. 

Now the pressure downward on the surface of the water in 
the tube at E is h. The pressure upward on the same surface 
IS that due to the presFjre of the air at A, and to ihe weight 
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if a colunjii of water equal in height to AB-IIE^x. or the 
upward pressure on E is A+.t. The resultant upward press- 
ure on E is therefore h+x-h=z, and the surface of the water 
in the tube will rise till z vanishes, or till it arrives at H, when 
llie equilibrium will again be restored. 

In liie mean time, however, the air has entered at A and 
risen to the upper part of the vessel, where it occupies the space 
above ho. Since an equilibrium now exists, the expansive 
force of the air above ho, together with a column of water 
equal in height to LH, equilibrates the pressure h of the air on 
the water in the tube at H. If h' be the height of a column 
of water equivalent to the tension of the air above ho, ana 
y-LH represent the difference of level of the suifoces of the 
fiuid in the tube and flask, we have 

h'+ij=h or h'=h—y. 

S\ Let A and B be closed and C opened. 

The pressure at C inward is /(, outward Is h-<rx, represent- 
mg by X, as before, the vertical distance of the surface of the 
water in the tube from the open orifice C. Therefore the re- 
sultant of the pressures at C is k+x-h=x, and the water wiil 
flow from C with a velocity due to the height x. As the sur- 
face of the fluid in the tube descends, a: diminishes, and ^he 
velocity of discharge also, till the surface in the tube arrives at 
F, at which time x becomes equal to the height of F above C, 
In this position of the fluid, the equation h'=h-y still obtains, 
y being now the distance LF. But an equilibrium not being 
established, air will enter (he vessel at Fand rise to ho. Thi's 
operation will continue till y^o and h'=h. During ihls en- 
trance of the air, and the descent of Ao to F, the value of a: has 
remained unchanged, and therefore the velocity of discharge 
has remained constant. After this the value of a: will diminish, 
and the velocity of discharge also, till the water in the flask de- 
scends to the level of C. 



BRAMAirS HYDROSTATIC TRESS, 

434. In the annexed section of this instrument L and H are 

vertical cylindrical cavilles. in a solid mass of metal or other 
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Strong material. The 
diameter of H is con- , 
sideraUy less than that 
of L, and they commu- 
nicafe through an aper- 
ture N, in which is a 
(■alve opening into L. 
A is a strong piston or 
solid cylinder of iron 
fitting closely to the 
surface of the hollow 
cylinder, and movable 
'n it. IH is a piston 
similarly applied to the 
other cavity H, and 
movable by means of a lever KP, whose fulcrum is at P. At 
O is a valve opening upward, and below it the cylinder H is 
continued downward to a reservoir of water. The lever KI 
being raised, the water ascends, as in the common pump, from 
the reservoir G into the cavity H. The iever being then press- 
ed down, the valve closes, and the water is forced through 
the valve N into L, and, acting on the piston A, communicates 
a pressure to any substance, as books, included between its 
upper surface and a strong cross bar BC firmly connected 
with the solid cylinder DE. When the water from H is forced 
into L, its reaction closes N, and the same operation is re~ 
pealed. 

The pressure on the base of A (134) is to the force impress- 
ed by H as the area of the base of A is to that of H. 

Let R and j- be the radii of the pistons A and H, L and / 
the longer and shorter arms of the lever KP, p the power ap. 
plied at K, and P the resulting pressure on tlie base of A 
Then the foicep', applied to the piston H, will lo 



_^pL 



But (134), 
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ass HYDROSTATIC AND UVDRAL-LIC r M S T i; UME N T3. 
■ P= '^-== , h E 

This press seema fo present the simplest and most effecliie 
of all contrivances for increasing human power. 

If^^lOOlbs., y=10, and -=10, then P=100,000 lbs 

HYDROSTATIC BELLOWS. 
435. This ii^atrument presents an ijliislration of what is term- 
^ ed the Hydrostatic. Paradox: that fluids, 

however unequal in quantity, may be made 
to equilibrate. It consists of two circular 
boards, A and B, firmly connected by a 
cylindrical coating of leather or other flexi- 
ble material. CM is a tube communicating 
with the lower portion of the cyhnder. 
Water being poured into the tube CM, the 
boards A and B will separate, B will rise, 
and a weight W, very large compared with 
that of the water in CM, may be supported 
on E. The fluid in CM which counter- 
poises W is Ihat above P, the level of E. 
A Let h he the area of a horizontal section 

of the tube, K that of a section of the cyl- 
inder, or that of B, and p the pressure of the fluid NP above 
Vonk. 

Then (.3i) |.=^. 

Tf (T be the specific gravity of the weight W, V its volume, 
and JN'P=//, then 

gP,hIc _ k 

gpy ^K- 

If V be the whole volume of the fluid in the instrument, and 
U the height of the cylinder AB, then 



./Google 



VK~aYk 



Let now thequantity of fluid be increased by v, aiA the coi- 
responding increment aH in the height of W will be 
K(V'+i>)-ctVA KV'~aYk ^ V 
K(K+k) K{K+k) K+A" 

DIVING BELL. 
436. Tlie diving bcU is commoolya hollow cylinder oi pai- 
al'.elopiped, one end of which is closed. It is immersed with 
the open end downward, weights being added to sink and Xeep 
it steady in its descent. As the vessel descends the fluid con- 
tinually exercises a greater pressure on the contained air, con- 
denses it, and occupies a greater portion of the vessel, if the 
form be as above supposed, to find the height x of that portion 
of the bell free from water, when the top is sunk to the depth 
H, let h be the height of a homogeneous atmosphere, a the 
height of the bell, p' the density of the external air, p thrt of 
the air in the bell, and Pj that of water. Then the pressu ep, 
on a unit of surface of air in the bell, will be 

But the unit of pressure arising from the elasticity of the inf vn 
al air is gph. 

.: g\hp'+(U+x)p,\=gpb. 
The quantity of air in the bell being constant, and a hori fa- 
tal section of it the same throughout (155) and (156), 

p3r=p'a, or p-=p'.-, 

h 
,\ Ap'+Hp,+,rpj=p'(i-, 

or ^-/ix+Bx+x'^-ah, 

p. Pi 

and o being the specific gravity of air, 

o!lx+lla:+x'=oak. 



^(H-^(TA)± \/|(H+<7/,)M-os;A. 
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•U HYDROSTATIC AKO HYDRAULIC 1 JJSTKU M E KTS. 
SEA GAGU. 

437. The vessel AB is perforated with holes, and lias wilh. 
^_^^^ in i!, fixed in a vertica] position, a glass tube, liav- 
r \ ing one end closed and the olher immersed in a 
cup of mercury. A is a hollow sphere whose 
buoyancy is sufficient to raise the instrument 
■when the weight W suspended at the bottom is 
detached. The instrument is allowed to sink in 
the water whose depth ia to be determined, and 
by a mechanical contrivance the weight is de- 
tached when it strikes the bottom, so that the gaoQ 
will ascend by the buoyancy of the ball. The 
height MP to which the mercury has risen in the 
tube is marked on the interior of the lube, by the 
adhesion of oil or other viscid substance placed oi: 
its surface. 

Let A be the height of the barometer at the surface, I the 
length of the tube above the surface of the mercury in the cup, 
■V the depth of the water, and MP^A,. If A^ be tlie height of 
a columnof mercury which would be sustained by the elastic! 
ly ofthe air in NP, then (155) 



^ 



h.,{l-h,)^hl or h^: 



Id 



A'ow the elasticity of the air in NP+ the weight of the col 

uinn MP= the pressure of the atmosphere on the surface of thii 

fluid + the weight of a column of water extending lo the bottom : 

or, p being the density of mercury, and p, ilint ol'iiie water, 

ph j+pk ^—ph->rp ^x. 



-(*,+».■ 



■h)=ah,+o{h,~k) 
hi 

17/1 

in which a is the ralio of the Epeciiir i^ravilv of n 
.hot ofthe tvater ofthe ocean. 
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SIPHON. 
439. The sipiion is an instrument for tvaosfe ring fluids 

from one vessel V to another V in whicli 

the surface of the fluid is lower. It consists 

of a. bent tabe with one branch longer than 

the other. Suppose this tube to be filled with 

the fluid from the vessel V, and to have its 

extremities immersed in the fluids in the two 

vessels. 
Let CB=« be the difference of level of the 

fluids in the vessels, p, the density of the fluid, 

D the density of the surrounding air, and k 

the area of a section of the tube. The press- 
ure on the surface of the fluid in V without 

the tube by the atmosphere will be greater 
than that on the surface of the fluid in V by 
gpak. This excess of pressure acting at O upward will urge 
the fluid from V to V. At the same time, the pressure exert- 
ed by the liquid in the siphon at the level of the fluid m V 
will be greater than that at the level of the fluid in V by ^p , ak. 
This excess of pressure will urge the fluid from V to V. 
Hence the resultant pressure is equal to gak(p > -p), and m tho 
direction DAO. The fluid will therefore flow from V to V', 
and, since p is small, it will move with a force nearly equiva- 
lent to a column of the fluid whose height is a and base L It 
is not necessary that the longer branch should be immersed in 
the fluid of v. 

If /( be the height of a column of the fluid in equilibrium with 
the atmosphere, and AB=x, then the upward pressure on ft in 
the shorter branch, at the level of the fluid, is that due to li, 
while the downward pressure is that due to x. Therefore the 
fluid is urged in the direction DAO, at A, by a force represent- 
ed by A-a-. As long as x<h the fluid will rise to A and pass 
into the longer branch. 
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440. AB and BC 



HE COMMON ruMP. 

fe cylinders connected togelber as in tlie 



^ ._ — ^.^^ i-^j|_,<,Lijvi ai3 III iinj 

figure, the former called the body or 
barrel of the pump, and the latter the 
suction pipe. At B is a valve opeiiini? 
, upward. M is a piston accurately fit' 
. ting the barrel, and movable by means 
of a rod EV and a lever EP. In the 
piston is a valve V, which opens upward. 
The suction pipe BC is immersed In the 
fluid to be raised. 

To understand the action of the pumj.. 
conceive the piston M to be depressed 
to B. The air in MB being thus con- 
densed, will open the valve V and escape. 
If now the piston be raised to A, the 
pressure of the external air will keep 
the valve V closed, the air in BC, by its 
elasticity, will open the valve V and"dif- 
fuse itself uniformly through CA. The 
pressure on the surface of the water in 
the tube at C being thus diminished, the 
pressure of the air on the water without 
the tube will cause it to rise to some 
point P in the tube, till the weight of 
1 C and the elasticity of the air in AC together shall produce a 
pressure on a section of the water in the tube at C equal to the 
upward pressure, occasioned by the external air on the water 
of the reservoir ; that is, until the tension of the air in AP to- 
gether with the weight of PC, equal one atmosphere. The 
valve V being now equally pressed on both sides, will close by 
lis own weight. Let now the piston descend again to E. The 
air m AB being condensed, wiil again open V and escape. By ' 
a second ascent of the piston to A, the air in BP will expand 
through PA, and the volume of water PC will increase in 
length tdl the pressure on the section at C shall again be ona 
atmosphere. By repeated strokes of the piston the water wiM 
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rise lo B and pass through V. When this is effected, a por- 
tion will pasa through V at each descent of the piston, and be 
lifted by its ascent to the reservoir above A, and be disciiarged 
through the spout G. 

To determine the distance BP, and the elasticity of the air in 
BP after n strolies, let A. be the height of a column of water 
which will measure tlic elasticity of the air in BP, and BP=.t„; 
also, iet /i„^i and a:„+i represent the same quantities after the 
(H+l)th stroke. Let A be the height of a column of walei' 
equivalent to one atmosphere, AB=a the length of a stroke of 
the piston, BC~6 the distance of the lower valve from the sur- 
face of the water, K be a section of the barrel AB, and k a sec- 
tion of the suction pipe BC Then, since the tension of the air 
in BP, together with the weight of the column of water PC, is 
equal to one atmosphere, 

A„+(&-aT„)=7i and /j„+, + (?'-z„+i)=''i. 
.'. h„—x„=h—b and h,.^i~x„j^i=h—b. 

Now P being the position of the surface of the water alter 
the Hth stroke, and Q, after the Cn+l)th, h„ and A„^.i measure 
the densities of the air inBPandBQ; and since, by the ()i + l)ih 
stroke, the air in BP is expanded through AQ (155), 

and substituting the value of a;,i+i=A„+i+&— A, we have 
Hence h„^, = ^\ | ^+^-^'}±5V j ^+h-hY+Ah.,x,„ 



and .-c„+,=i j -^+h-b\±l\/\ -^+b-hl'+4h„x.,. 

The length of the pipe BC is necessarily less than Ji, other- 
wise the weight of PC, before it becomes equal to BC, would be 
equal to one atmosphere, and, could a vacuum be produced in 
MP, no further ascent of the fluid would follow. 

To find the pressure on the piston when the water is raised 
to the point N above the piston, let it be represented by a col- 
umn of water whose height is 3;. The pressure upward against 
the base of M is that of a column of water equal in height to 
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